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ABSTRACT

This paper presents the analytical model of a brake system to
investigate the low frequency vibration. The purpose of this
study is to model and validate brake system vibration. The
brake model was developed by applying the theory of
sinusoidal traveling waves and wave super positioning. An
experimental modal analysis (EMA) of the brake disc has been
carried out to obtain the natural frequencies. Wave equations
were then formulated based on the experimental data. These
waves are super positioned to be shown as a single spatial and
temporal function that will provide periodic excitation to the
brake pad. The brake pad was modeled as a beam element with
distributed friction force. The differential equations were
solved using Green's dynamic formulation. The model is
capable of predicting vibration behavior of the brake pad for
whole range below 1 kHz which has shown strong agreement
with the experimental results validated through in-house brake
dynamometer. This brake model can serve as a tool to
investigate the relationship between braking parameters and
other variables within the brake system.

INTRODUCTION

The brake noise and vibration is an ongoing problem for brake
system designers. Producing a noise and vibration free brake
system is still a big challenge in the automotive industry. Brake
system vibration modeling is crucial for vibration analysis and
prediction. The prediction of brake vibration is essential in the
efforts of reducing brake noise especially during the design
phase of a brake system. In previous literatures, the available
models are specific to the vibration type and it is oriented to
the vibration generation mechanisms. The low frequency noise
and vibration in particular is the current interest area due to the
NVH requirements. The low frequency phenomena such as
groan, roughness and judder falls within a relatively wide
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range of frequencies compared to the tonal high frequency
squeal [1]. Therefore, the identification of these frequencies is
the first step in solving the brake vibration problem.
Identification of these frequencies can be done through
experiment but due to intermittent behavior of the brake
system, capturing an exact frequency has becomes a challenge
[2]. The brake system model should be developed to predict
these frequencies so that the noise and vibration properties of
the brake system can be evaluated before the vehicle
manufacturing process takes place. The model must be able to
predict all possible frequencies the system could vibrate so
that preventive efforts could be taken before the vehicle
production starts.

The primary source of the noise and vibration is the interaction
of the brake pad and brake disc during braking [3]. Thus, the
understanding of the dynamics of the friction pair of disc and
pad is important in order to develop the mathematical model.
The brake disc in an excited state acts as a sinusoidal wave and
due to its rotation; it behaves as a traveling wave [4]. This
characteristic can be used as the excitation for the brake pad
during braking as the brake pad comes in contact with the
brake disc. Upon contact, the brake pad is compressed due to
the pressure applied by the brake piston [5]. Although, the
compression deformation of the brake pad is nonlinear, for
simplicity, the deformation is assumed to have linear behavior
[6]. The brake pad in 2-dimensional view appears to resemble
a beam [7, 8] and therefore, it can be modeled as such. In
previous research work, the brake pad is modeled as a rigid
body and the brake pad dynamics are derived. Taking into
account the flexural mode shapes the brake pad undergoes
during vibration, modeling the brake pad as an elastic beam
model improves the accuracy of the brake pad model [9, 10].

The dynamic modeling of the brake pad is done as a beam
element with various forces acting upon it which gives rises to
a partial differential equation. The solution of such an equation
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can be obtained using the dynamic Green formulation as it is
common in beam modeling The available literature shows that
the Green function is used in conditions where the beam is
subjected to a single periodic load may it be stationary or in
motion but only acts at a single point at any given time [11, 12,
13]. The case of the brake pad vibration is more complicated
where there are various loads in different directions and the
distributed friction force to be taken into account. To author's
best knowledge, this is the first attempt to apply the dynamic
Green formulation in application of the brake friction pair. The
contact of the brake pad and disc is an important part in the
modeling because this is where the interaction that produces
the vibration happens. The contact between the friction pair is
non-conformal elastic contact [14]. This implies the contact
patch between the friction pair may vary due to the motion of
the pad and disc. The formation of small patches produce more
noise than large contact patches and the size of the contact
patch increases with brake pressure [15]. The friction force is
dependent on this contact patches because friction directly
proportional to these contact patches. This phenomenon was
observed in [16] where the movement of the contact pressure
due to disc rotation produced noise. Another important
consideration is the mode coupling phenomena, this
phenomena is the interaction between the vibration mode of
the brake pad and the vibration mode of the brake disc when
both pad and disc are in contact. Through this behavior the disc
and pad is bound in unison. The friction force is the cause as it
acts as an adhesive that binds the motion of the pad and disc
together during braking [17]. All the mentioned consideration
should be taken into account for the friction pair modeling to
obtain a realistic outcome.

MODEL DERIVATION

The modeling of the friction pair consist of the brake disc and
the brake pad where the geometric data is given in Table 1.
These two parts are modeled separately and interacted with
each other at the contact points. The disc is modeled using
wave functions and the brake pad is modeled as a Euler-
Bernoulli beam. The brake pad is acted upon by forces such as
normal force, dynamic normal force, shear force, damping
force and friction force. These forces arise mainly due to the
relative motion of the brake pad and disc.

The nature of the brake pad material to resist motion and
deformation is included in the form of damping forces and the
friction force which is a distributed force. The contact of the
disc and pad is assumed to conformal elastic contact which
means the contact area between the brake pad and disc is less
than the area of the brake pad surface. Another assumption is
that the friction pair is always in contact.

Table 1. Geometric and material data used in simulation

Constants Value
Points where piston force is applied, x, 0.023
Points where piston force is applied, x,, 0.053
Brake pressure(kPa) 90
Piston area(m?) 0.025
Pad stiffness coeficient(N/m/m°) 0.18x10"
Pad damping constant(Ns/m) 1350
Length of brake pad(m) 0.068
Pad mass(kg) 0.8
Pad density(kgm™) 2798
Pad cross-section area(m’) 0.157
Pad young modulus(Pa) 2.432x10°
Pad moment of inertia(m*) 0.049
Friction coefficient 0.35

Brake Disc Modeling

For the modeling of the disc, only the bending mode vibration
is taken in to account as the focus is the low frequency. The
torsional and the in plane vibrational modes are more common
to occur in the higher frequency domain. Upon braking, the
brake disc is excited and it vibrates. The disc will undergo
bending deformation as is vibrates. The deformation acts as a
sine wave on circumferential direction of the disc. This wave
is rotated as the disc rotates during operation. Thus the disc
oscillation during operation behaves as a traveling wave. The
combination of the disc rotation and vibration leads to equation
1 where w, is motion of a point on the disc with rotational
frequency of w,, ¢ is the time component of the motion. The
disc vibrates with amplitude 4 at frequency of w,. The number
of vibrational waves within the disc is represented as, k and x
is the spatial component that represents the length of the brake
pad.

wq = Asin(kx —wyt) cosw; t

)

The vibration amplitudes and its frequencies are predicted by
performing an experimental modal analysis (EMA) on the
brake disc. The brake disc is hung from an elastic string to
create a free-free boundary condition. The impact hammer is
used to provide the excitation on the disc. The response of the
disc due to the excitation from the impact hammer is measured
by using accelerometers placed at various points of the brake
disc. The frequency spectrum obtained from this experiment is
shown in Figure 1. Throughout the paper the term displacement
is used in place of amplitude. This is done to show the degree
of deformation of the brake pad and disc during vibration.
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Figure 1. Frequency spectrum of brake disc modal testing

From the frequency spectrum, eight highest peaks frequency
and amplitude are extracted and are incorporated into equation
3. The extracted frequencies are shown in Table 2. The
frequencies and amplitudes are numerically labeled with
prefix, n for ease of reference. Each frequency and amplitude
pair will produce a traveling wave, and during actual running
and braking operation all these waves superposition and acts
as a single excitation. This equation was computed with disc
rotation frequency of 104.72 rad/s; this would translate to
approximately 110 km/h vehicle speed with 15 inches tire
diameter. The outcome is the time domain of the excitation and
from the time domain an FFT diagram is plotted. The FFT is
then compared to Figure 1 to validate the wave function. The
time domain plot of the computed equation 2 is shown in
Figure 2. The time domain data is used to produce a frequency
domain plot by performing a Fast Fourier Transformation
(FFT). This plot is shown in Figure 3.
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Figure 2. Time domain plot for rotational frequency
104.72 rad/s
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Figure 3. Frequency domain plot for rotational
frequency 104.72 rad/s

From the frequency domain plots, frequencies which
correspond to the frequencies from the EMA are matched and
their accuracy was compared. These results are tabulated in
Table 2. In order to compare simulation results with the
experimental results, a plot is produced by extracting the peak
frequencies from the experimental and simulation frequency
response is shown in Figure 4. From Figure 4, it can be seen
that the simulated frequencies matches the experimental
frequencies with acceptable level of accuracy. This means that
the disc vibration in the brake system friction pair model
coincides with the frequencies the disc brake is most probable
to vibrate in an excited state.

Table 2. Frequenies from experimental and simulation
and its error

n EMA (Hz) Simulation Prediction

(Hz) Error (%)
1 157.5 131.25 16.66
2 295.5 211.875 28.29
3 390 285.059 26.90
4 437 420.41 3.796
5 492.5 504.492 2.434
6 625 635.742 1.718
7 790 830.566 5.134
8 880 885.938 0.674
Average error 10.70
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Figure 4. Accuracy plot of experiment and simulation.

Brake Pad Modeling

The brake pad's motion is governed by the forces acting upon
it. These forces are the normal force due to brake pressure,
dynamic normal force due relative motion between the brake
pad and disc which imposes a force on the brake pad which
varies with time, shear force, damping force that rises due to
the normal force and friction force. Figure 5 and 6 shows the
schematic diagram of the friction pair modeling. Figure 6 is
the cross section of the friction pair in Figure 5. The action of
the mentioned forces on the brake pad is represented in

equation 2.

a? ot
PA s a:vzb + EI a:‘b = pA,[6(x —x5) +8(x — x,)] +
9% (wq—
ky(wWag—wy) — K % +
o(wg—wp) 3 wa-wp) _
e T Cds o0
L
U fu Frdu
2)
where,

x, and x;,, = points where piston force is applied
p = brake pressure
A,= piston area,
6 = delta Dirac function
k,, =pad stiffness coeficient
w),= brake pad motion
K; = shear modulus
¢, =damping constant
c4s= shear damping constant
L =length of brake pad
u= arbitrary point
p=pad density
A,s= pad cross-section area
E=pad young modulus
I=pad moment of inertia
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Figure 5. Schematic view of the model
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Figure 6. Cross-sectional view of the shematic diagram.

To solve equation 2, Dynamic Green formulation is applied.
The brake pad motion, w, can be expressed in equation 3 as a
function of the Green's function and the total forces acting on
the brake pad. The Green's function is expressed in equation 4.

wy = G(x,u)Fr
)

where,

G(x,u) = A; cos gx + A, sin gx + Az cosh gx + A4 sinh gx,
0<x<u

B, cos gx + B, sin gx + B; cosh gx + B, sinh gx,

usx<L

“)



Here, g is the frequency parameter separation constant.

The constants 4, to 4, and B, to B, are obtained by satisfying
the following three conditions:

1. First are the boundary conditions at the ends of the brake
pad.

2. Second is the displacement, acceleration and moment
continuity condition at x = u

3. Third is the shear force discontinuity at x = u. During

braking, the brake pad undergoes bending motions, thus the
boundary conditions at the end of the brake pads are free [19].

DYNAMOMETER TESTING

An in house developed brake dynamometer was used to
conduct the experiment. The full view of the brake
dynamometer is shown in Figure 7. The brake dynamometer
was setup to measure the vibration of the brake pad during
braking by placing accelerometers on the brake pad. The
measurements of vibrations were done with reference to 1
mm/s? for acceleration. This is the reason the unit dB can be
seen for displacement on the y-axis of the results. The
measurement is made by comparing the severity of the
measured vibration to 1mm/s?. The comparison is done through
equation 3, where L, is the actual vibration compared to
reference vibration, L resulting in the measurement output, M .

L
10 logy, j =M,
3)

Figure 7. Full view of the brake dynamometer

Brake pressure of 0.9 bar was applied during braking. At this
brake pressure the disc brake rotates without deceleration of
the disc. In other words, the disc is able to run at a constant
speed with the stated pressure applied. The power to run the
disc to is provided by an electric motor. The output of the
motor is manipulated to create a condition where the disc is
able to run constantly at 1000 rpm during braking. By assuming
the tire used is 175/65 R14, the equivalent velocity to 1000
rpm is 88.5 km/h. The data is analyzed in the form of vibration
spectrum.

RESULTS AND ANALYSIS

Fast Fourier transformation is performed on the time response
of the simulation to identify the frequencies at which the
vibrations occur. The FFT diagram for the brake pad response
is shown in Figure 8. The peak frequencies are matched to the
experimental brake dynamometer results wich is shown on
Figure 9. Each of the frequencies extracted are numerically
labeled with prefix, m for ease of reference. The prediction
made by the model and its relative error compared to the
experiment is tabulated in Table 3. To show the accuracy of the
predicted and experimental frequencies Figure 10 is plotted.
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Figure 9. Frequency response of the brake pad from brake
dynamometer testing.



Generally, it can be said the frequency predictions are made
with high accuracy relative to the experimental results. This
can be seen in Table 3 as the average prediction error is about
5%. The brake system vibration is known to be intermittent
and it is extremely difficult to reproduce results from a brake
dynamometer test. This model was able to overcome this
problem by predicting all the possible frequencies the vibration
could occur. This is can be seen by comparing Figure 8 and
Figure 9 where the experiment only yielded lesser noticeable
frequencies but the modeling predicted a broader range of
frequencies which is possible to occur at that speed.
Nonetheless, the frequencies obtained from the experiment
were predicted in high accuracy. Through experiment, only a
few frequencies were observed, thus the comparison was made
with those visible frequencies to assess the models prediction
capabilities.

Table 3. Comparison between experimental and
simulation results.

m | Brake Dynamometer Model Prediction
Experiment(Hz) simulation(Hz) error (%)
1 48 38.964 18.82
2 104 119.971 15.35
3 144 160.986 11.79
4 200 200.977 0.488
5 232 241.992 4.306
6 296 321.973 8.774
7 336 361.963 7.727
8 400 402.97 0.742
9 432 442.969 2.539
10 496 482.959 2.629
11 696 684.961 1.586
12 800 805.957 0.744
13 896 886.963 1.008
Average 5.886
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Figure 10. Accuracy plot comparing experimental and
modeling prediction.

The other frequencies which are visible in the frequency
spectrum are the possible frequencies which the brake vibration
could occur. It can be seen quite clearly especially in Figure 8
that the frequency peaks shows harmonic behavior. This
behavior occurs due to the distributed friction force and the
nature of the contact where the excitation is simultaneous at all
points of the brake pad upon contact. This floods the brake
system with excitation energy. Due to the continuous rotation
of the brake disc the system gets more and more excitation
energy in time, when the system gets more excitation energy in
time, the brake pad tends to vibrate in a broad frequency to
adapt the energy within its system. Therefore the system is said
to be unstable. The instability of the brake systems is a prime
cause of brake noise.

The ability to predict and identify the vibration frequencies is
important in the effort of eliminating brake vibration. The
common method used in the effort of eliminating brake noise
is the process of extracting eigenvalues from FEA model to
identify the natural frequencies followed by parametric
modifications to shift the natural frequency out of the range of
the specific noise. As can be seen in Figure 8, the vibration
frequencies during operation falls on a broad spectrum thus the
shifting of the natural frequencies may not be efficient to
eliminate noise because the shifted natural frequency may be
shifted to another peak frequency. This may lead to further
instability of the system.

CONCLUSION

The brake system model was able to simulate the brake pad
characteristic in terms of operational vibration frequencies
accurately. The frequencies obtained from simulation agree
with brake dynamometer test results with high accuracy. The
model predicted a wide range of frequencies that could occur
during brake engagement. These frequencies were within the
range of well-known noise and vibration that occur in the low
frequency domain such as groan, roughness and judder.

The validation of this mathematical model would enable the
model to be used to study the relationship between various
breaking parameters and its effect on the brake system. In
addition, other braking factors could be added to the model.
Factors such as wear, temperature and deformation caused by
the temperature change could be added to the model to study
its effect on the brake system vibration characteristic.

The model focused on the low frequency vibration for its
validation. The validated model could be used to study high
frequency noise and vibration when the adequate parameters
are set.
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DEFINITIONS/ABBREVIATIONS

EMA - Experimental modal analysis
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