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Abstract : In this paper we will discuss the effect of magnetohydrodynamic (MHD) towards the flow and heat 

transfer for the Upper-Convected Maxwell (UCM) fluid over a stretching/shrinking sheet with prescribed wall 

temperature (PWT). A similarity transformation is used to reduce the governing equations to a set of ordinary 

differential equations (ODEs), which are then solved numerically using Shooting method. The effect of various 

parameter such as the Prandtl number, the magnetic parameter, the suction parameter, the stretching or shrinking 

parameter, and the Maxwell parameter are considered. The results obtained under the special cases are illustrated 

graphically and compared with previous results to support their validity. 

 

Keywords: Magnetohydrodynamic (MHD); Upper-Convected Maxwell fluid (UCM); Heat transfer; 
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1.0 Introduction 

 

The concept of boundary layer flow on a continuous solid surface moving at constant speed 

was first investigated by Sakiadis [1]. Due to the entrainment of the ambient fluid, this 

boundary layer flow is quite different from the Blasius flow past a flat plate. Sakiadis’s 

theoretical predictions for Newtonian fluids were later corroborated experimentally by Tsou 

et al. [2]. The fluid dynamics to a stretching sheet is important in extrusion processes. The 

production of sheeting material arises in number of industrial manufacturing processes 

including both metal and polymer sheets like the cooling of an infinite metallic plate in a 

cooling bath, paper production, glass blowing and fiber spinning. Since the pioneering study 

by Crane [3], who presents an exact analytical solution for the steady two-dimensional flow 

due to a stretching surface in a quiescent fluid, many authors have considered various aspects 

of this problem and obtained similarity solutions. Gupta and Gupta [4] investigate the heat 

and mass transfer corresponding to the similarity solutions for the boundary layer over a 

stretching sheet subjected to suction or a blowing. Chen and Char [5] analyze the heat 

transfer characteristics over continuous stretching surface with variable surface temperature.  

Researches towards steady two-dimensional flow due to a stretching surface in a quiescent 

fluid have been considered by many authors. It was investigated in different aspects by 

various authors and the results obtained show the similarity solutions of the aforementioned 

problem. Amongst them are Wang [6] and Gorla and Sidawi [7]. Ali [8, 9] studied the heat 

transfer characteristics of a continuous stretching surface and on thermal boundary layer on a 

power-law stretched surface with suction or injection. Elbashbeshy [10] has studied the heat 

transfer over a stretching surface with variable surface heat flux. Recently, analytical solution 

for suction and injection flow of a viscoplastic Casson fluid past a stretching surface in the 

presence of viscous dissipation is investigate by Hussanan et al. [11].  
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During the manufacturing of these sheets, the melt issues from a slit and is subsequently 

stretched to achieve the desired thickness. The investigation of magnetohydrodynamic 

(MHD) flow is very important for industrial and other different areas of researches such as 

petroleum production and metallurgical processes [12]. The heat and mass transfer for a 

hydromagnetic flow over a stretching sheet has been well-studied by Liu [13]. Chakrabarti 

and Gupta [14] discovered that the temperature distribution in this flow when a uniform 

suction is applied at the stretching surface. It is also considered by Chiam [15] with a power-

law velocity. Anjali and Thiyagarajan [16] studied the steady of nonlinear hydromagnetic 

flow and heat mass transfer over a stretching surface of variable temperature. Afify [17] 

discovered the similarity solution in MHD about the effects of thermal diffusion and 

diffusion thermo on free convection heat and mass transfer over a stretching surface by 

considering the suction or injection. Recent study regarding this topic include the works by 

Hussanan et al. [18,19] and Alavi et al. [20] who investigated the unsteady free and mixed 

convection flow in porous medium with Newtonian heating and stagnation point flow 

towards an exponentially stretching sheet. 

Birds et al. [21] suggest that the viscoelastic fluid models used in previous works are 

simple models. These include second-order model and/or Watler’s B model which are known 

to be suitable only for weakly elastic fluids subject to slow and slowly-varying flows. 

However, these two fluid models are known to violate certain rules of thermodynamics. 

Moreover, a non-Newtonian second grade is less applicable for highly elastic fluids (polymer 

melts) which occur at high Deborah numbers. Therefore, the significance of the results 

reported in the above works are limited, at least as far as polymer industry is concerned. 

Sarpkaya [22] was the first researcher to study the MHD flow of non-Newtonian fluid. 

Indeed, the viscoelastic fluid model has recently been used by Alizadeh-Pahlavan et al. [23] 

to study the flow of viscoelastic fluids above porous stretching sheets with no heat transfer 

effects involved. Sadeghy et al. [24], Hayat et al. [25] and Aliakbar et al. [26] have studied 

the UCM fluid by using numerical methods with no heat transfer also. Alizadeh-Pahlavan and 

Sadeghy  [27] have done the work related to UCM fluid using homotopy analysis method 

(HAM). MHD stagnation point flow of upper-convected Maxwell fluid over a stretching 

sheet has been studied by Hayat et al. [28]. The boundary layer flow and heat transfer due to 

stretching or shrinking sheet for the upper-convected Maxwell fluid have been considered 

and extended by many researches (see [29] – [35]) in various ways. 

The aim of this paper is to study the MHD flow and heat transfer for the upper-convected 

Maxwell fluid over a stretching/shrinking sheet. Thermal boundary condition is considered in 

this research which is prescribed wall temperature (PWT). The results obtained under special 

cases are then compared with those in the literatures to support the validity of our result. The 

governing of nonlinear partial differential equations is first transformed into ordinary 

differential equations and is solved using Shooting method.       

 

 

2.0 The Problem Formulation  

 

Consider a steady two-dimensional boundary layer flow of an upper-convected 

Maxwell fluid past a stretching/shrinking sheet at 0y . Here, the magnetic field 0B  is 

applied in the momentum equation where it is imposed along the -direction, produces 

magnetic effect in the -direction. The physical model and coordinate system for stretching 

surface of this problem is shown in Figure 1. The induced magnetic field which is due to the 

motion of the electrically conducting fluid is negligible. We also assumed that the external 

electric field is zero and the polarization charges created by the electric field are negligible 
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[15]. The x-axis runs along the continuous surface in the direction of the motion and the y-

axis is perpendicular to it. 

 

 

 

 

 

 

 

 

 

Figure 1: Physical model and coordinate system for stretching/shrinking surface. 

 

Therefore, under these assumptions the governing equations for the upper-convected 

Maxwell fluid can be written as follows [26]: 
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subject to the boundary conditions: 
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where  is a constant rate of stretching/shrinking, u and v are the velocity components along 

the  and  axes, respectively. Meanwhile, T is the temperature of the fluid, T is the 

temperature of the ambient,  is the fluid density,  is the electrical conductivity of the fluid, 

  is the relaxation time parameter of the fluid, while v is the kinematic viscosity of the fluid, 

pc is the specific heat at a constant pressure, k is the thermal conductivity of the fluid, 

 xvv w  is the wall mass suction velocity and   axxUu w  is the stretching/ shrinking 

velocity of the sheet where 1,1   is respectively for stretching and shrinking sheet. 

Introduce the stream function,   for similarity solution is defined as  
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so that the continuity Equation (1) is automatically satisfied. Equations (2) and (3) can then 

be written as 
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The similarity solution is obtained by assuming 
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On substituting (8) into Equations (6) and (7), we obtained the following nonlinear ordinary 

differential equations  

0)2( 222  ffffffMffff            (9) 
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and the boundary conditions (4) become 
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where primes denote differentiation with respect to . The dimensionless Maxwell 

parameter , Magnetic parameter M, Prandtl number Pr, and Suction parameter S are given 

by 
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It is worth mentioning that the problem discussed by Abel et al. [12] can be retrieved when 

1   which is for the stretching sheet problem. 

The physical quantities of interest are the skin friction coefficient C f and local Nusselt 

number Nux which are defined as 
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where  is the fluid density, while the surface shear stress w  and the surface heat flux qw  are 

respectively given by  
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with  and  being the dynamic viscosity and thermal conductivity. Using the similarity 

variables (8), we obtain  

)0(2/1Re fxfC  ,                                        (15) 

and  
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x

xNu
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Where /)(Re xxUwx  is the local Reynolds number based on the stretching velocity 

axxUw )(  whereas the skin friction and heat transfer coefficients are represent by  0f    

and  0 respectively. 

 

 

3.0 Results and Discussion 

 

The appropriate similarity transformation is adopted to transform the governing partial 

differential equations of flow and heat transfer into a system of non-linear ordinary 

differential equations. Equations (9) and (10) are subjected to the boundary conditions (11) 

are solved numerically by the Shooting method. In order to verify the accuracy of the present 

method and results are compared with those reported by Sadeghy et al. [24], Mamaloukas et 

al. [32], Abel et al. [12], Muhaimin et al. [34] and Bhattacharyya [35] as shown in Tables 1 

and 2, respectively. It has been found that they are in good agreement. 

 

TABLE 1 The comparison of the skin friction coefficient  0f   for a different values of 

Maxwell parameter  when 0,1Pr  M  and 0S in the case of stretching sheet 1 . 

 

 

TABLE 2 Values of the skin friction coefficient  0f   for a different values of Suction 

parameter S when 1,1Pr 2  M and 0  in the case of shrinking sheet 1 . 

 

S  

 0f   

Muhaimin et al. [34] Bhattacharyya [35] Present results 

0 - - - 

1 - - - 

2 2.414214 2.414300 2.41421357 

3 3.302776 3.302750 3.30277563 

4 4.236068 4.236099 4.23606797 

 

 

  

 0f   

Sadeghy et al. [24] Mamaloukas et al. 

[32] 

Abel et al. [12] Present results 

0 -1.0000 -0.999962 -0.999962 -1.000173 

0.2 -1.0549 - -1.051948 -1.051973 

0.4 -1.10084 -1.101850 -1.101850 -1.101945 

0.6 -1.0015016 - -1.150163 -1.150158 

0.8 -1.19872 -1.196692 -1.196692 -1.196722 

1.2 - -1.285257 -1.285257 -1.285367 
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TABLE 3: Values of the skin friction coefficient  0f   and local heat transfer coefficient 

 0  for a different values of the Maxwell parameter  when 1,1Pr 2  M and 5.0S  in 

the case of stretching sheet 1 . 

 

 

 

 

 

 

 

 

 

The value of the skin friction coefficient  0f   and the heat transfer coefficient 

 0  for various values of   in Table 3. It is found that when   increases, both the values 

of   0f   and  0  decrease.  

 

TABLE 4: Values of the skin friction coefficient  0f   and local heat transfer coefficient 

 0  for a different values of Suction parameter S when 1,1Pr 2  M and 8.0  in the 

case of stretching sheet 1 . 

 

 

 

 

 

 

 

 

 

From Table 4 it can be seen that the different value of suction parameter S  for the skin 

friction coefficient  0f   and heat transfer  0 . From this table, note that when the suction 

parameter S increases the  0f   decrease and  0  increase.  

 

 

TABLE 5: Values of the skin friction coefficient  0f   and local heat transfer coefficient 

 0 for a different values of the stretching parameter   when 2,1,1Pr 2  SM  and 

8.0 .  

 

 

 

 

 

 

 

 

 

 

   0f    0  

0.2 -0.927337 1.654122 

0.4 -1.251505 1.570546 

0.8 -1.963845 1.402870 

1.0 -2.371653 1.321075 

1.2 -2.828126 1.242116 

1.6 -3.944897 1.095081 

S   0f    0  

-0.5 -0.2473098 1.2371365 

-0.2 -0.4916347 1.3194128 

0 -0.7267158 1.3662627 

0.2 -1.0620072 1.3999277 

0.4 -1.5808100 1.4105613 

   0f    0  

0.1  -0.4884634 1.0999593 

0.2 -1.1892046 1.1331568 

0.3 -2.0791961 1.1586620 

0.5 -4.3962750   1.1961594 
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TABLE 6: Values of the skin friction coefficient  0f   and local heat transfer coefficient 

 0  for a different values of the Magnetic Parameter M when 2,1Pr  S and 8.0  in 

the case of stretching sheet 1 . 

 

From Table 5, when the stretching parameter increase the skin friction coefficient 

 0f   decrease but the heat transfer coefficient increase. The values of the skin friction 

coefficient  0f   and local heat transfer coefficient  0  for a different values of the 

Magnetic Parameter M when 8.0,2,1Pr  S  and 1 presented in Table 6. It is found 

when the magnetic parameters M increase the both values of  0f   and  0  increase. 

 
Figure 2: The effect of magnetic parameter  on the velocity profile  f   for 0  

 

M  0f    0  

0.1 -2.3980966 1.3242181 

0.3 -2.3670331 1.3296220 

0.6 -2.2577130 1.3489589 

0.9 -2.0569792 1.3856136 

1.2 -1.7532869 1.4315114 

1.5 -1.3095711 1.4925915 
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Figure 3: The effect of magnetic parameter  on the temperature profile    for 0  

 

Figures 2, 3, 4 and 5, illustrates the effect of magnetic parameter, M on the velocity 

 f  and temperature profile    for two value of Maxwell parameter 0 and 

0 when 7.0Pr,5.0 S and 5.0  respectively. It is found that as the value of 

Magnetic parameter increases the velocity profile decrease but the temperature profile 

increase, this due to a M change the profile to be less flatter to be near the edge of the 

boundary layer and less steeper near to the edge of the surface.  

 

 
Figure 4: The effect of magnetic parameter  on the velocity profile )(f   for 0  
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Figure 5: The effect of magnetic parameter   on temperature profile    for 0  

 

Figures 6 and 7, show the effect of the suction parameter, S on velocity and temperature 

profile when 5.0,2.0,7.0Pr  M  and 5.0 respectively. An increasing of suction 

parameter S, lead to decreasing on velocity, temperature profile and the thermal boundary 

layer thickness.  

Figures 8 and 9, show the effect of Maxwell parameter,   on velocity and temperature 

profile when 1,1,7.0Pr  M and 5.0S respectively. From these figure show that 

when. From these figure show that when Maxwell parameter,   increase the value for 

velocity and temperature profile become decrease. Therefore, when the momentum boundary 

layer thickness decrease it can induces an increase in the absolute value of the velocity 

gradient at the surface. The value of the concentration gradient at the surface increases 

depend when the value Maxwell parameter,   also increase. Then, the mass of the transfer 

rate at the surface also increases. 

 

 
Figure 6: The effect of suction parameter S on the velocity profile )(f   for 0  
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Figure 7: The effect of suction parameter  on the temperature profile    for 0  

 

 
Figure 8: The effect of maxwell parameter   on the velocity profile )(f   

 

 
Figure 9: The effect of Maxwell parameter  on the temperature profile      

  = 0.2, 0.4, 0.8, 1.0, 1.2, 1.6  

  = 0.2, 0.4, 0.8, 1.0, 1.2, 1.6 
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Figures 10 and 11, show the effect of the stretching sheet   when for  

Pr 0.7 , 1, 0.5M S   and 0.05.  respectively. From these figure, it is found that when 

stretching sheet   increase, the velocity profile increase and the temperature profile decrease 

and the thermal boundary layer thickness also decrease.  

 

 
Figure 10: The effect of stretching sheet   on the velocity profile ( )f    

 
Figure 11: The effect of stretching sheet   on the temperature profile ( )   

 

4.0 Conclusion 

 

In this paper, we have numerically studied the problem of the MHD flow and heat transfer 

within a boundary layer of upper-convected Maxwell fluid over a stretching/ shrinking sheet 

with prescribed wall temperature using the Shooting method. It is shown how the magnetic 

parameter  Maxwell parameter  , suction parameter , stretching sheet   affect the skin 

friction coefficient  0f  , local heat transfer coefficient  0 , velocity  f   and the 

temperature profile   .  We can conclude that 
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1. an increase in the value magnetic parameter leads to increase of the skin friction 

coefficient, local heat transfer coefficient and temperature profile and decrease on the 

values of velocity profile. 

2. an increase in the Maxwell and suction parameter leads to decreases of the skin 

friction coefficient, velocity and  temperature profile and increase on the local heat 

transfer coefficient.  

3. an increase in the value stretching sheet leads to increases of the local heat transfer 

coefficient and temperature profile and decreases skin friction coefficient and 

velocity profile. 
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