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fied complex potential method, and with the help of the continuity conditions of the resul-
tant force function and displacement. The crack opening displacement is the unknown and
the traction along the crack as the right term of the equations. The appropriate quadrature
formulas are used in solving the obtained HSIEs for the unknown coefficients. Numerical
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1. Introduction

The stability and safety of the materials are very important in engineering structures, and the existence of crack may
jeopardise the materials strength. The inclined and arc-like cracks problems appear in many types of materials or engineer-
ing structures. The stress intensity factors (SIF) at the crack tips can be used to determine the stability behavior of bodies
or materials containing cracks or flaws. Many researchers have dealt and analysed the inclined or arc-like cracks problems
in an infinite plane [1-4], a half plane [5-9] or a bonded dissimilar materials [10-12]. For the cracks problems in an infi-
nite plane and a half plane elasticity, the HSIEs [1,13], singular integral equations [14,15] and Fredholm integral equations
[16,17] were proposed.

The interaction between two cracks in circular position in an infinite plane effected the value of nondimensional SIF at
the cracks tips [4]. The nondimensional SIF for the single and multiple circular arc cracks in a half plane are influenced by
the position of the cracks, the distance between the cracks, and the distance between the cracks and the boundary [8]. The
Mode I and Mode II nondimensional SIF for the parallel cracks in bonded dissimilar materials mainly depend on the crack
configurations, elastic constant ratio and types of stresses [18]. The nondimensional SIF at the crack tip for a single crack in
the upper part of bonded dissimilar materials depends on the various remote stresses, the elastic constants ratio, the crack
geometries and the distance between the crack and the boundary [19].
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The crack problems in bonded dissimilar materials were discussed in recent decades. Chen [10] presented the Fredholm
integral equations method for finding the nondimensional stress intensity factors (SIF) for multiple crack problems in bonded
dissimilar materials. Chen and Hasebe [11] used a logarithmic singular kernel to calculate the nondimensional SIF for a
circular arc crack lies in the upper half of bonded dissimilar materials. Isida and Noguchi [12] analysed the crack problems
in bonded dissimilar materials by using the body force method. They excluded the interface cracks and singularity problems
for cracks terminating at the interface. Yu et al. [20] used the interaction integral methods to investigate the mixed-mode SIF
for crack problems in bonded dissimilar materials. Hamzah et al. [21] investigated the nondimensional SIF for the multiple
cracks in the upper part of bonded dissimilar materials by using hypersingular integral equation. Li and Viola [22] used the
complex potential technique to investigate the effect of interface crack lies along the central between two bonded dissimilar
materials. Ghajar et al. [23] presented the effect of Poisson’s ratio on mixed-mode SIF of the interface crack in bonded
dissimilar materials by using the displacement fields method. Serier et al. [24] identified the effect of interaction between
an interfacial main crack and a subinterfacial microcrack in bonded dissimilar materials by using finite element method.
Wang and Waisman [25] presented an extended finite element method to analyze the materials dependency for the interface
cracks in bonded dissimilar materials. Itou [26] combined the solution for an inner and an outer collinear cracks to calculate
the nondimensional SIF for the collinear interface cracks in bonded dissimilar materials. Paggi and Reinoso [27] investigated
the competition between crack penetration and deflection at the interface of bonded dissimilar materials by using finite
element method based on the monolithic fully implicit solution strategy. Lan et al. [28] used the proportional crack opening
displacements to compute the nondimensional SIF for two-dimensional interface cracks, three-dimensional penny-shaped
cracks and circumferential surface cracks in bonded dissimilar materials. Cordeiro and Leonel [29] developed the mechanical
modelling for three dimensional cracked structural components by using the isogeometric dual boundary element method. e
Andrade and Leonel [30] used the dual boundary element method to calculate the nondimensional SIF for two dimensional
multiple cracks propagation in bonded dissimilar materials. Complex variable function method was used to solve the crack
problems [31], to investigate the nondimensional SIF behavior [32] and to analyse the interaction of the cracks [33] in
bonded dissimilar materials.

In this paper the multiple cracks problems in both upper and lower parts of bonded dissimilar materials subjected to the
remote shear stress ox, = oy, = p are considered. The problem concerns the proposition of analytical approach for solving
engineering structure problems with dissimilar materials, which are perfectly bonded and subjected to an initial crack dis-
tribution. The problem is formulated into the new HSIEs, which later to be solved and enable us to investigate the behavior
of nondimensional SIF at the cracks tips.

2. Mathematical formulation
The complex variable function method introduced by Muskhelishvili [34] are used in solving the cracks problems. The

stress components (o, 0y, Oxy), the resultant force function (X, Y), and the displacements (u, v) are expressed in terms of
two complex potential functions ¢(z) and ¥(z) as follows

O‘y — Ox + 2io‘xy = 2[2¢//(Z) + 1///(2)] (1)
f=-Y+iX=¢@)+29'@)+ V¥ () 2)
26(u+iv) = kp(2) —2¢'(2) — ¥ (2) (3)

where G is shear modulus of elasticity, k = 3 — 4v for plane strain, ¥k = (3 —v)/(1 +v) for plane stress and v is Poisson’s
ratio. A derivative in a specified direction of Eq. (2) with respect to z, which yields the normal (N) and tangential (T) com-
ponents of traction along the segment z, z + dz, is defined as follows

Y+ X} =0 @+ F @+ [ @ + P D] =N+iT. @)

Consider two cracks lie in the upper and lower half of the bonded dissimilar materials (Fig. 1). The condition for remote
stress in bonded dissimilar materials is

Ex; = Exy» (5)

where ¢y, and &y, are the stress component for the upper and lower half of bonded dissimilar materials, respectively. Those
stress can be expressed as

1 o0 [o.¢] 1 o0 o0
Ex, = E O =110, ), &y, = 5 Og — 10y, (6)
where E; = 2G1(1 +v7) and E; = 2G5 (1 + v,) are Young’'s modulus of elasticity and v; and v, are Poisson’s ratio for upper
and lower half of bonded dissimilar materials, respectively. If the remote stress oy =0y =0, then the stress component is
reduced to

] [o¢] 1 o0
EJX] = EUXZ . (7)
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Fig. 1. Two cracks L; and L, in bonded dissimilar materials.

The modified complex potentials (MCP) for the cracks lie in the upper half of the material is defined as

01(2) = $1p(2) + d1c(2), V1(2) = V12 + Y1c(2), (8)

where ¢1,(2) and ¥1,(z) are the principal parts and ¢.(z) and ¥1.(z) are the complementary parts of the complex po-
tentials. Whereas, for the cracks lie in the lower plane, the complex potentials are represented by ¢,(z) and ,(z). The
principal parts of complex potentials are referred to the complex potentials for the cracks in an infinite plane. According to
Nik Long and Eshkuvatov [2], complex potentials for the crack L in an infinite plane modeled by the distribution of crack
opening displacement (COD) function g(t) can be expressed by

1 g(t)dt
o) = 5= [ £ (9)
1 [gde 1 [gt)dt 1 [ g(t)idt
w”’(z)_ﬁfL t—z T2 ) t-z _EfL(t—z)2 (10)
where g(t) is defined by
2 . . _
g@t) = m[(u(t) +iv(t)" - (ut) +iv(t) ] tel (11)
(u(t) +iv(t))* and (u(t) +iv(t))~ denote the displacements at point t of the upper and lower crack faces, respectively.
The continuity conditions for resultant force (2) and displacement (3) are defined, respectively, as
[61(6) + 67O + Y1 (O] = [$2(0) + 85O + Y2 (D] .t el (12)
Ga[k11 (6) — £ (0) — Y1 (D] = Gi[kah2 () — t85(0) — Y2 ()] .t e L. (13)
Applying Eq. (8) into Egs. (12) and (13), the following expressions are obtainable:
¢1C(Z) =TI [Z(.bi{p(z) +w71p(z)]s Ze Supper + Lb (14)
V1c(2) = Tag1p(2) — T1[28],(2) + 2@, (2) + 2] ,(2) ], Z € Supper + L (15)
922 = (14 T2)$15(2).2 € Sower + Lo (16)
¥2@ = (T = T2 )21, + (141 )¥1.2 € Siower + Lo (17)

where ¢Tp(z) = ¢1,(2), Ly is boundary of two bonded half plane, Supper and Sy, are upper and lower half plane of bonded
dissimilar materials, respectively, and I'y, I', are bi-elastic constants defined as
Gz—G] I, — chz—l(zc1

G Sk N S _ 18
Gi+k1G’ 27 Gy +kaGy (18)

1
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In order to formulate the HSIEs for the cracks lie in both the upper and lower half of bonded dissimilar materials,
we need to defined four traction components {N(to) +iT(to)}jx (J =1,2,k=1,2) which consist of two groups of N+ iT
influences. The first two tractions {N(tig) + iT(t19)}11 and {N(ty) +iT (t;g)}21 are obtained when the observation point is
placed at the point t1p(t19 €L1) and tyo(tyg € L), respectively, caused by gq(t;) at (t; €Ly). For {N(tyg) +iT (t19)}11, We need
to combine the principal {N(t19) +iT (t19)}1, and complementary parts {N(t1o) 4 iT (t19)}1c of the tractions. Substituting Eqgs.
(9) and (10) into (4) for {N(t1p) +iT (t10)}1p and substituting Eqs. (14) and (15) into (4), applying (9) and (10) for {N(t1) +
iT (t10)}1c- Then letting point z approaches t;y on the crack and changing dZ/dz into dt;g/dtg, yields

{N(t10) +iT (t10)}11 = {N(t10) + iT (t10) }1p + {N(t10) + iT (t10) }1c

1 [ g(t)dy 1 1 g1(t1):
=71 & —to)? +5— /L1 Aq(ty, tio)g1 (t1)dty + th A (t1, t10)g1 (t1)dty (19)
where
1 1 df] df]()
A (t1,t0) = — T F T2 dt dte
1(t1, t1o) (t —t10)? ' (& — t10)? dty dtyg
+I 1 2(to —t) @ 2(2typ — 3t10 + £1) _ 6(t10 — 1) (F10 — t10) _ 1
(t —tw0)?*  (ty —tp)®  dto (t1 — t10)? (tr —ti)* (t1 — fro)?
dty 1 1 d; diyo 1 2(f10 — tro) dip 1
+ 2 = + | = o v i 2t G = fo)?
dt, ((tl —to)? (- tm)2> dt; dt (“l —ho)? (6 =to)? ﬂ b (& ~Fo)?
1 df,  diy 2(ty — tyo) dfy diyp
Aty tg) = —— |4+ -2 ) L D110
2( 1 10) (tl _ t10)3 (dtl dt]o) (tl - t10)3 dtl dth

1 1 diyo 1 2(fo — fm)) df ( 1 2(to— b ))
4Ty = + e 4 _ +1— + 2 .
! I:(ﬁ —ti0)?  (ti—tp)? dto <(f1 —tip)? (1 —t)3 dty \ (5 —ti0)? (£ —t10)3

For {N(tyo) +iT (t0)}21, substituting Eqs. (16) and (17) into (4) and applying (9) and (10), yields

) _ 1 git)dy 1 1
{N(t20) +1T (t20)}21 = (1 + T2) — /’-2 [CETARET /Lz Bi(tr. t20)g1 (t)dty + 5 /Lz By (ty. t20)g1 (t1)dt; (20)

where
ity
(t1 — tp0)2/ dty dtag

dty
+(1+ Fl)ﬁ)

Bi(t1.tao) = —(1+T7) +(1+F1)<

R
(t1 —t20)?
dt
((1 T3
2ty )df1 dio 2t dt; diy
) —==-(0+T <f)—7
(tl - t20)3 dtl dtZO ( 1) (tl — t20)3 dt] dtzo
|, g i
(6 —b0)2  (f —byo)3/ dty dtng’

1
(fr — )2

+(1 +F2)<

By (ty, ty) =

(=)

Whereas, the second two tractions {N(t1g) +iT (t19)}12 and {N(tyg) + iT (ty9)}o2 are obtained when the observation point
is placed at the point tig(t1p €Ly) and tyo(tyo € Ly), respectively, caused by g,(t;) at (t; €Ly). In this process we need to
introduce two bi-elastic constants define as

G] —Gz _ K2G1 —K]Gz

T 21
Gt 12T G G (21)

1

which is evaluated by changing the subscript 1 to 2 and 2 to 1 in I'; and I';. Similarly, for {N(t1g) + iT (t9)}12. We need to
combine the principal and complementary parts of the tractions. Substituting Egs. (9), (10), (14) and (15) into (4) yields

{N(ti0) + T (t10) }12 = l/L %

1 1 _
T + E/L.Z Dl (tz,tlo)gz(tz)dtz + H_/Lz Dz(t27t10)g2(t2)dt2 (22)
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where
1 1 dfz df]o
Di(ty, ty0) = — E 2 db diin
1(t2, to) (2 — t10)2 + (ty — £19)2 dty dtyo
+IT4 | 1 2(t0 — b) @ 2(2ty0 — 3t10 + B) _ 6(tio — &) (f10 — tro) - !
(ty — t10)? (t, —t1p)?  dtyo (t; — ty0)3 (tz — t)* (f2 ~ fro)?

dfz 1 1 dfz dfw 1 2([710 — f]o) df]o 1
+ = = + . + = - — - . +I——
dt, ((tz —t10)? | (- flo)z) d, dtyo ( (6 -t0)?  (—to)? )} 2dty (& — £10)?
1 (dh dio) 20—t dE dio
(EZ - f10)3 dtZ dth (Ez — E10)3 dtz df]()
1 1 dfyo 1 2(t10 — t1o)
+1I14 | —= + — + | - = - =
l|:(f2 —ti0)?  (ta—tp)?  dtyo ( (ta —t10)? (&2 —t10)? )
df, 1 2(tip — 1)
+ | = + — .
dt, ((fz —tip)? (&2 —t10)? >i|
For {N(tyg) + iT (t0) }22. substituting Eqgs. (16) and (17) into (4) and applying (9) and (10), yields

l £ (tp)dt,
7w Ji, (& —t30)?

Dy(ty,t10) =

. 1 1 I
{N(t20) +iT (tz0) }22 = (1 + ) + E/L Ei (t2, t0)82 (62)dt + E/L. E» (62, tr0) &2 (£2)dt (23)

where

Eqi(ty,t20) = —(1+11)

+(1+H1)( 1 )dtzdtzo

(2 — t0)? (& — [)? ) dty dtyg

dt. df.
B2tz ) = <(1+Hz)dé+(1+n1)mjz>

(t; — )2

2t20 2t2 1 2{20 dfz dfzo
+ (]+H2)<__>—(1+H])(__ + (I = ITy) = = + —= — - .
|: (&2 — t20)3 (82 —t20)3 (ta —t20)? (£ — )3 ) |dtz diyg
The HSIEs for the system of two cracks L; and L, lie in the upper and lower half of bonded dissimilar materials is
obtained by using two groups of N +iT influences as follows

{N(ti) +iT (ti0)}1 = {N(t1o) +iT (t10)}11 + {N(t10) +iT (t10) }12

1 t;)dt 1
== Sihdn + T/ A (ty, tio)g1 (t1)dt;
T JL,

7 Ji, (t1 —t1p)?
1 1 82(t)dt,
— Ay (Eq, t t;)dt — —_ =
+27‘[ /L1 2(t, tio) g1 (t1) 1+ﬂ L, (6 — )2

1 1 _
+5- /Lz D1 (ta. t10)82(t2)dty + 5 /le D, (t3, t10)g (t)dty (24)

and
{N(t20) +iT (t20)}2 = {N(ta0) + iT (t20)}22 + {N(t20) + iT (t20) }21
=(1+ Hz)l?[ B(L)dt; + %/; Ei(t2, t0)&2(62)dt,

7w Ji, (b —ty)?
1 — 1 g1(t1)dty
+5— [ Ex(ta.t tdt+l+F—/7
I /Lz 2(t2. 120)82 (t2)dtz + ( 2) 6=t

1 1 _
o5 /’-2 By (t1, tao)g (t1)dt; + 57 /Lz B; (t1, tao)g1 (t1)dty. (25)

Note that if G; = G, HSIEs (24) and (25) reduce to the HSIEs for the cracks in an infinite plane [1].
In order to solve the HSIEs (24) and (25), the function gj(¢;) is mapped on a real axis s with an interval 2a as follows

8t e=tisp = /@ —S3H;(s)). j=1,2 (26)
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where H;(s;) = Hj; (sj) 4+ iHj,(s;), with the following quadrature formulas

1 (¢ Va2 —s2H(s)ds MH

7). (s —$0)2 = ;Wj(SO)H(Sj)v (Isol < @) (27)
e \/mH(s)ds ~ ;l\g(az —$s2)H(s)) (28)
T Ja T M+2 o J 17

where M € Z+,

- TN
s]_acos<M+2>, ji=12,... . M+1

and
M .

W;(sp) = _ML—kZ g(n + 1) sin (MJZZ) sin<(n1\;i)2jﬂ>un<sj%>

and the observation points

km
M+2

Here Uy(t) is a Chebyshev polynomial of the second kind, defined by

sin((n+1)0)
sinf

sozsjo‘kzacos< ) k=1,2,... M+1.

Un(t) = ,where t = cosf. (29)

3. Numerical results and discussions

Stress intensity factor (SIF) at the crack tips A; and B; are defined as

(Ki i), = V27 lim /=ty g ). j=1.2

175

= ./G]]TFAJ. (30)

B . =s1H1(51) -i6,,
_v2nslir512j,/|s—sAj||:azze j

(K _iKZ)BjthEg;m L(ty), j=1.2

. —SoHy(S2) i
=27 lim /|s — s | #(Z)e s,
S—5g. U 2 _ 2
J (12 S2

= Ja@7h, (31)

where the nondimensional SIF at cracks tips FAj and FBj defined as
Ey, = Hi(—ay)e ™, Fy, = Hy(ay)e %,

Fs, = Ha(—ay)e™ 1, Fy, = Hy(ay)e .

3.1. Two inclined cracks

Consider two parallel inclined cracks (Fig. 2(a)) and two inclined cracks in series (Fig. 2(b)) subjected to remote shear
stress ox, =0x, = p and v; =1, =0.3.

Table 1 displays the nondimensional SIF at the crack tips when o = o = 90° with different values of elastic constant
ratio G,/G; where R and h are defined as in Fig. 2(a). Our results are in good agreement with those of Chen [10] for Mode I
nondimensional SIF, F;, whereas Mode II nondimensional SIF, F,, equal to zero at all crack tips. Fig. 3 shows the nondimen-
sional SIF at all crack tips when R/h = 0.9 and o7 = «, varies (Fig. 2(a)). It is found that as «; = a5 increases F; increases at
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(a) (b)

Fig. 2. Two inclined cracks in bonded dissimilar materials subjected to shear stress oy, = ox, = p.

Table 1
Nondimensional SIF for the two parallel inclined cracks when o = o, =90° (Fig. 2(a)).

G,/G, SIF R
0.1 02 03 04 05 06 0.7 08 0.9

1.0 Fia,? 1.0013  1.0055 1.0138 1.0272  1.0480 1.0804 1.1333 1.2289  1.4539
Fia,” 1.0010  1.0060  1.0140  1.0270 1.0480  1.0800  1.1330 1.2290  1.4540
Fia,? 1.0011 1.0045 1.0101 1.0178  1.0279 1.0409 1.0578 1.0810 1.1173
Fia,"” 1.0010 1.0050 1.0100 1.0180 1.0280 1.0410 1.0580 1.0810 1.1170
Fip,* 1.0011 1.0045 1.0101 1.0178  1.0279 1.0409 1.0578 1.0810 1.1173
F,"” 1.0010 1.0050 1.0100 1.0180 1.0280 1.0410 1.0580 1.0810 1.1170
Fip,? 1.0013  1.0055 1.0138 1.0272  1.0480 1.0804 1.1333 1.2289  1.4539
F,” 1.0010 1.0060 1.0140 1.0270 1.0480 1.0800  1.1330  1.2290  1.4540

2.0 Fia,? 1.0010 1.0046  1.0115 1.0233 1.0421 1.0728 1.1254  1.2256  1.4768
Fia,” 1.0010 1.0050 1.0110 1.0220 1.0390 1.0660  1.1110 1.1960  1.4040
Fip,? 1.0009 1.0036  1.0083 1.0147 1.0234 1.0350 1.0509 1.0740 1.1128
Fia,"” 1.0010 1.0040 1.0090 1.0150 1.0250 1.0370 1.0540 1.0780  1.1180
Fig,? 1.0015 1.0061 1.0135 1.0236  1.0367 1.0534 1.0752  1.1051 1.1528
F,"” 1.0010 1.0060 1.0120 1.0220 1.0330 1.0480 1.0670  1.0920  1.1290
Fip,? 1.0017  1.0076 1.0190 1.0376  1.0668 1.1128 1.1885  1.3275 1.6625
F,"” 1.0020 1.0070 1.0170 1.0340 1.0590 1.0980 1.1590 1.2670  1.5120

5.0 Fia,? 1.0008  1.0035 1.0092 1.0191 1.0359  1.0647 1.1167  1.2216  1.5027
Fia,” 1.0010 1.0040 1.0090 1.0170 1.0300 1.0520 1.0900 1.1650  1.3580
Fia,? 1.0007 1.0027 1.0063 1.0115  1.0187 1.0288 1.0436  1.0662 1.1074
Fia,” 1.0010 1.0030 1.0080 1.0140 1.0230 1.0370 1.0560 1.0840  1.1330
Fip,* 1.0020  1.0078 1.0173 1.0300 1.0464 1.0672 1.0942  1.1313 1.1916
F,"” 1.0010 1.0070 1.0160 1.0270 1.0420 1.0600  1.0820 1.1120  1.1550
Fip,? 1.0023  1.0101 1.0252 1.0502  1.0896  1.1523 1.2565  1.4503 1.9296
F,” 1.0020 1.0090 1.0210 1.0420 1.0730 1.1190 1.1920 1.3160  1.5890

2 Current study
b [10]

all crack tips and F, decreases for oy = a; < 50°. The increment of G,/G; will decrease F; at crack tips A; and A, however
at crack tips By and B,, F; increases, whereas F, increases at crack tips A; and Bq, decreases at B, and at A, does not show
any significant differences.

Fig. 4 shows the nondimensional SIF for two inclined cracks in series when R/h = 0.9, oy = 45° and o varies (Fig. 2(b)).
As o increases F; increases at all cracks tips and F, decreases at crack tips B; and B,, whereas at crack tips A; and A; F,
decreases for aq <50°. It is also observed that as G,/G; increases F; decreases at the crack tips A; and A, and increases at
B; and B,, whereas F, decreases at crack tip A; and decreases at at By and B,, and does not show any significant differences
at crack tip A,.



592 K.B. Hamzah, N.M.A. Nik Long and N. Senu et al./Applied Mathematical Modelling 77 (2020) 585-601

205 | —G2/G1=0.1 —G2/G1=0.1

185 | - G2/G120.5 e G2IG120.5
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Fig. 3. Nondimensional SIF vs a; = «, with different values of G,/G; for R/h = 0.9 (Fig. 2(a)).

3.2. Two semi circular arc cracks

Consider two semi circular arc cracks in bonded dissimilar materials as in Fig. 5. In Fig. 5(a), both cracks facing the same
direction with radius R, whereas Fig. 5(b), two cracks facing the opposite direction with radius R; and R;.

Fig. 6 (a) and (b) show the nondimensional SIF at crack tips A; and B; respectively when « =90° and h varies for
the problem defined in Fig. 5(a). It is observed that F; at crack tips A; and By are equals to F; at tips A, and B,, re-
spectively, whereas F, at crack tips A; and B; are equals to the negative of F, at tips A, and B,, respectively. At the
crack tip Ay, as h increases F; decreases and F, increases for G,/G; < 1.0 and decreases for G,/G; > 1.0, and as G,/G; in-
creases F; decreases and F, increases. Whereas at the crack tip Bq, as h increases F; decreases and F, increases, and as
G, /Gy increases F; increases and F, decreases. For h = 0.5R and « varies the nondimensional SIF at crack tips A; and B
are presented in Fig. 7. It clearly shows that F; increases as « increases and F, decreases for « >50° at all crack tips. As
G, /Gy increases F; decreases and F, decreases for o <70° at crack tip A;, whereas at crack tip Bj, F; increases and F,
decreases.

Fig. 8 plots the nondimensional SIF versus h; when R; =R, for the problem defined in Fig. 5(b). It is found that F;
at crack tips A; and By are equals to F; at tips A, and B,, respectively, whereas F, at crack tips A; and B; are equals
to the negative of F, at tips A, and B,, respectively. As h; and G,/G; increase F; decreases and F, does not show any
significant differences at crack tip A;. Whereas at crack tip B; as h; and G,/G; increase F; deceases and increases, respec-
tively, and F, does not show any significant differences. Fig. 9 shows the nondimensional SIF versus R,/R; when R;/h; = 0.9
and h, = 1.0 for the problem defined in Fig. 5(b). It is observed that at crack tip A;, as Ry/R; increases F; increases
and F, increases for Ry/R; > 0.9, and as G,/G; increases F; decreases and F, does not show any significant differences.
Whereas at crack tip By, as Ry/R; increases F; increases and F, increases for R,/R; <0.9, and as G,/G; increases F; and F,
increase.
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Fig. 5. Two semi circular arc cracks problems in the bonded dissimilar materials.
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Fig. 6. Nondimensional SIF for two semi circular arc cracks with the same radius R and facing the same direction (Fig. 5(a)).
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Fig. 8. Nondimensional SIF for two semi circular arc cracks facing in an opposite direction when R; = R, and h; varies (Fig. 5(b)).
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Fig. 10. An inclined crack and a semi circular arc crack in bonded dissimilar materials.

3.3. An inclined and a semi circular arc cracks

Consider an inclined crack in the upper part and a semi circular arc crack facing upward in the lower part of bonded
dissimilar materials (Fig. 10(a)), and a semi circular arc crack facing upward in the upper part and a horizontal crack in the
lower part (Fig. 10(b)).

Table 2 shows the nondimensional SIF for the problem in Fig. 10(a) when R = h, = 1.0, o =90° and R/h; varies. It is
found that F; at crack tip By is equal to F; at tip By, whereas F, at crack tips A; and A, is zero and F, at crack tip B; is equal
to the negative of F, at tip B,. Fig. 11 presents the nondimensional SIF as « varies when R = h; = 1.0 and R/h; =0.9. It is
found that at crack tip Aq, as « increases F; increases and F, decreases for o <50°, and as G,/G; increases F; decreases and
F, increases. At crack tip A,, as « increases F; increases and F, decreases for @ <45°, and as G,/G; increases F; decreases
and F, does not show any significant differences. At crack tip By, as « increases F; increases and F, decreases, and as G,/Gq
increases F; increases for o > 50° and F, decreases. Whereas at crack tip B, as « increases F; and F, increase, and as G,/G;
increases F; increases and F, increases for o > 50°.

Fig. 12 shows the nondimensional SIF when h; = h, = 0.5R,, R, = 1.0 and R¢/R, varies for the problem defined in
Fig. 10(b). It is observed that F; at crack tips A; and B; are equals to F; at tips A, and B, respectively, whereas F, at
crack tips A; and B are equals to the negative of F, at tips A, and B,, respectively. At crack tip A;, as R{/R, increases F;
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Table 2
SIF for an inclined and a semi circular arc cracks, when R = h, = 1.0 and o = 90° (Fig. 10(a)).
G,/Gy SIF R/hy
0.1 0.2 03 04 0.5 0.6 0.7 0.8 0.9

0.1 Fia, 1.0035 1.0146  1.0341 1.0628  1.1025 1.1568 1.2334 1.3506 1.5718
Fia, 1.0031 1.0112  1.0235 1.0391 1.0578 1.0799 1.1059 1.1373 1.1785
Fip, 05174 05182 05195 0.5214 0.5236 0.5260 0.5285 0.5312 0.5342
Fop, 0.0450 0.0442 0.0436  0.0433  0.0435 0.0443 0.0456 0.0475 0.0502

0.5 Fia, 1.0023  1.0093 1.0213 1.0380 1.0594 1.0861 1.1196 1.1647 1.2373
Fia, 1.0019 1.0069 1.0141 1.0227  1.0324 1.0431 1.0547 1.0675 1.0820
Fig, 0.5182 05209 05254 0.5312 0.5378 0.5447 0.5515 0.5582 0.5646
Fop, 0.0441 0.0414 0.0384 0.0360 0.0348 0.0350 0.0365 0.0393 0.0431

1.0 Fa, 1.0015 1.0063 1.0140 1.0242  1.0358 1.0479 1.0597 1.0707 1.0806
Fia, 1.0013  1.0044 1.0087 1.0135 1.0184 1.0233 1.0281 1.0324 1.0365
Fig, 0.5189 05233 05298 0.5379  0.5467 0.5558 0.5646 0.5727 0.5800
Fg, 0.0435 0.0392 0.0340 0.0292 0.0256 0.0237 0.0234 0.0247 0.0272

2.0 Fia, 1.0009 1.0034 1.0073 1.0114 1.0140 1.0132 1.0060 0.9881 0.9480
Fia, 1.0006 1.0020 1.0037 1.0050 1.0057 1.0055 1.0044 1.0020 0.9982
Fip, 0.5199  0.5262 0.5349  0.5451 0.5560 0.5669 0.5772 0.5863 0.5937
B, 0.0429  0.0367 0.0286 0.0204 0.0132 0.0079 0.0046 0.0033 0.0039

5.0 Fia, 1.0001 1.0004 1.0004 0.9985  0.9923 0.9788 0.9534 0.9085 0.8245
Fia, 1.0000 0.9996 0.9986 0.9964  0.9929 0.9880 0.9814 0.9732 0.9630
Fip, 0.5213  0.5300 0.5411 0.5535 0.5663 0.5789 0.5903 0.6000 0.6071
Fog, 0.0422 0.0336 0.0217 0.0088 -0.0034 -0.0136 -0.0211 -0.0257  -0.0274
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Fig. 13. Nondimensional SIF when h; = 0.5R;, Ry = R, = 1.0 and h;, varies (Fig. 10(b)).
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increases and F, does not show any significant differences, and as G,/G; increases F; decreases and F, increases. Whereas
at crack tip By, as Ry/R, increases F; increases and F, decreases, and as G,/G; increases F; increases and F, decreases.
For hy = 0.5R;, R =R, = 1.0 and h, varies the nondimensional SIF are presented in Fig. 13. It is found that at crack tip
A4, as hy increases F; and F, does not show any significant differences, and as G,/G; increases F; decreases and F, in-
creases. Whereas at crack tip Bj, as h, increases F; decreases and F, increases, and as G,/G; increases F; increases and F,

decreases.

3.4. A circular arc and a perpendicular cracks

Consider a circular arc crack in the upper part and a perpendicular crack in the lower part of bonded dissimilar materials
subjected to remote shear stress oy, = ox, = p defined in Fig. 14.
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Fig. 14. A circular arc and a perpendicular cracks in bonded dissimilar materials.
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Fig. 15. Nondimensional SIF when h; = 2R, R/h; = 0.9 and « varies (Fig. 14(a)).
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Fig. 16. SIF when d; = h; = 0.5R, 9d, = 10R, 9h, = 1 and « varies (Fig. 14(b)).

Fig. 15 presents the nondimensional SIF when h; = 2R, R/h; = 0.9 and « varies for the problem defined in Fig. 14(a). It is
found that at crack tip Ay, as « increases F; decreases and F, decreases for o <60°, and as G,/G; increases F; does not show
any significant differences and F, increases. At crack tip A,, as « increases F; decreases and F, increases for o < 60°, and as
G, /Gy increases F; does not show any significant differences and F, decreases. At crack tip By, as « increases F; increases
and F, does not show any significant differences, and as G,/G increases F; increases and F, does not show any significant
differences. Whereas F; and F, at crack tip B, behave as F; and F, at crack tip Bj.

Fig. 16 shows the nondimensional SIF for the problem defined in Fig. 14(b) when d; = h; = 0.5R, 9d, = 10R, 9h; =1
and o varies. At crack tip A;, as « increases F; decreases and F, increases, and as G,/G; increases F; and F, increase. At
crack tip A,, as « increases F; increases for o <50° and F, increases, and as G,/G; increases F; decreases and F, does
not show any significant differences. At crack tip Bq, as @ and G,/G; increase F; and F, does not show any significant
differences. Whereas at crack tip B,, as « increases F; does not show any significant differences and F, increases, and
as G,/G; increase F; decreases and F, increases. Fig. 17 presents the nondimensional SIF when d; =d, =R, o =90° and
hi = hy varies (Fig. 14(b)). It is observed that at crack tip A;, as h; = h;, increases F; increases for G,/G; < 1.0 and decreases
for G,/G; > 1.0 and F, increases, and as G,/Gy increases F; increases and F, does not show any significant differences. At
crack tip A,, as hy = h; increases F; increases for G,/G; > 0.0 and decreases for G,/G; = 0.0 and F, decreases, and as G,/G;
increases F; and F, decrease. At crack tip By, as h; = h, increases F; and F, does not show any significant differences, and as
G, /Gy increases F; increases and F, does not show any significant differences. Whereas at crack tip By, as h; = h, increases
F; does not show any significant differences and F, decreases, and as G,/G; increases F; decreases for h;y = h < 0.6 and
increases for hy = hy > 0.6 and F, increases.
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Fig. 17. Nondimensional SIF when d; = d; =R, @ =90° and h; = h; varies (Fig. 14(b)).

4. Conclusions

In this paper, the new system of HSIEs for the multiple cracks problems in both upper and lower parts of bonded dissim-
ilar materials are formulated by using the modified complex variable function method with the crack opening displacement
function as the unknown. Our new system of HSIEs reduces to the system of HSIEs for cracks problems in an infinite plane
when G; = G,. Numerical calculation shows that the Mode I and Mode II nondimensional SIF for cracks in both upper and
lower parts of bonded dissimilar materials depend on the elastic constants ratio (G,/G;), cracks geometries and the dis-
tance between the crack and the boundary. However the position and geometries of the cracks are more influence on the
variations of nondimensional SIF.
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