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Abstract 
In operations research, Quadratic Assignment Problem (QAP) is a significant combinatorial optimization 

problem. When the size of the QAP problem increases, it becomes impossible to solve the problem in 

polynomial time. Several practical problems such as hospital and campus layout, allocation of gates to 

airplanes in airports and electrical backboard wiring problems can be modeled as QAP. The QAP model 

seeks to identify the optimal distribution of N facilities to N locations  in a way that minimizes the total 

traveling cost based on the distance between every pair of a location and the amount of traffic between 

every pair of facilities of organizational units within a building. Against this background, there are two 

main approaches have been suggested to deal with  QAP, and they are, the Exact and Approximate 

(Heuristic and Metaheuristic) approaches. The exact approach provides a global optimal solution for the 

small size of QAP, while the approximate approaches can find the optimal or a near-optimal solution at a 

reasonable time for large-sized QAP. The objectives of this study are as follows: (i) To analysis the QAP 

model, (ii) To conduct a comprehensive survey of the methods that have been used to solve the QAP 

model, (iii)  To identify the issues and limitations of the methods in (ii), and (iv) to explore the best 

approach that can be used in enhancing the solutions of QAP model within a reasonable time based on 

the accuracy of algorithm. The results show that the hybrid metaheuristic approach has the capability of 

finding the best results within a reasonable time for the large sized problem. 

Keywords–-Metaheuristic algorithms, Combinatorial Optimization Problem, Facility Layout Problem; 

Quadratic Assignment Problem  

1. Introduction 

In the field of combinatorial optimization, one of the most studied problems is the Facility Layout 

Problem (FLP). As a result many solutions have been proposed for the problem, but most especially, the 

FLP has been modeled as quadratic assignment problem (QAP) [1]. For the first time in 1957, Koopmans 

and Beckmann introduced the QAP as a mathematical model related to economic activities by [2]. Service 

institutions such as hospitals, schools, universities, … etc. have a large number of people to deal with on a 

daily basis, and as such it is important to urgently find the best design for such institutions. The absence 

of a good design can have a negative effect on the institutions, as more efforts will be required from 

people seeking services from the institutions. For this reason, researchers in previous studies have 

suggested many models that can be used in find the optimal design for the distribution of facilities to 

locations within buildings. The QAP has been successfully implemented in real-life situations and there 

are several practical problems such as engineering or economic problems that can be modelled as QAP. 

One of the primary purposes of QAP is to assign facilities to locations in a way that a particular facility is 

allocated to an exact location, and vice versa. This way, the total cost which is reflective of the sum of 

products of flows and distances can be reduced.  

Based on review of literature, it has been observed that there are several studies that have focused on 

addressing the QAP model, with special attention paid to applications, algorithms, comparisons and 

analysis aimed at providing better solutions that are also able to reduce total cost with optimal 

distributions for N facilities to N of locations. With regards to solutions to a QAP, there are two 

approaches that have been introduced as solutions to the QAP. The first approach can find the optimal 
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solution for small sized problem. For instance, Branch and Bound BB has been used by [3], Dynamic 

Programming used by [4], and the mixed-integer linear programming was used in the study conducted by 

[5].  

The second one is called approximate approach, and it is divided into two categories including the 

heuristic and metaheuristic. Heuristics methods are useful in finding the best solutions at a relatively 

affordable computational cost without guaranteeing feasibility and optimality. Metaheuristics refers to the 

most recent heuristic methods that can be used in a variety of combinatorial optimization. The meta-

heuristics are a set of intelligent strategies that can be applied in improving the efficiency of heuristic 

procedures [6]. Thus, they can be used in solving a wide range of problems. Examples of such meta-

heuristics algorithms include Tabu Search algorithm [7], Ant Colony Optimization [8], Ant Colony 

System [9], and Genetic algorithm [10]. In the same regard, it has been recommended in recent studies 

[11] that future work should focus using hybrid meta-heuristics approaches in solving QAP with the aim 

of providing the best solution within the shortest possible computation time. The goal of this study to 

achieve the following objectives: (i) To analysis the QAP model, (ii) To conduct a comprehensive survey 

of the methods that have been used to solve the QAP model, (iii)  To identify the issues and limitations of 

the methods in (ii), and (iv) to explore the best approach that can be used in enhancing the solutions of 

QAP model within a reasonable time based on the accuracy of algorithm. The layout of this paper is 

presented as follows. Section 2 has presented the Literature Review on the QAP model, Applications of 

QAP model, and Approaches. In Section 3, Critical Analysis of the Literature Review is presented. 

Section four has been presented the solutions of the QAP model. Finally, the section 5 includes the 

conclusions.  

2. Literature Review (QAP model, Applications of QAP model, Approaches solved QAP model) 

In this section, a comprehensive survey of studies that focused on Quadratic Assignment Problem (QAP) 

are highlighted. These studies include two scenarios; a review of the literature on QAP is presented in the 

first one, while the second scenario presents the review of literature on  the previous studies reviewed in 

this study were searched for in the following databases, Science Direct Scopus database, Web of Science, 

and IEEE Xplore. For the review of literature, different categories of reports were excluded while 

conferences papers and journal articles were used because it most likely that they contain more 

appropriate and advanced scientific researches that are related and relevant to the current survey. A total 

article of 195 articles were used for the survey, and Figure 1 shows the search process.   
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2.1 QAP model 

The QAP as an NP-hard problem, is one of the most difficult combinatorial optimizations in the area of 

operation research. This problem cannot be solved in polynomial time if the size is large [12]. This 

section contains three subsections, and the first subsection presents an analysis of the QAP model, the 

second subsection presents the processing of QAP model, while the third subsection outlines the 

applications of QAP model. 

2.1.1 Analysis of QAP Model 

In this subsection, the QAP model is analysed based on the three stages associated with the QAP model. 

Figure 2 shows the analysis of QAP model, and the three stages of QAP model have been presented as 

follows: 

2.1.1.1 Input Stage 

The characteristics of the QAP model are critical to finding the most suitable solution for QAP. The 

characteristics include: Problem Size: N = facilities, location. Distance Matrix (D): Distance between 

every pair of locations. Flow Matrix (F ): Amount of traffic between every pair of facilities.  

2.1.1.2 Processing Stage   

This stage involves solving the Permutations (π): A permutation or one-to-one mapping between all 

facilities to location; this stage is responsible for the layout through the distribution of N facilities to N 

locations. There are N! (N size of the problem) permutations to assign all facilities to locations based on 

determining the flow matrix and the distance matrix. And solve the Objective Function: find total cost or 

flow * distance between all assigned pairs (

 

n

i

n

j1 1 Fij Dπ(i), π(j) ).   

2.1.1.3 Outcomes Stage 

The results of QAP model solutions can be summarized as follows: find the best layout depending on the 

distribution permutations of N facilities to an N of locations regarding the distance between any two 

locations and the flows between any two facilities to minimize total cost. Based on the above, there are 

two issues in QAP model that are worth highlighting, and are highlighted as follows:  

 Huge distances are created due to the absence of the locations’ layout for some. So, there is an 

urgent need to find the best layout of distributions of N facilities to N locations to reduce the total 

cost based on determining the flow matrix and the distance matrix. 

 Whenever the size of the problem increases, it becomes more difficult to find the best solution 

within a reasonable time frame. 
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Figure 2 Analysis of QAP Model 

2.1.2 Computational Complexity of QAP Model 

QAP, which falls under the category of NP-hard problem, can only be solved in polynomial time for 

small problems through the use of exact algorithms like branch and bound, cutting the plane, branch and 

cut, as well as dynamic programming approaches. With the use of such approaches, the best solutions can 

be achieved. However, it is difficult to enumerate all the solutions in large instances due to the presence 

of N! permutations (solutions). In other words, it is challenging to enumerate and determine the best 

solutions for large instances. Examples of some permutations (QAP solutions) are presented in the table 

1. The QAP is one of the most difficult issues, and as such, has attracted the attention of many researchers 

globally due to its theoretical and practical relevance, as well as its complexity problems [13], [14], [15], 

[16], and [17]. QAP it is highly challengeable and attractive [18].   

Table 1 Example of permutation 

Problem Size Permutations (solutions) 

N = 3 3! = 6 

N = 4 4! = 24 

N = 10 10! = 3,628,800 

QAP Model 

D = Distance Matrix N = Problem 
size 

F = Flow Matrix 

Permutations (π)  

Distance between every pair of locations Number of Facilities and Locations Traffic intensity between every pair of 
facilities 

Objective 
Function 

A permutation π is all facilities to locations  flow * distance between all assigned pairs 

Layout Cost 

Best allocation between facilities to locations Total cost is minimized  

Input 
stage  

Outcomes 
stage  

Processing   stage  
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N = 20 20! = 2,432,902,008,176,640,000 

2.1.3 Applications of QAP model 

The QAP model was applied in several applications in real life, table 2 shows some of these applications.  

 
Table 2 Application of QAP model 

2.2 Approaches  

In this study, the method used to survey the literature review included two classifications, the first of them 

includes surveying all the methods that solved the model for a period of 2005-2019. While the second 

classification included approaches that were used as (Improvement, Hybrid, and Parallel). On the other 

hand, the aim of both classifications was to identify the issues that methods suffer from, in addition to 

revealing the best approach that can be used to deal with the QAP model for large size and within a 

reasonable time. The QAP model has been solved by two approaches the first of them is the exact 

approach while the second involved the approximate approach. The exact approach capable to find the 

optimal solution just with the small size of the problem when the increases size problem the exact 

approach becomes unable to find the optimal solution with reasonable time [26].   

This issue motivated researchers to more efforts to develop approximate algorithms that can find the 

optimal or a near-optimal solution at a reasonable time and for large problem instances.  Approximate 

approach has been divided into two types, i.e. the first called the Heuristics algorithms, while the second 

type is namely Metaheuristics algorithms. In same the context, the gaps in the metaheuristics as follows:  

methods have been mostly performed based on a simple mean of objective function values, standard 

deviation, and some basic statistical tests on certain test functions. More well-established and commonly 

agreed performance validation criteria are required in order to establish firm conclusions about the 

efficiency of any method being introduced. Theoretical and mathematical foundations are required for 

different components of metaheuristics; such as exploration versus exploitation, local optimum versus 

global optimum searchability, convergence, …, etc.  [27], [28], and [29].  

Based on the previous studies, each algorithm has advantages and disadvantages, and for this reason 

researchers are motivated to focus on the hybrid approach. The aim of using the hybrid is to leverage the 

advantages of two algorithms to address and improve the disadvantages, which in turn yields better results 

as compared to using one approach.  In this literature review, the recent algorithms used in improving the 

solutions of QAP model have been reviewed and are highlighted in Table 3. 
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Table 3 Hybrid metaheuristic approaches 

3. Critical Analysis of the Literature Review 

Constructive criticism aims to analyse the studies by finding the strengths and weaknesses of the works 

related to the studied topic. On the other hand, there are many methods and frameworks that have been 

proposed for this purpose and for identifying the author's studies (articles or thesis) and statements of the 

topics and purpose of it. Constructive criticism of the literature review in this paper is summarized as 

follows: 

1- Facility Layout Problem (FLP) seeks to improve a travelled path of the people when they move 

among the departments in the service sector. 

2- Particularly, when the FLP is modelled as a Quadratic Assignment Problem (QAP) the efficiency 

of the facilities involved is increased as a set of the facilities are efficiently assigned to a set of 

sites.  

3- A large and growing body of literature has investigated the QAP and proven impossible to be 

solved in polynomial time as the size of the problem increases. 

4- Exact approaches and approximate approaches are currently the most popular methods for 

investigating to solving the QAP.   

5- The exact approaches are one of the more practical ways to obtain the optimal solution to the QAP 

but with the small size of QAP.  

6-  Previous studies have demonstrated the ability of approximate approaches to find the optimum or 

near optimum solution within a reasonable time and for large size of QAP.  

7- The literature review has highlighted the issues of metaheuristics algorithms that still suffering 

from them such as premature convergence, stagnation and the lack in the exploitation mechanism.  

8- The metaheuristics algorithms are considered to be the best approximate approaches because they 

possess two intelligence strategies called diversification and intensification. 

9- More recent attention has recommended that a hybrid approach is the best suitable method for 

solving a QAP, especially if it uses a local research algorithm. 

10-  There is a relatively small body of literature that focused on solving the QAP by using the Discrete 

Differential Evolution algorithm (DDE).  

4. Solutions of QAP Model 

This section addresses the studies mentioned in Table 3 of the literature review section of this study. More 

so, there are two subsections contained in this section; the first subsection includes the analysis while the 

second subsection presents the comparison and discussion. On the other hand, their outcomes were 
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discussed and analysed, then a comparison was done based on the accuracy (best gap) with the aim of 

determining the best approach. 

4.1 Analysis Process  

All the algorithms in Table 3 were tested on QAP database cases in QAPLIB 

(http://anjos.mgi.polymtl.ca/qaplib/), and there are two types of solutions mentioned in the database of 

QAP the first type called Optimal Solution (OPT) while the second type called Best-Known Solution 

(BKS). On the other hand, there are two sets of problems in QAPLIB that represent a challenge for any 

proposed algorithm. More so, until now, these problems are regarded as open research. These problems 

were introduced by [35] and  [36]. In this paper, the number of OPT is 79 instances, whilst the number of 

BKS is 29 instances. The equation below has been included to find the accuracy of the algorithms as 

follows: 

Gap = (cBest - C*) / C* ×100                                  (1) 

Where, CBest is the best solution value found by the proposed algorithm, while C* is the best-known value 

taken from QAPLIB. On the other hand, the quality of the solutions obtained using the algorithms can be 

influenced by the set algorithm parameters. To identify the most suitable set of parameter values that 

produce desirable outcomes, there is need to conduct more experiments.  

4.2 Comparison and Discussion   

In this scenario, the results obtained through the use of the algorithms in Table 3 are presented and 

discussed. There are two stages in this scenario; in the first stage the optimal solutions (OPT) are 

presented, while at the second stage the Best-Known Solution (BKS) is discussed. The algorithms 

proposed in the literature were applied to 79 cases (which have an optimal solution OPT) of the database 

of QAP as shown in Table 4. The BBOTS approach, which is a hybrid obtained by combining BBO 

algorithm and the TS algorithm was able to obtain 29 OPT out of 79 OPT. The results obtained by the 

GBSA approach which is a hybrid obtained by combining the GB algorithm with the SA algorithm, 

obtained 40 OPT out of 79 OPT. One the other hand, the WAITS approach is a hybrid of whale algorithm 

and tabu search algorithm achieved 73 OPT out of 77 OPT. Finally, the HDDETS approach being a 

hybrid derived from a discrete differential evolution algorithm with the tabu search algorithm, obtained 

75 OPT out of 77 OPT. 

Table 4 Optimal Solutions (OPT) obtained by studies in Table 3 

Category 
Name of 

Problem 

Number of 

OPT 

BBOTS 

[30] 

GBSA 

[31] 

WAITS 

[32] 

LSGA 

[33] 

HDDETS 

[34] 

1 Nug 15 12 8 14 1 15 

2 Chr 14 6 4 12 2 14 

3 Esc 19 4 18 19 1 19 

4 Lipa 16 - - 14 - 12 

5 Had 5 5 5 5 1 5 

6 Tai 10 2 5 9 2 10 

Sum  79 29 40 73 7 75 

Figure 3 shows the outcomes of the comparison from Table 4 as follows: 

http://anjos.mgi.polymtl.ca/qaplib/
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Figure 3 Graphical representation of Table 6 

The second stage is included the results of 29 instances of a database of QAP that solved by BBOTS, 

GBSA, WAITS, LSGA, and HDDETS approaches, these instances have BKS in the standard. Table 5 has 

been presented the results as follows: the BBOTS and GBSA approaches were unable to yield any results 

in section BKS, while the WAITS approach achieved 3 BKS out of 29 BKS. Another approach called 

LSGA obtained 3 BKS out of 29 BKS, while the last approach in Table 3 obtained 12 BKS out of 29 

BKS recorded in the QAPLIB database. 

Table 5 Best Known Solutions (BKS) obtained by studies in Table 3 

Category 
Name of 

Problem 

Number of 

BKS 
BBOTS GBSA WAITS LSGA 

HDDET

S 

1 Sko 13 0 0 1 1 4 

2 Tai 16 0 0 2 2 8 

Sum  29 0 0 3 3 12 

Figure 4 shows the outcomes of the comparison from Table 5 as follows:  

 

Figure 4 Graphical representation of Table 8 
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5. Conclusion 

This study has been introduced a survey of Quadratic Assignment Problem (QAP) which included 

analysis of QAP model and presented some of the applications of the QAP model, and finally, given 

picture comprehensive for the approaches which have been solved the QAP model. Because of the 

importance of QAP in real-life, researchers in many previous studies have conducted a survey of the 

QAP. On the other hand, this study was proposed in a different way for the purpose of achieving 

comprehensive objectives, as well as to highlight the gaps and determinants of all approaches used to 

solve the QAP model.  

On the other hand, the best hybrid approaches HDDETS were explored to improve the model's solutions 

within a reasonable time. This was achieved through a comparison of the results obtained by the recent 

studies in the literature. In the same of context, the previous studies employed the use of the hybrid 

approach, and the comparison is done based on the accuracy of the performance of the algorithms in 

many cases from the database of QAP. For future work, it is suggested that researchers should focus on 

developing a good framework for hospital layout problem through a link between the QAP model and the 

approach HDDETS which can find the best layout at a minimized total cost.  
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