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Abstract This study concerns the three-dimensional hybrid nanofluid flow and heat transfer due to

a deformable (stretching/shrinking) plate with power-law velocity and orthogonal surface shear.

The flow due to the shrinking sheet is maintained with the imposition of wall mass suction. The

effect of adding Cu and Al2O3 nanoparticles are represented by a homogeneous mixture model with

the modified thermophysical properties. Two types of thermophysical properties for hybrid

nanofluids are discussed and compared in this interesting work. The three-dimensional model is

then, reduced into a relevant set of ordinary differential equations using similarity transformation.

The results are generated using the bvp4c solver and presented in the tables and graphs. Duality of

solutions are observed in both stretching and shrinking regions, however, only the first solution is

proved to be stable and realistic. Surprisingly, the heat transfer rate augments when the power law

velocity is used. The hybrid nanofluid with an upsurge of copper volume fraction also reduces the

rate of heat transfer.
� 2020 The Authors. Published by Elsevier B.V. on behalf of Faculty of Engineering, Alexandria

University. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/

licenses/by-nc-nd/4.0/).
1. Introduction

Flow induced by a stretching sheet has been topic of interest

for most researchers in the area of fluid dynamics due to its
applicability in many industrial and engineering sectors. Crane
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[1] focused on stretching flow with linear velocity and obtained
the suited exact solution of the Navier-Stokes equations.
Banks [2] reported the boundary layer solutions of flow due

to a power-law stretching surface u ¼ axnð Þ with zero pressure
gradient. Later, Weidman [3] proposed three generalizations of
Banks’ power law stretching for three-dimensional flow; first

extension by including an arbitrary transverse shear a yð Þ with
v ¼ 0 so that u ¼ axna yð Þ, second extension by letting

u ¼ a xþ a yð Þ½ �n with v ¼ 0 and the last generalization by con-

sidering an orthogonal power-law shearing motion so that
u ¼ axn and v ¼ bxn. Previously in 2013, Weidman [4] showed
that a transpiration (suction) effect was necessary to induce the

uniform shear flow while the combination of linear stretching
and shear flows could exist without the transpiration. Weid-
man [5] investigated orthogonal linear stretching and shearing

motions due to an impermeable surface while Weidman et al.
[6] analyzed the rotating flow past an impermeable surface
with biaxial linear stretching and shearing motions. Goldstein
[7] discussed the behaviour of shrinking sheet which produced

a backward or reverse flow. Different with stretching flow, the
shrinking flow was shown to discontinue without the transpi-
ration (suction) effect as discovered by Miklavčič and Wang

[8]. They showed that no solution was attained when suction
s < 2 (in their notation), unique at s ¼ 2 and dual solutions
when s > 2: Fang [9] investigated the boundary layer flow

induced by a shrinking sheet with power-law or nonlinear
velocity. Fang [9] found the existence of multiple solutions
within the certain range of suction and power index controlling

parameters. However, both literatures [8,9] did not report on
the flow stability.

A new generation of fluid with good thermal performance
is beneficial to fulfil the industrial or technological needs.

Hybrid nanofluid combines a base fluid (i.e. water, ethylene
glycol, mixture of ethylene glycol and water) with two differ-
ent types of nanoparticles (i.e. metal oxides, metals, carbon

materials). According to Suresh et al. [10], the combination
of least and suitable amounts of copper nanoparticles into
the alumina matrix could maintain the stability of the result-

ing hybrid nanofluid. Alumina nanoparticle has a good chem-
ical inaction and stability although the thermal conductivity
is lower than the copper nanoparticle. Mansoury et al. [11]

analyzed the heat transfer performance of parallel flow heat
exchangers using alumina-water nanofluid. They found that
the double-pipe heat exchanger had the maximum heat trans-
fer enhancement than the plate heat exchanger and two shell-

and-tube heat exchangers. The natural convection heat trans-
fer of CuO-water nanofluid in a U-shaped enclosure equipped
by a baffle was numerically investigated by Ma et al. [12].

They showed that an increase in nanoparticle volume fraction
led to the increment of average Nusselt number. Further, the
reviews on the applications, preparation and thermophysical

properties of the regular and hybrid nanofluids have been
conducted by these researchers (see Jana et al. [13], Sarkar
et al. [14], Sidik et al. [15], Akilu et al. [16], Babu et al.
[17], Sundar et al. [18], Leong et al. [19], Huminic and Humi-

nic [20] and Sajid and Ali [21]). Further, the research on
hybrid nanofluids consisting of nano-encapsulated phase
change materials also attract many researchers (see Ghalam-

baz et al. [22–24] and Hajjar et al. [25]). The heat transfer
process related to a cavity also has been subject of interest
due to its numerous engineering operations such as in heat
exchangers, HVAC (heating, ventilation and air conditioning)
and building insulation. Chamkha et al. [26] performed the
numerical simulation for hybrid Cu-Al2O3/water nanofluid

flow and heat transfer from a cavity. Ghalambaz et al. [27]
analyzed Ag–MgO hybrid nanofluid flow and heat transfer
inside a porous square cavity using the local thermal non-

equilibrium (LTNE) model. They found that the usage of
hybrid nanoparticles reduced the flow strength and heat
transfer rate. The thermogravitational convection of hybrid

Al2O3-SiO2/water nanofluid in a porous chamber was scruti-
nized by Sheremet et al. [28].

Devi and Devi [29,30] modified the thermophysical corre-
lations for hybrid nanofluid and used them along with the

single phase nanofluid mathematical model by Tiwari and
Das [31] to stretching flow problems. The thermophysical
properties had an excellent agreement with the existing exper-

imental data by Suresh et al. [10]. This single phase model by
Tiwari and Das [31] was frequently adopted because it fea-
tured the effect of governing nanoparticle volume fraction

in heat transfer rate. However, this model was restricted to
the spherical-shaped nanoparticle only [32]. For nanofluid
particularly using Cu-Al2O3 hybrid nanoparticles, Waini

et al. [33,34] reported the existence of dual solutions using
nonlinear and linear stretching/shrinking plate velocity,
respectively. Meanwhile, Waini et al. [35] studied the transpi-
ration effects on hybrid nanofluid flow induced by power-law

stretching/shrinking sheet with uniform shear flow. They also
reported that the heat transfer rate enhanced for both stretch-
ing and shrinking cases with the accretion of copper volume

fraction. However, Khashi’ie et al. [36] revealed that the
enhancement of copper volume fractions could reduce the
heat transfer rate for the shrinking case as a result of higher

suction, which is in accordance with findings by Waini et al.
[33,34]. Lund et al. [37] examined hybrid Cu-Al2O3/water
nanofluid flow over a nonlinear shrinking sheet with the pres-

ence of viscous dissipation. They perceived two solutions and
concluded that the increasing values of copper or alumina
nanoparticles diminished the heat transfer rate. Other numer-
ical works on hybrid nanofluid flow due to stretching and

shrinking surfaces were also considered by Dinarvand et al.
[38–40], Aly and Pop [41], Farooq et al. [42] and Khashi’ie
et al. [43,44].

Therefore, inspired by the above-mentioned literatures, the
present work focuses on the hybrid nanofluid flow and heat
transfer induced by a power-law (nonlinear) stretching/shrink-

ing plate with orthogonal surface shear as studied by Weidman
[3]. The novelty of the present work is by including the energy
equation (heat transfer observation) and utilizing the homoge-
neous mixture model with modified thermophysical properties

as studied by Devi and Devi [29,30] to represent the hybrid Cu-
Al2O3/water nanofluid which is not considered by Weidman [3]
and other researchers. In the present investigation, 10% (0.1)

alumina volumetric concentration is fixed whereas the effect
of varied copper volumetric concentration and other parame-
ters are investigated. The availability of two solutions are

observed; hence the transpiration effect is also within the scope
of study. The authors believe that no similar work has been
considered or published by other researchers. The finding will

benefit other researchers in predicting the behaviour of
nanofluids (traditional and hybrid) flow and relevant parame-
ters for heat transfer performance.
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2. Mathematical formulation

The present work accentuates the extension of Banks [2] prob-
lem reported by Weidman [3] using Cu-Al2O3/water hybrid

nanofluid. Consider the three-dimensional flow utilizing the
Cartesian coordinate x; y; zð Þ where x and y are the streamwise
and spanwise directions, respectively while z is normal to the

plate as shown in Fig. 1. The corresponding velocities
u; v;wð Þ are assumed align with the Cartesian coordinate
x; y; zð Þ. One of the generalization of Banks’ power-law
stretching by including an orthogonal power-law shearing

motion of the sheet/plate (see Weidman [3]). The plate motion
is uw ¼ axn and vw ¼ bxn. Further, it is assumed that the wall
temperature Twð Þ is constant and higher than the ambient tem-

perature T1ð Þ because the heat transfer process occurs from
the plate to the ambient fluid.

The governing boundary layer equations are constituted by

the continuity, streamwise and spanwise momentum equations
together with the energy equation (see Weidman [3], Devi and
Devi [29,30])

@u

@x
þ @v

@y
þ @w

@z
¼ 0; ð1Þ

u
@u

@x
þ v

@u

@y
þ w

@u

@z
¼ mhnf

@2u

@z2
; ð2Þ

u
@v

@x
þ v

@v

@y
þ w

@v

@z
¼ mhnf

@2v

@z2
; ð3Þ

u
@T

@x
þ v

@T

@y
þ w

@T

@z
¼ ahnf

@2T

@z2
; ð4Þ

while the boundary conditions are

u x; y; 0ð Þ ¼ kuw; v x; y; 0ð Þ ¼ kvw;

w x; y; 0ð Þ ¼ w0; T x; y; 0ð Þ ¼ Tw; ð5Þ
Fig. 1 The physical model and coordinate system.
u x; y; zð Þ ! uw; v x; y; zð Þ ! vw; T x; y; zð Þ ! T1 as z ! 1
ð6Þ

where T is the hybrid nanofluid temperature, mhnf ¼ lhnf=qhnf

denotes the kinematic viscosity of the hybrid nanofluid,

ahnf ¼ khnf= qCp

� �
hnf

stands for the thermal diffusivity of the

hybrid nanofluid while khnf; qCp

� �
hnf
; lhnf and qhnf represent

the thermal conductivity, heat capacity, dynamic viscosity
and density of the hybrid nanofluid, correspondingly. In addi-
tion, k is the stretching/shrinking parameter (constant) with

k > 0 symbolizes the stretching sheet, k < 0 for the shrinking
sheet and k ¼ 0 refers to a static plate.

2.1. Thermophysical properties

The physical properties between nanofluid and hybrid nano-
fluid are elucidated in Table 1 where s, f, nf and hnf represent

nanoparticles, regular fluid, mono and hybrid nanofluids,
respectively. / is the nanoparticles volume fraction; /1 stands
for first nanoparticle volume fraction while /2 for second

nanoparticle volume fraction. In the present work, we adopt
the thermophysical properties for Cu-Al2O3/water hybrid
nanofluid proposed by Devi and Devi [29,30] which has been

validated with the experimental work of Suresh et al. [10]. Devi
and Devi [29] fixed the volumetric concentration of alumina as
/1 ¼ 0:1 10%ð Þ while varied the volumetric concentration of

copper nanoparticles. It is assumed that the alumina nanopar-
ticles were dispersed into the pure water to form Al-water
nanofluid. Copper nanoparticles were then added to create
the Cu-Al2O3/water hybrid nanofluid. However, a few of pre-

sumptions are also examined for the physical model:

� The nanofluid is assumed to be stable; hence the effect of

nanoparticles aggregation and sedimentation is omitted.
� The nanoparticles are uniform with a spherical shape.
� The base fluid and nanoparticles are maintained in a ther-

mal equilibrium state.

The thermo-physical properties of the water, alumina and
copper nanoparticles as envisaged by Khanafer et al. [45]
and Oztop and Abu-Nada [46] are exemplified in Table 2.

It is worth mentioning that there is also another practical

correlations of hybrid nanofluids as discussed by Babu et al.
[17], Takabi and Salehi [47], Ghalambaz et al. [48] and Tayebi
and Chamkha [49]. In the model, the volume fraction of hybrid

nanoparticles is represented by the addition of both nanopar-
ticles such that /hnf ¼ /1 þ /2 while the density, heat capacity,

dynamic viscosity and thermal conductivity are summarized in

Table 3.

2.2. Similarity transformation

According to Weidman [3], the continuity Eq. (1) is fulfilled if
the similarity variables for the velocities are

u¼ axnf0 gð Þ; v¼ bxng0 gð Þ; w¼�
ffiffiffiffiffi
amf

p
l nxn�1f gð Þþxn lx

l gf0 gð Þ� f gð Þð Þ
h i

;

g¼
ffiffiffi
a
mf

q
l xð Þz;

ð7Þ
where l ¼ l xð Þ and lx ¼ dl=dx. Using (7), the x� and y�
momentum equations (see Eqs. (2) and (3)) are



Table 1 The physical properties of nanofluid and hybrid nanofluid (see Devi and Devi [29,30]).

Properties Nanofluid Hybrid nanofluid

Density qð Þ qnf ¼ 1� /ð Þqf þ /qs qhnf ¼ 1� /2ð Þ 1� /1ð Þqf
þ/1qs1

� �
þ /2qs2

Heat Capacity qCp

� �
qCp

� �
nf
¼ 1� /ð Þ qCp

� �
f

þ/ qCp

� �
s

qCp

� �
hnf

¼ 1� /2ð Þ 1� /1ð Þ qCp

� �
f

þ/1 qCp

� �
s1

" #

þ/2 qCp

� �
s2

Dynamic Viscocity lð Þ lnf
lf

¼ 1
1�/ð Þ2:5

lhnf
lf

¼ 1
1�/1ð Þ2:5 1�/2ð Þ2:5

Thermal Conductivity kð Þ knf
kf

¼ ksþ2kf�2/ kf�ksð Þ
ksþ2kfþ/ kf�ksð Þ

� �
khnf
kbf

¼ ks2þ2kbf�2/2 kbf�ks2ð Þ
ks2þ2kbfþ/2 kbf�ks2ð Þ

� �
where

kbf
kf

¼ ks1þ2kf�2/1 kf�ks1ð Þ
ks1þ2kfþ/1 kf�ks1ð Þ

� �

Table 2 Thermo-physical properties (see Khanafer et al. [45]

and Oztop and Abu-Nada [46]).

Physical properties Water Al2O3 Cu

q kg=m3
� �

997.1 3970 8933

Cp J=kg Kð Þ 4179 765 385

k W=mKð Þ 0.6130 40 400
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lhnf=lf

qhnf=qf

� �
l2f000 þ nxn�1 � lx

l
xn

� �
ff00 � nxn�1f02 ¼ 0 ð8Þ

lhnf=lf

qhnf=qf

� �
l2g000 þ nxn�1 � lx

l
xn

� �
fg00 � nxn�1f0g0 ¼ 0 ð9Þ

Following Weidman [3], to possess a similarity equation,
the following term was adopted

lx

l
¼ Kn

x
ð10Þ

and using integration by parts

l xð Þ ¼ CxKn ð11Þ
such that K and C are constants. Apply Eqs. (10) and (11)

into the momentum equations in (8) and (9) so that

lhnf=lf

qhnf=qf

� �
f000 þ nxn�1 � Knxn�1

C2x2Kn

� �
ff00 � nxn�1

C2x2Kn
f02 ¼ 0 ð12Þ
Table 3 The thermophysical correlations of hybrid n

[47], Ghalambaz et al. [48] and Tayebi and Chamkha

Properties H

Density qð Þ q

HeatCapacity qCp

� �
q
�

Dynamic Viscocity lð Þ lh
l

Thermal Conductivity kð Þ
kh
k

lhnf=lf

qhnf=qf

� �
g000 þ nxn�1 � Knxn�1

C2x2Kn

� �
fg00 � nxn�1

C2x2Kn
f0g0 ¼ 0 ð13Þ

Hence, by letting the coefficients of ff00 and fg00 equal to 1,

K ¼ n� 1

2n
; C ¼

ffiffiffiffiffiffiffiffiffiffiffi
nþ 1

2

r
ð14Þ

and Eqs. (12) and (13) are simplified into

lhnf=lf

qhnf=qf

� �
f000 þ ff00 � 2n

nþ 1
f02 ¼ 0 ð15Þ

lhnf=lf

qhnf=qf

� �
g000 þ fg00 � 2n

nþ 1
f0g0 ¼ 0 ð16Þ

Using (7), (10), (11) and (14), the same procedure is con-

ducted to transform the energy Eq. (4) with h gð Þ ¼ T�T1
Tw�T1

, so

that, we get

1

Pr

khnf=kf

qCp

� �
hnf
= qCp

� �
f

h00 þ fh0 ¼ 0 ð17Þ

In addition, the mass flux parameter is given by

w0 ¼ �
ffiffiffiffiffiffi
amf

p
l xð Þ

nþ 1

2

� �
xn�1S ð18Þ

and the transformed boundary conditions are

f 0ð Þ ¼ S; g 0ð Þ ¼ 0; f0 0ð Þ ¼ g0 0ð Þ ¼ k; h 0ð Þ ¼ 1;

f0 gð Þ ! 0; g0 gð Þ ! 0; h gð Þ ! 0; as g ! 1 ð19Þ
anofluids (see Babu et al. [17], Takabi and Salehi

[49]).

ybrid Nanofluid

hnf ¼ 1� /hnf

� �
qf þ /1qs1 þ /2qs2

Cp

�
hnf

¼ 1� /hnf

� �
qCp

� �
f
þ /1 qCp

� �
s1
þ /2 qCp

� �
s2

nf

f
¼ 1

1�/hnfð Þ2:5

nf

f
¼

/1k1þ/2k2
/hnf

	 

þ2kfþ2 /1k1þ/2k2ð Þ�2/hnfkf

/1k1þ/2k2
/hnf

	 

þ2kf� /1k1þ/2k2ð Þþ/hnfkf

2
4

3
5
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where Pr ¼ mf=af ¼ Cpl
� �

f
=kf is the Prandtl number and S is

the mass flux parameter (constant) for permeable surface with

S > 0 for suction and S < 0 for injection.
We point out that the present model is reduced to Weidman

[3] (see 3rd extension of Bank’s problem) if /1 ¼ /2 ¼ 0 (vis-

cous fluid), S ¼ 0 (impermeable flat plate) and k ¼ 1 (stretch-
ing sheet) are considered. However, Weidman [3] omitted the
energy equation, hence no heat transfer analysis was presented.

Further, Eqs. (15) and (19) also can be reduced to Miklavčič
and Wang [8] (linear shrinking) and Fang [9] (nonlinear
shrinking) when viscous fluid and permeable flat plate are
examined. Like Weidman [3], Miklavčič and Wang [8] and

Fang [9] also did not consider the energy equation.
The reduced skin friction coefficients Cfx and Cfy along the

x and y axes and the local Nusselt number Nux, are defined as

Cfx ¼ swx
qfu

2
w

; Cfy ¼ swy
qfv

2
w

; Nux ¼ xqw
kf Tf � T1
� � ; ð20Þ

where swx and swy are the shear stresses in x� and y� direc-

tions while qw is the surface heat flux

swx ¼ lhnf

@u

@z

� �
z¼0

; swy ¼ lhnf

@v

@z

� �
z¼0

; qw ¼ �khnf
@T

@z

� �
z¼0

:

ð21Þ
Using (7), (20) and (21), we obtain

Rex
1=2Cfx ¼

ffiffiffiffiffiffiffiffiffiffiffi
nþ 1

2

r
lhnf

lf

f00 0ð Þ;

Rey
1=2Cfy ¼

ffiffiffiffiffiffiffiffiffiffiffi
nþ 1

2

r
lhnf

lf

g00 0ð Þ;

Rex
�1=2Nux ¼ �

ffiffiffiffiffiffiffiffiffiffiffi
nþ 1

2

r
khnf
kf

h0 0ð Þ; ð22Þ

where Rex ¼ uw xð Þx=mf and Rey ¼ vw yð Þy=mf are the local Rey-

nolds number.

3. Temporal stability

The temporal stability analysis is necessary to detect the real
(physical) solution if dual or multiple solutions exist. However,
Weidman [50] proved that there are two physical solutions

available from the multiple solutions. Hence, it is inappropri-
ate to declare the first solution is always stable without validat-
ing through the stability analysis. It is worth to mention that

the first or upper branch solution refers to the first solution
which satisfies the boundary condition. The stability formula-
tion is briefly discussed by Khashi’ie et al. [51,52] for nanofluid
and Waini et al. [33–35], Khashi’ie et al. [36,43,44] and Lund

et al. [37] for hybrid nanofluid. The flow stability is formulated

by considering a time variable s ¼ al2t into a new set of

unsteady (with time) governing equations as suggested by Mer-
kin [53].

@u

@t
þ u

@u

@x
þ v

@u

@y
þ w

@u

@z
¼ mhnf

@2u

@z2
; ð23Þ

@v

@t
þ u

@v

@x
þ v

@v

@y
þ w

@v

@z
¼ mhnf

@2v

@z2
; ð24Þ
@T

@t
þ u

@T

@x
þ v

@T

@y
þ w

@T

@z
¼ ahnf

@2T

@z2
; ð25Þ

The new simplified similarity transformation is

u¼ axn @f g;sð Þ
@g ; v¼ bxn @g g;sð Þ

@g ; g¼
ffiffiffi
a
mf

q ffiffiffiffiffiffi
nþ1
2

q
x

n�1
2 z; s¼ a nþ1

2

� �
xn�1t;

w¼�
ffiffiffiffi
amf

pffiffiffiffiffi
nþ1
2

p
x
n�1
2

nxn�1f g;sð Þþxn�1 n�1
2

� �
g@f g;sð Þ

@g � f g;sð Þ
	 
h i

;

ð26Þ
The final form of the transformed differential equations

after inserting Eq. (26) into the unsteady Eqs. (23)–(25) are

lhnf=lf

qhnf=qf

� �
@3f

@g3
þ f

@2f

@g2
� 2n

nþ 1

@f

@g

� �2

� @2f

@g@s
¼ 0 ð27Þ

lhnf=lf

qhnf=qf

� �
@3g

@g3
þ f

@2g

@g2
� 2n

nþ 1

@f

@g
@g

@g

� �
� @2g

@g@s
¼ 0 ð28Þ

1

Pr

khnf=kf

qCp

� �
hnf
= qCp

� �
f

@2h
@g2

þ f
@h
@g

� @h
@s

¼ 0 ð29Þ

while the former condition (19) become

f 0; sð Þ ¼ S; g 0; sð Þ ¼ 0; @f 0;sð Þ
@g ¼ k; @g 0;sð Þ

@g ¼ k; h 0; sð Þ ¼ 1;

@f g;sð Þ
@g ! 0; @g g;sð Þ

@g ! 0; h g; sð Þ ! 0; as g ! 1:

ð30Þ
The perturbation equations as imposed by Weidman et al.

[54] is substituted into Eqs. (27)–(30) so that

lhnf=lf

qhnf=qf

F000 þ f0F
00 � 4n

nþ 1
f00 � c

� �
F0 þ f000F ¼ 0; ð31Þ

lhnf=lf

qhnf=qf

G000 þ f0G
00 � 2n

nþ 1
f00 � c

� �
G0 � 2n

nþ 1
F0g00 þ Fg000 ¼ 0;

ð32Þ

1

Pr

khnf=kf

qCp

� �
hnf
= qCp

� �
f

H00 þ Fh00 þ f0H
0 þ cH ¼ 0; ð33Þ

with the homogeneous boundary condition

F 0ð Þ ¼ 0; F0 0ð Þ ¼ 0; G 0ð Þ ¼ 0; G0 0ð Þ ¼ 0; H 0ð Þ ¼ 0;

F0 gð Þ ! 0; G0 gð Þ ! 0; H gð Þ ! 0; as g ! 1:
ð34Þ

The perturbation equations (see Weidman et al. [54]) are

f g; sð Þ ¼ f0 gð Þ þ e�csF gð Þ;
g g; sð Þ ¼ g0 gð Þ þ e�csG gð Þ;
h g; sð Þ ¼ h0 gð Þ þ e�csH gð Þ;

9>=
>; ð35Þ

where f0 gð Þ ¼ f gð Þ, g0 gð Þ ¼ g gð Þ, h0 gð Þ ¼ h gð Þ and c is an

eigenvalue. The equations in (35) are important to test the
solutions’ stability where the sign value of the smallest eigen-
value c1 will determine the real (physical) solution. Harris

et al. [55] suggested that by substituting a suitable far-field

boundary condition (F0 1ð Þ;G0 1ð Þ or H 1ð Þ) with a new con-

dition, a nontrivial solution/eigenvalue can be gained. Hence,

in the study, F0 1ð Þ ! 0 in Eq. (35) is replaced with

F00 0ð Þ ¼ 1 and the new condition to replace the homogeneous
boundary condition is
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F 0ð Þ¼ 0; F0 0ð Þ¼ 0; F00 0ð Þ¼ 1; G 0ð Þ¼ 0; G0 0ð Þ¼ 0; H 0ð Þ¼ 0;

G0 gð Þ! 0; H gð Þ! 0; as g!1:

ð36Þ
The flow stability is analysed using the bvp4c solver (con-

tinuation code from the steady flow). The resulting smallest
eigenvalue may determine the real (physical) solution; c1 > 0
indicates the real (physical) solution while negative c1 implies

the unreal solution.

4. Results and discussion

Matlab software through the bvp4c function is utilized as the
main tool for the numerical computation. Similarity differen-
tial equations as stated in Eqs. (15)–(17) together with the con-

dition (19) are computed to observe the flow and heat transfer
characteristics while the non-uniqueness of the solutions are
also being the main interest of the present work. Two set of ini-

tial guesses are required to find the non-unique solutions which

fulfil all the far field boundary conditions f0 gð Þ ! 0;ð
g0 gð Þ ! 0; h gð Þ ! 0Þ. In the present work, g1 ¼ 15 is used

for searching the possible similarity solutions (first and second)
with the disparate values of the governing parameters as high-
lighted in the figures and tables. For the verification of the pre-

sent method, the model when /1 ¼ /2 ¼ 0, k ¼ �1 and n ¼ 1
is solved and graphically presented. Fig. 2 shows that the result
is in conjunction with Miklavčič and Wang [8] where dual solu-

tions are obtainable when S > 2, no solution when S < 2 and
distinctive solution at S ¼ 2.

In addition, Tables 4 and 5 elucidate the comparison values

of f00 0ð Þ and �h0 0ð Þ between present correlation (following
Devi and Devi [29,30]), correlation in Table 3 (following Tak-
abi and Salehi [47] and Ghalambaz et al. [48]) and those by

Waini et al. [34] when Pr ¼ 6:2, S ¼ 2:1, k ¼ �1 and
/1 ¼ 0; /2 ¼ 0:2 (Cu-water nanofluid). The comparison val-
ues are in a good agreement; hence, it shows that the present

method is applicable to solve the current problem. For future

reference, we also include the values of Rex
1=2Cfx and

Rex
�1=2Nux when n > 1 (nonlinear shrinking velocity) which

are not considered by Waini et al. [34]. The value of

Rex
1=2Cfx and Rex

�1=2Nux of first solution increase when n is
Fig. 2 f00 0ð Þ against S when n ¼ 1.
added which implies that the Cu-water nanofluid with nonlin-
ear shrinking case has greater heat transfer rate than the linear
shrinking case.

Tables 6 and 7 present the values of Rex
1=2Cfx and

Rex
�1=2Nux, respectively when S ¼ 2:5, k ¼ �1, /1 ¼ 0:1,

n ¼ 1 and various /2 using thermophysical properties of
hybrid nanofluid in Table 1 (following Devi and Devi
[29,30]) and Table 3 (following Takabi and Salehi [47] and

Ghalambaz et al. [48]) for future reference. It is worth to point

out that the values of Rex
1=2Cfx and Rey

1=2Cfy are same, hence

we only provide the value of Rex
1=2Cfx in Table 6. Both corre-

lations have same values of Rex
1=2Cfx and Rex

�1=2Nux when a

reduced case of nanofluid is considered /2 ¼ 0ð Þ. Meanwhile,

both correlations show a similar pattern where Rex
1=2Cfx (first

and second solutions) increases and Rex
�1=2Nux (first and sec-

ond solutions) decreases as /2 increases.
Here, the parameters are specified within the range of

0 6 /2 6 0:02, 2 < S 6 2:5 and 1 6 n 6 3 while the values of

Pr ¼ 6:2, /1 ¼ 0:1 and g1 ¼ 15 are immovable. These values
are used based on the main literatures and occurrence of the
non-unique solutions. The numerical solutions are presented

in the tables and graphs. First solution as displayed in Figs. 3–
10 is assigned to the first solution which fulfil Eq. (19). Table 8
assembles the critical (minimal/maximal) values with different

n, S and /2. The critical value kc is the joint point of two solu-
tions (first and second) where no unique or multiple solutions
may exist when k < kc. Boundary layer starts separating when
k < kc and at this condition, Eqs. (15)–(17) cannot be used to

observe the flow characteristics. kc also known as separation
point and usually locates at the shrinking region k < 0ð Þ. This
is one of the reasons why the authors consider shrinking flow.

Based on Table 8, the separation point can be extended when
/2 and S increase whereas the addition of n reduces kc. A boost
in suction and copper nanoparticles volume fraction can delay

the separation. Surprisingly, linear stretching/shrinking veloc-
ity n ¼ 1ð Þ is better than the power-law velocity n ¼ 2; 3ð Þ in
preventing the separation.

The dual solutions can be reached for both alumina-water

nanofluid /1 ¼ 0:1;/2 ¼ 0ð Þ and Cu-Al2O3/water hybrid
nanofluid /1 ¼ 0:1;/2 ¼ 0:01; 0:02ð Þ only if the suction param-
eter is imposed as exhibited in Figs. 3 and 4. The values of the

reduced skin friction coefficients in x� and y�directions are
same since the hybrid nanofluid flow is axisymmetric. An
upsurge of the copper nanoparticles volume fraction lead to

the reduction of suction’s critical or minimal value where
Sc ¼ 2:09471 /2 ¼ 0ð Þ, Sc ¼ 2:06125 /2 ¼ 0:01ð Þ and
Sc ¼ 2:03172 /2 ¼ 0:02ð Þ. The values of the reduced skin fric-

tion coefficients (first solution) increase when /2 is increased. It

also evident from Fig. 3, both Rex
1=2Cfx and Rey

1=2Cfy (first

solution) slightly escalate as S enhances which applicable for
all values of /2. Fig. 4 reveals that the alumina-water nanofluid
has higher heat transfer rate than hybrid Cu-Al2O3/water

nanofluid when the flow is induced by the shrinking sheet
k ¼ �1ð Þ. However, the enhancement of suction’s strength
can boost the heat transfer rate for both nanofluids. Suction

acts as a booster for the heated fluid motion towards the

sheet/plate and consequently, increase the Rex
�1=2Nux.

Figs. 5–8 display the variations of Rex
1=2Cfx, Rey

1=2Cfy and

Rex
�1=2Nux against k with the accretion of power exponent

parameter n, suction parameter S and copper nanoparticles



Table 4 Comparison values of f00 0ð Þ with Waini et al. [34] when S ¼ 2:1 and k ¼ �1 for Cu-water nanofluid /2 ¼ 0:2ð Þ.
Present (Correlation in Table 1) Present (Correlations in Table 3) Waini et al. [34]

First solution Second solution First solution Second solution First solution Second solution

n ¼ 1 2.528970

(4.417930)

0.584729

(1.021479)

2.528970

(4.417930)

0.584729

(1.021479)

2.528984

(–)

0.584729

(–)

n ¼ 2 2.407222

(5.150351)

0.186276

(0.398546)

2.407222

(5.150351)

0.186276

(0.398546)

– –

n ¼ 3 2.342192

(5.786453)

0.091798

(0.226790)

2.342192

(5.786453)

0.091798

(0.226790)

– –

() indicates the value of Rex
1=2Cfx and Rey

1=2Cfy

Table 5 Comparison values of �h0 0ð Þ with Waini et al. [34] when S ¼ 2:1 and k ¼ �1 for Cu-water nanofluid /2 ¼ 0:2ð Þ.
Present (Correlation in Table 1) Present (Correlation in Table 3) Waini et al. [34]

First solution Second solution First solution Second solution First solution Second solution

n ¼ 1 6.822453

(11.910011)

6.693105

(11.684207)

6.822453

(11.91001)

6.693105

(11.684207)

6.822454

(–)

6.693105

(–)

n ¼ 2 6.817936

(14.577066)

6.669567

(14.259847)

6.817936

(14.57706)

6.669567

(14.259847)

– –

n ¼ 3 6.815464

(16.826043)

6.666046

(16.457159)

6.815464

(16.82604)

6.666046

(16.457159)

– –

() indicates the value of Rex
�1=2Nux.

Table 6 Comparison values of Rex
1=2Cfx between correlations of hybrid nanofluids in Table 1 and Table 3 when S ¼ 2:5, k ¼ �1,

/1 ¼ 0:1, n ¼ 1 and various /2:

Present (Correlation in Table 1) Present (Correlation in Table 3)

First solution Second solution First solution Second solution

/2 ¼ 0 2.594178 0.645222 2.594178 0.645222

/2 ¼ 0:01 2.776053 0.653350 2.781516 0.655350

/2 ¼ 0:02 2.956487 0.662716 2.967257 0.666894

/2 ¼ 0:03 3.135633 0.673176 3.151544 0.679725

Table 7 Comparison values of Rex
�1=2Nux between correlations of hybrid nanofluids in Table 1 and Table 3 when S ¼ 2:5, k ¼ �1,

/1 ¼ 0:1, n ¼ 1 and various /2:

Present (Correlation in Table 1) Present (Correlation in Table 3)

First solution Second solution First solution Second solution

/2 ¼ 0 14.609110 14.537865 14.609110 14.537865

/2 ¼ 0:01 14.577530 14.497776 14.572071 14.491916

/2 ¼ 0:02 14.545834 14.457310 14.536181 14.447358

/2 ¼ 0:03 14.514012 14.416449 14.500420 14.402851
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concentration /2. The values of Rex
1=2Cfx and Rey

1=2Cfy of first

solution for Cu-Al2O3/water hybrid nanofluid enhance with
the increment of n and S for the shrinking case k < 0ð Þ as pre-
sented in Figs. 5 and 6. However, contrary results are obtained

for the stretching case k > 0ð Þ. Besides, Rex1=2Cfx and Rey
1=2Cfy

of second solution decrease with the increment of n and S for
both stretching and shrinking cases. It is noted that n is a
power exponent parameter for the velocity distribution;

n ¼ 1 denotes the linear form of stretching/shrinking velocity
while n > 1 indicates the nonlinear or power-law velocity. As
manifested in Fig. 7, the nonlinear form of plate motion can
develop the heat transfer rate for both cases. It seems that
the heat transfer rate for stretching case are always greater

than shrinking case for all selected values of n. Fig. 8 reveals

that the value of Rex
�1=2Nux deteriorates with the increment

of copper nanoparticles volume fraction for both stretching

and shrinking cases. Like Fig. 7, the heat transfer rate are
greater for stretching case.

Figs. 9 and 10 demonstrate the velocities in both x�,y�di-
rections and temperature profiles when k ¼ 1 (stretching),

k ¼ �1 (shrinking), n ¼ 1 (linear plate motion) and n ¼ 2
(nonlinear plate motion). Fig. 9 reveals that the first solution



Fig. 3 Rex
1=2Cfx and Rey

1=2Cfy towards S for various /2:

Fig. 4 Rex
�1=2Nux towards S for various /2:

Fig. 5 Rex
1=2Cfx and Rey

1=2Cfy towards k for various n when

S ¼ 2:5 and /2 ¼ 0:01.

Fig. 6 Rex
1=2Cfx and Rey

1=2Cfy towards k for various S when

n ¼ 2 and /2 ¼ 0:01.

Fig. 7 Rex
�1=2Nux towards k for various n when S ¼ 2:5 and

/2 ¼ 0:01.

Fig. 8 Rex
�1=2Nux towards k for various /2 when S ¼ 2:5 and

n ¼ 2.
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Table 8 Critical values kc for assorted values of n, S and /2.

S n /2 kc

2.5 2 0 �1.42439

2.5 2 0.01 �1.47102

2.5 2 0.02 �1.51406

2.3 2 0.01 �1.24509

2.1 2 0.01 �1.03795

2.5 1 0.01 �1.60972

2.5 3 0.01 �1.40997

Fig. 11 c1 of first and second solutions against k when

/2 ¼ 0:01, S ¼ 2:5 and n ¼ 1.

Fig. 9 f0 gð Þ and g0 gð Þ for stretching and shrinking cases when

/2 ¼ 0:01 and S ¼ 2:5.

Fig. 10 h gð Þ for stretching and shrinking cases when /2 ¼ 0:01

and S ¼ 2:5.
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of both velocities is symmetric when k ¼ 1 and k ¼ �1. How-
ever, the second solution has different characteristics and

seemed to be unstable. The temperature of hybrid nanofluid
intensifies as n increases for both stretching and shrinking
cases as displayed in Fig. 10. Fluid temperature is seemed to

be higher for the shrinking case than the stretching case.
Fig. 11 expounds the smallest eigenvalue c1 of first and second
solutions towards kc ¼ �1:60972. This result is achieved by

solving Eqs. (31)–(33) and (36) through the efficient bvp4c
function. c1 > 0 implies that the first solution is undoubtedly
stable whereas the second solution is unreal. In addition, both

(first and second) c1 approach to 0 as k ! kc which complies
with Merkin [53]. This signifies that the first and second solu-
tions bifurcate at the critical value.

5. Conclusions

The present problem emphasizes the three-dimensional flow
and heat transfer of Cu-Al2O3/water hybrid nanofluid towards

a power law (nonlinear) permeable stretching/shrinking sheet
with orthogonal surface shear. The conclusions are as follows:

� The flow due to the shrinking sheet is possible with two
solutions if the suction parameter S > 2 is applied. The
stretching flow up to k ¼ 0:5 also has dual solutions.

� The separation point can be extended when /2 and S
increase whereas the addition of n accelerates the boundary
layer separation. The linear plate velocity is better in hold-

ing the separation process than the nonlinear velocity for
this problem.

� Alumina-water nanofluid has higher heat transfer rate than
hybrid Cu-Al2O3/water nanofluid when the flow is induced

by the nonlinear shrinking sheet.
� The enlargement of S and n can increase the heat transfer
rate whereas the opposite result is obtained for the /2.

� The stability analysis affirms that the first (upper branch)
solution is stable whereas the second (lower branch) solu-
tion is unstable.

� The temperature profile increases with the enhancement of
nonlinear parameter n for both stretching and shrinking
cases. However, the temperature profile of stretching flow
is lower than the shrinking flow.
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