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Abstract

Here, a switching control mechanism for the stabilization of a DC-DC zeta converter
operating in continuous conduction mode is proposed. The switching control algorithm
is based on a control Lyapunov function and extends the method proposed for a two-
dimensional boost converter model presented in the literature to a four-dimensional zeta
converter model. The local asymptotical stability of the operating point is established using
LaSalle’s invariance principle for differential inclusions. By applying spatial regularization, a
modified switching control algorithm reduces the switching frequency and keeps the state-
trajectory around a neighbourhood of the operating point. The method works well even
if the operation point changes significantly and it is valid for both step-up and step-down
operations. Furthermore, by approximating the state-trajectory near the operating point,
an explicit relation between the modified switching algorithm and the switching frequency
is obtained, which allows to choose systematically the desired switching frequency for the
converter to operate. The effectiveness of the proposed method is illustrated with simula-

tion results.

1 | INTRODUCTION

In energy harvesting systems, DC-DC converters are part of the
power management system. Because of the uncertain nature of
the ambient energy, for example, low or high irradiance of sun
and fluctuation of the wind speed, the voltage generated by the
energy harvester, which is connected to the input of the DC—
DC converter, can be higher or lower than the output voltage.
For this reason, a fourth-order DC-DC converter is a good can-
didate to be deployed, since it has step-up and step-down capa-
bility. There are a few topologies available, and the zeta topology
is selected for our research due to two reasons: (1) positive out-
put voltage, and low output voltage ripple [3], (2) natural DC
input-to-output voltage isolation [4].

To control a DC-DC converter, the conventional fixed-
frequency, average-based system control methods are com-
monly deployed such as proportional integral (PI) [5-9], optimal
[11-16], sliding mode [17, 18], fuzzy [19, 20], model predictive
[21, 22], adaptive [23], and fuzzy neural [24], to name a few. The
PI control produces fast output voltage regulation, however, it
suffers from high control duty-ratio effort [9] that can lead to

PWM circuitry problem [12]. The conventional optimal linear
quadratic regulator (LQR) control produces optimal compensa-
tion with minimal control effort, but lack of robustness if the
parameter is uncertain [14]. While LMI-LQR control is robust,
its control duty-ratio signal has quite a large ripple [15], which
may produce non-linear effect if the ripple exceeded 20% [10].
As for the sliding mode, fuzzy, model predictive, adaptive, and
fuzzy neural, because they use the so-called small-signal average
model, when the duty ratio largely deviates from the nominal
one, the small-signal average model is not a good approxima-
tion. As a result, the controller design is no longer valid, which
in turn jeopardizes the system performance. On the other hand,
non-average-based system control, typically known as hybrid
control, is a variable switching frequency type of control where
the switching frequency is initially low and it becomes arbitrar-
ily fast at operating point. The hybrid control is more robust
than average-based system control [2], due to the former’s abil-
ity to execute the switching mechanism online. Hybrid con-
trol has been implemented for the stabilization of the DC-DC
converter [25-32]. In [25-28], the authors propose a switching
algorithm by approximating the state-trajectory and restricting
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the state-trajectory within a limits specified by the guard con-
ditions. Even though the output voltage regulation is achieved
and demonstrated, no theoretical work is presented to prove
the stability of the system. In [29-32], the authors propose a
Lyapunov-based hybrid control to stabilize the DC-DC con-
verters. The study [29] basically proposes the switching rule that
assigns the mode decreasing the value of the Lyapunov func-
tion most. When the trajectory reaches the switching bound-
ary, it evolves as a sliding mode solution, which means that the
switching interval becomes infinitesimally small. In [30, 31], the
authors use sampled-data control to avoid sliding mode solu-
tions. Though switching frequency is controlled by the sampling
period, it tends to be small because the method is based on suf-
ficient conditions. Hence the trajectory is close to the sliding
solution. Though our paper uses the same switching mecha-
nism as in [32], the stability analysis is fundamentally different.
A second-order boost converter model in [32] can be analysed
by the standard Lyapunov approach by showing the decrease of
the Lyapunov function along the trajectory. The derivative along
the trajectory of the fourth-order zeta converter model becomes
zero even if the point is not the operating point. Hence LaSalle’s
invariance principle proved for this class of differential inclu-
sion should be established. The preliminary and much shorter
versions of our work were presented in the conference proceed-
ings [1, 2].

The remainder of the paper is organized as follows. In Sec-
tion 2, we establish a switching control mechanism for a two-
mode system. The two-mode system is instrumental to model
the DC-DC zeta converter operating in continuous conduction
mode (CCM). In Section 3, we analyse the stability of the switch-
ing system in Section 2, and apply it to the zeta converter. In
Section 4, the switching control mechanism discussed in Section
2 is modified to limit the switching frequency of the zeta con-
verter. In addition, by using linear-line approximation of the tra-
jectory, we show how to decide the switching frequency. Simu-
lation results to show the effectiveness of our proposed method
are presented in Section 5. Lastly, in Section 6, we conclude our
work and state the plan for future work.

Notation: R denote the set of real numbers. For p € R, R,
R<p, RZP, and RSp denote the set of real numbers latger,
smaller, larger than or equal to, and smaller than or equal to p,
respectively. The notation conv denotes the convex hull of a set.
For a function: R” = R, a~! denotes the inverse image of a.
For a singleton {c}, ¢ € R, we use the simplified notation, a! ()
=a~! ({c}). A set-valued map F is denoted as F : R"—>R”
where for x € R”, F(x) C R”.

2 | SWITCHING CONTROL OF
TWO-MODE SYSTEM

Because transistors and diodes exhibit on—off behaviours, many
converters can be modelled as multi-mode systems, where each
mode is described as a linear state-space model. A two-mode
system can be used to model the CCM of any DC-DC convert-
ers. In this section, we introduce a Lyapunov-function-based
switching control strategy and motivate its stability analysis.

Two lineat systems of the same state dimension are given by

dx
E:A]X'FB]% (1)
dx
; = AZ x + Bzﬂ, (2)

where x(¢) € R” is the state and #(#) € R is the input. Fix #, €
R and 1 € R. Assume that

A1+ (1 =) A,
is invertible. Define
X = —(AA + (1= A) " (AB + (1 =) B)wy. ()

Note that we do not assume the stability nor the non-
singularity of the matrices .4y and 4. Let S; (i = 1, 2) denote
the set of stationary points of the systems (1) and (2); namely

S ={x: Aix+ B uy=0}8S, ={x: Ayx+ B, ny = 0}.
*)

If A; is non-singular, S; is a singleton; otherwise it may be
empty or infinite. The following proposition is easy to derive,
but useful in the subsequent discussions.

Proposition 1. The point x™ is given by (3) if and only if it satisfies the
Jfollowing equation:

A (Ax* + Bimy) = — (1= A) (Ax* + Bouy) . ®)
Furthermore, Ax* + By #0 (i = 1, 2) if and only if
51 n 52 = ﬂ
Proof. Since

(A4 + (1 =) Ap) x* = (A8, + (1 = 4) By)

the equivalence of (3) and (5) is immediate. If x* € S, N S,,
then

A (A]X# +B1ﬂ0) = - (1 - l) (Azx# + Bzﬂ()) = O,

which implies x# = x* by the non-singularity of 14, +
(1 — ) A,. Conversely, if Ajx™ + By uy = 0, then Ayx™ +

BZ %0 = Oby (5).Thus, X* (S 51 052 D
We are interested in a switching control law that drives the

state of the switching system with the modes (1) and (2) to x™*
under #(¢) = #. For this, define a candidate Lyapunov function

V) = (e —a®) Plx—x%), ©)

where P is a positive definite matrix. Because P > 0, there exist
¢ > 0and ¢, > 0 such that
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el =517 S V(%) < ol — |17 )

holds. The derivatives of 17 (x) along the trajectories of (1) and
(2) are

ar
[o4] (X) L= a (A1X + 31%0)
= (x— x*)T (PAl +Ai[P) (o — x™)

+2(A1X>\ + Blﬁo)rp (X - X*), (8)

A (x): = %—Z (Axx + Bym)
= (v =5 (PA+ AL P) (v = %)
+2(Ax" + Bz”o)TP (x = x%), @)
respectively.

Proposition 2. Suppose that PA, + A P <0 and PA, +

AP 0. Then,

=1 =1 = =
a, "R Ca; "Rio) o "Rzg) Ca, "Rep),
(10)

0(1_1 0) noc2_1 ©0) = {x:x—x* € ker (]341 +A1TP)
Nker (P4, + A7 P), Nker (A4;x* +Bluo)TP}. an

The proof is based on the following observation.

Lemma 1. Ler Oy <0 and O <0 be n X n symmetric matrices. Let
v € R” and vy € R” satisfy Avy + 1 —A) v, = 0 for some 0 <
A < 1. Define

p1(x) = xT Oix + y]Tx, Do) = xT Qo + yZTx.

Then

27 R<) € (Rsp), 15 (Reg) C 15" (Rp),
2710) N p; 1 (0) = ketQy NketQ, Nker v/ .

Proof. If py(x) > 0, then
0<Ap ()= AxT Qpx+ Av] x
Shlx=—-01-Dil~
S—1=Dx"Ox =1 =Dryx = =1 =1 pr %)

holds. Thus, ,(x) < 0. Because ;' (R<p) = R” \ p'([Rsp)
and ;' Rsp) =R" \ ' Re), 5, (Rsp) C p; ' (R<p). By

interchanging p; and p,, in the argument, it follows that
P Re) € 4" Re)- 161 () = 2 () = 0, then

0 =21Ap (x) = le(le+/lvifx
S/lﬂlTx = —(l—/l)ﬂzrx

S—(l—/l)xTGch—(l—/l)psz =—-—1-=A)p, (x)= 0.

Hence all the inequalities hold as equalities. This implies
ﬂlTX = 0, xTQ1x = 0, and XTQ2X = (), which means x €
ker 01 Nker O, N ker ﬂlT . Conversely, if x € ker O Nker O, N
ker yi[, then x € ker p; and py (x) = pp (x) = 0. |

Proof of Proposition 2. Define

Q) =PA +A'R  0,:=PA,+ AR
v = 2P(AXT + Biwgy), vy = 2P(Ayx™ + Bomg),
P = ap(x+x"), pa(x) = @+ 5.

Notice that the assumptions of Lemma 1 ate satisfied since
(5) holds. Then the proof is immediate from LLemma 1. O

Based on Proposition 2, we propose the following switching
control mechanism.

Switching Mechanism A

* If the system is operating in mode 1 and reaches 0(1_1 (0), then
it switches to mode 2.

* If the system is operating in mode 2 and reaches o 1(0), then
it switches to mode 1.

Remark 1. Switching Mechanism A is initially proposed for a
boost converter model in [32]. Proposition 2 clarifies a condi-
tion that ensures that Switching Mechanism A is well defined.

To analyse the stability of the switching control law, we con-
sider the differential inclusion

dx

— 12
Zerw, 12)
{A1X+Blﬂ0} 1fx€M1,
F (x):= {Arx + Byuy} if x € M,
conv {Ax + Byuy, Ayx + Byug} if x € M,
where
My = {x:a7 Reg) Nay Rsp) = o' Reg)

My = {x: a7 Rop) Nt (Rep) = a7 R}
My={x:a7'Ry)na;' (Ry)} -

The set-valued map /7 : R”"—=R” is upper semi-continuous,
and its values are bounded closed convex sets. Solutions of (12)
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include solutions of (1), (2) with the switching control mecha-
nism. We shall analyse the stability of the operating point x* of
the differential inclusion (12).

Remark 2. The switching mechanism that selects the mode
defined by

argmin{a, (x) :7 = 1,2}

is in line with the method used in [29], except that [29]
assumes that

PAA + (1 =D)A) + QA + (1 =DA) P <0
for some A € (0, 1). This mechanism does not stabilize the oper-

ating point asymptotically when we only assume PA; + A1T P<
0and PA, + AZT P < 0. The following simple example

[P I I (1] R IR B I [
= 0 _111_01 2 = - _111_0;
10
P =

results in the differential inclusion

dx )
7 € F(x),
PP B IR
W {1,2} if[01]x=0.

If [0 1] xy = 0, then the differential inclusion has the unique
solution x(#) = x), which shows that it is not asymptotically sta-
ble. Note that this is not a counterexample of [29, Theorem 2].
Nevertheless, the example shows that the distinction of positive
definiteness and positive semi-definiteness is meaningful.

3 | STABILITY OF SWITCHING SYSTEM
In this section, we analyse the stability of the switching mecha-
nism proposed in the previous section and apply the method to
a DC-DC zeta converter operating in the CCM.

3.1 | Stability analysis

Consider the differential inclusion (12) and the function 17 (x)

in (6). Define I7(x) : R”=R by

X

1% (x)=aa—1jF(x)::{%—Va): a)GF(x)}.

It is easy to verify that

_ {a; ()} if x € My,
() = fo ()} ifxe, (13
conv {a; (x), o, (x)} if x € M.

The inverse image 77 ~1(5), where § C R, is defined by
VLS = eR: TV o)NS £0}.
When S = {4}, we write I~ () := T ({a}).

Proposition 3. Conusider the differential inclusion (12) and the Lya-
punov function (6). Then,

Tty =at ua;t0).

Proof. If x € a;'(0), then T7 (x) = conv {0, ay(x)} 3
0. Similarly, we have 0€ I"(x) if x € 062_1(0). Hence
17710) 2 a1 (0) U &, ! (0). Conversely, if 0 € 17 (x), then x €
ocl_l(Rso) N Ocz_l (R<p) and 0 € conv {a;(x), ay(x)}. Because
ay(x) <0 and ay(x) <0, this implies either a; (x) = 0 or

@ (x) = 0. O

Proposition 4. Let x*, Sy, and S, be defined by (3) and (4). Then
{x*}U S| C a; ' (0) holds.

Progf. We have already shown that x* € al_l Ol L0) in
Proposition 2. If x € Sy, then a; (x) = 0 by (8). Similarly, if
x € Sy, then a, (x) = 0. |

Proposition 5. Let x™ € {x*}U S, US,. Then, the differential
inclusion (12) has a stationary solution §(t, x™) = x™.

Proof. 1f x7 €8, then a; (x*)= 0 by Proposi-
tion 4. Thus F (x7) = conv {0, Ax*' + Byuy} 3 0.
Similarly, x™ € S, implies 0 € F(x"). By Proposition

4 a0 ()=a, (x*)= 0. Consequently, F (x*)=
conv {A1x* + Biuy, Apx™ + Byug} D A(A1x™* + Biugy) +

By Proposition 5, the operation point x* is not globally
asymptotically stable if S; U S, # @. We shall study the local
asymptotic stability of x™. The next result shows that x™* is sta-
ble in this sense.

Theotem 1. Suppose that PAy + Al P < 0 and PA, + ALP <0
hold. If 051_1 Oyna; 10) contains no solution of (12) exccept for x(t) =
x*, then x* is locally asymptotically stable.

The proof of Theorem 1 hinges on a couple of Lemmas. The
first one states that the operating point x™ is stable.

Lemma 2. Suppose that PAy + Al P <0 and PA, + 4] P <0
hold. Then x* is stable.

Progf. Note that the set-valued function F'(x) in (12) is
defined for all x € R” from (10) in Proposition 2. Let € > 0,

and choose § = =L > 0. If lxg — x*||? < 6, it follows from

o
(7) that 17 (x)) < 08 = ¢ €. Along the trajectory ¢(4 xp) of
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(12), it holds that

d .

SV @0x) =1 @0x)) C Ry,

by (13), and hence 17 (¢ (% x)) < 17 (xp) holds. This implies that
lp( x0) — x*||* < €, and therefore x* is stable. O

One of the important observations is the property of the lim-
iting set of a solution of a differential inclusion with an upper
semi-continuous set-valued map. Let

dx
— € F (x), (14

be a differential inclusion where /7 : R”"—R” is upper semi-
continuous and its values are bounded closed convex sets. Let
(2 xp) be a solution of (14). A point w € R” is called a limit
point of @(# x) if there is a sequence {#} in [0, 00) such that
#, — 00 and

lim ¢ (7, x) = @.
k— 00

The set of all limit points of ¢(# xp) is called the limit set of
@ (4 xp) and is denoted as Q.

Lemma 3. Counsider the differential inclusion (14). Suppose that a solu-
tion Q(t, xp) is bounded. Then the limit set QU is non-empty, closed, and
bounded. Furthermore, if o € K, then there exists a solution of P (t, @)
of (14) with initial condition x (0) = w satisfying P (1, w) € Q for all
+>0.

Proogf. The first half is elementary, see for example [33, Lemma
5.30]. To prove the second half, let {#.} be a sequence in [0, )
such that # > 00 and @ := ¢(%, xp) tends to w € Q. Let
7" > 0 be fixed, and define P (#) := ¢ + £, x) for # € [0, T].
Note that 1 (#) is a solution of (14) with the initial condition
x (0) = w, . Using a similar argument as in [34, p.13, Theo-
rem 4] and [34, p.104, Theorem 1], one can prove there exists
1 and a convergent subsequence of {1} where limit is %, and
P () = ¢t w) is a solution of the differential inclusion (14)
with the initial condition x (0) = w. Then any point on P (#) is
a limit point of ¢ (% x;) and hence p(f,w) € Q for 0 <7 < 7.
Since this is true for any 7" > 0, this concludes the proof.  []

Lemma 4. There exists r > 0 such that for every @ in the set
(@' O\ e ) U@ ) N O nix: V() <7} and
every solution Q(t, ) of (12), there exists T >0 such that
V(p(t,w)) < IV (w).

Proof. Define

&y (x) =

da
! ( ) (A1X+B1ﬂ()>,
Ox

and recall from (9) that

day (x)
Ox

=2 ((x — 5 (PA + ATP) + (45" + Bmo)T]J) :

It follows that & (x) is a continuous function; moteovet,
dl (X*) = (A1X* + B1ﬂ0)r P(Alx* + 81%0) > O,

and from the continuity of & (x), &;(x) > 0 in some neigh-
bourhood of x*, say N ={x:17(x) <r} for some r> 0.
Letw € (a7 (0) \ &, ' (0)) N V. Since a; (@) = 0, ay(@) <0
by (10). We can take T > 0 small enough, so o, (¢(7, w)) <
0 forall € [0,7]. If IV (¢t w)) = 1V (w) for all 7 € [0, 1],
then

oV d

W)= G- ¢ Gw)=0, (15)

d

AL
for almost all 7. Let T ={f: 0 (¢(r,w)) > 0}. Note that
T is an open set. If + €T, then by (12) F(¢(r,w)) =

{49, @) + By}, and hence ——¢(l‘ w) = ay(p(7, W) <
0. Hence T =40. Consequently, F(¢(‘L’ w)) = conv {4;¢
(,0) + B, A$ (7, @) + Byah, but 2 A, (z, ) + By =

ay(¢(T,w)) <0 implies ;¢(T, w) = A1¢(T,w) + By for
almost all 7. Hence ¢(t, w) is the solution of the differential
equation

dx

— = Ay x+ By,
P 11X 140, X

0)=w 0<<T,
17 (¢(# w)) is twice continuously differentiable, and

j—;V PGw)=a PGw)>0re[01].

This implies that a (¢ w)) > a (¢(0,w)) = 0 for some 7.
But 7 = @, and this is not possible. Hence, 17 (¢(t, ®)) <
V(@ w)) < IV (w) for some ¢ € [0,7]. The proof for w €
(@, (0)\ a; ' (0)) N IV is similar. O

Proof of Theorem 1. Since ¢(f, xp) is bounded, its limit set
Q is an invariant set by Lemma 3. Since 7 (x) is bounded
from below and 17 (¢(2 x;)) is monotonically non-increasing
for every sequence {#} such that #, » 00 as £ — o0, ¢:=
/é'll»n;o 17 (@, xp)) exists. If w € Q, then there exists a sequence

{#.} such that @ = lim¢p(#, xy). This means TV (w) =
7 (lim @ (7, xp)) = lim 17 (P(%, x0)) = ¢. Because Q is an
invariant set, 0 € 1 (w) for any w € Q. From Proposition 3,
w€E 0(1_1(0) Uocz_l(O).Taker >0and N ={x: 17 (x) <r} as
inLemma 4. Ifw € {(a; ' (0) \ a; ' (0)) U (a; ' (0) \ ;' (0))} N
N, then @ is not a limit point by Lemma 4. Thus, w € 0(1_1 O)yn
a2_1 (0). Hence, if 17 (x) < r, then ¢ (% x() does not have a limit
point except x™*. O

Remark 3. Theorem 1 is a consequence of LaSalle’s invariance
principle proved for the differential inclusion (12). This is a use-
ful tool to prove the stability of the switching control applied to
a DC-DC zeta converter in Section 3.2.
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0 0 —-—— 0
14 0
1
0 0 0 - 0
Ly
Ay = . , By= . Qo)
— 0 0 0 0
G
FIGURE 1 A DC-DC zeta converter circuit 0 1 0 _ 0
B @) RCy |
4 I If #y > 0, then mode 1 has no stationary solution, and mode
)} > 2 has a unique stationary solution x*2 = [0 0 0 0] .
Y ve, 2o J_+ + For 1 € (0, 1),
Vg t'___ L 1 CZ Ver Vo R
- -1
T = = (A + (1 =A)Ay)  (AB+ (1 =2A) By) u
FIGURE 2  Equivalent circuit when the switch is closed - 1=2 g
0 0 —-—— 0 2
Ly —
Ly
0 0 A 1
3.2 | DC-DC zeta converter operating in n  nll
continuous conduction mode =1 . a L2 m
— - 0 0 0
; S - G G
Consider the DC-DC zeta converter circuit shown in Figure 1. . )
The circuit consists of two inductors 7. and 1, two capacitors 0 - 0 2 |t 0]
. . L 2 o
Ci and (3, an ideal diode 4 and C;, a DC voltage soutce 7, a
resistive load R, and an ideal switch S. Denote the currents of )
. . Uy
Ly and L, as ;1 and 7; 5, the voltages of C; and C, as #y and o ;'}k |
. v, _
V¢ o, respectively. : .
The converter is in CCM if the diode 4 is open when the _ % _ |2 an
switch S is on and it is shorted when the switch is off. When 10
the switch is closed (mode 1), the converter is equivalent to the r e
circuit shown in Figure 2, and when the switch is open (mode 2), 2, v,

the converter is equivalent to the circuit shown in Figure 3. With
the state vector x = [i;1 iz o1 2c»]’ and the input # =,
the matrices for the two modes are given by

0 0 0 0 7 1
Ly
o o — =L :
L 1y —_
A= , Bi=|12],
"Tlo =L 0 o !
@] 0
1 1
0 0 Tl [ 0]
G, L>
— MYY\_
i +1i +
Y ve |2 1+
j Cave v3R

FIGURE 3

Equivalent circuit when the switch is open

A .
where », := #y and v, :== =—=. Based on the energy stored in the
£ R

zeta converter, define

ERO N

2

0 172 0 0

Pi= . ) (18)
o 0o =2 o0
2
o 0o o0 2
L 2
Then
[0 0 0 0 ]
00 0 0
PA +A P = <0,

00 0 0
00 0 —2+
| R ]
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000 0
00 0 0
PAy+ AP = <0,
00 0 0
00 0 ——
| R ]
A o U Uy
(A x" + Biuy) P = [j j s 0];

vy v

T r A
(Apx™ + Byuy)” P = [—; - —2;% 0] . (19)

From  (19),  ker (PA; +A] P)Nker (PA, + AL P)n
ket (Ayx* + Byu)) P = span {d;, d,} where

o o
R
0 or

a=| | 4H="| 20)
by Yy
0 0

The function 17 (x) decreases along the trajectory as long as
x & C(1_1 O n 062_1 (0). It remains to see what happens when

the trajectory reaches Loyn a, Lo).

Lemmab5. Lerx € 0(1_1 O)Nea; 10). Then the following properties
hold:

a. 0 € F(x)ifand only if x = x*.

b If x—x* &span{d}, then F(x)Nker (PA; +A1TP) N
ker (PA, + AL P) # 0.

o If x —x* €spanid}, and x # x*, then F(x) N span{d;} #
.

Progf. 1t follows from (17) that

- 1 [ ] [ & ]
0 L, Iy
0 3 Z
A+ B =, |+ | 2|=] 7| @1)
_ )
GR 0 TGR
[ 0] 0 0
- - - -
I 0 I
_ _
L, 0 1,
Azx* + BZ ﬂg = yz + 0 = y? . (22)
Ci Ry, Ci Ry,
0
0 | 0 |

Note that x € a7 ' (0) N ;' (0) if and only if x = &* + Ax
with

- v, -

51;
5,=
Ax =68,d +6,dy = R ) (23)
(51 + 52) p(g
L O =
From this, it follows that
_ 0 . - T
(61 +6) 3
61+ 62) 7 0
A1AX = ” B AzAX = v,
—0,— 8 —
GR GR

Hence if x € a; ' (0) N at; ' (0), then

A1X+B1 ﬂ‘g =A1 X* +B1Dg+A1AX

L 0
1y
2y (514'52)Lg
7, &
=~ |+ | 24
o —8,—
CR GR
vy
o | | %z

AQX + BZ ﬁg = Az X* + BZ”g +A2AX

— vy

b i 7]

Ly (51 + 62) I
_

5 " 25

= + ‘

5 @)
— CiR
Ci Ry,

Uy
ol | % |

Hence if w € F(x) for x € ay'(0)Na, ' (0) \ span {d;},
then
_ 52%
T GR

0 0 0 1w #0,

which shows 7/ (x) N ket (PA; +.A! P) Nker (PA, + AL P) #
@ and 0 & convi{A;x + Byv, Ayx + Byy,}. Suppose x — x* €
span {4, }, then,

rank [ (A1X + Bl Dg) (AzX + Bzﬁg) ]
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7 v, 7
no Lo
1 1 1
l"L, ZIQ Vy
_ £ 454 —
= rank L, L, L,
Vr Z"% Vr
GiR CiRy, iR
, v,
3 5L
Ly Ly
1/’,5, V,.
=rank | = +6= 6=
Ly Ly
Y S v,
CR Tar
L L
I, i
Ve ’r
=rank | = + 6=
) I, I,
vy v,
GiR CiR
0 _
Ly
v+, v, v
=rank | — +6,2 =
Ly 2 Ly
”
0 r
GiR
v+, .
1f§; # ——=, then Ajx + B, v, and Apx + By, are lineatly
v, h h
. ’ o4,
independent, and hence 0 & F(x). If §; = — —=, then
v,
_1,2__ _7/,+1{g (;_r)_ -5
— v, R R
Ry N
. 0 -
s = R
x =x" +Ax = F | + = ,
_ vyt ( ) _
br L\ %
| 7, | 0 B
o ) . SR
o 0 Ly
L s <_z> 2
' L 7
A1X + B] ﬂg = L + " 2 = 2 )
v v,
p— O ——
GR GR
0 L 0 0
r_ 27 v+, ( v ) ] My ]
i Y L =
U v,
L 0 L
A2X + Bz ﬂg = + =
”? s ( vy ) 2,
CiRy, n, \GR GR
Lol Lo 1 [ 0]

Because Ajx + By v, = Ap x + By, # 0, we have 0 & F7(x).
Finally, note that Ax” P(A;x + B v,)

. 4 ;
= 0
Ly
C L 61 +8) =
_ Ly, Ly, 17 Ly 2
51 R 52§ (51 + 52> T of 3 . + e ;
TGz 2GR
2y
| 0 ] | 52(:,2—,{ 1
=0,
AxT P (Apx + Booy)
A I 7%
o — (61 +62) o
”
5 Lli/’r 6 Lﬁyr 5 5 Ciy& Ly 0
= — 0
ey 2SR 61+ z)z ) + "
iRy Yar
Uy
L 0 ] ) or
=0.

Let x —x™ € span{d;} and x # x*. Then for every w €
F(x), lePco = 0. Since 0 & F(x), it follows that F(x) N
span {4} = 0. O

Theorem 2. Consider the differential inclusion (12) defined by the sys-
tem matrices (16) and the gperating point x* in (17). Then, the gperating
point x* is local asymptotically stable.

Proof. Assume that ¢(%xp) is a solution of the differ-
ential inclusion satisfying ¢ (4 xp) € o foyn a, L0) for >
0 and xp #x*. If xp—x" & span{d}, then %cﬁ(z‘, x) &
ker (PA; + A P) nker (PA, +.A4L P) by Lemma 5, but this
contradicts the assumption that ¢ (7, x;) € ocl_1 O)yna; L(0) for
t > 0.1f xy — x™ € span {4, }, then from Lemma 5, there exists
# such that x; 1= ¢(#, x) satisfies x; — x* & span {4;}. Then
the trajectory ¢ (# x) cannot stay in O(l_l O)n 0(2_1 (0) just as we
have proved before. This completes the proof. |

Remark 4. 'The stability of switching control of a boost con-
verter is proved in [32]. The state space of the boost converter
model is two dimensional, and the set 061_1 Oy Ny 1(0) is a sin-
gleton consisting of x™*. The state dimension of the zeta con-
verter model is four, and the set o oyn a, 1(0) includes the
two-dimensional affine set spanned by d1 and d2 in (20). The
stability of the operating point is a consequence of Theorem 1,
which is a differential-inclusion version of LaSalle’s invariance
principle.

Remark 5. The switching mechanisms proposed in [29, 30, 31]
basically pick up the mode which nearly dectreases the Lyapunov
function most while our method retains the mode as long as it
decreases the Lyapunov function. The trajectory of [29] evolves
as a sliding mode solution when it approaches the sliding
boundary, which means that the switching interval becomes
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infinitesimally small. The sampled-data control approach in
[30] and [31] can reduce the switching frequency by adjusting
the sampling period. However, the period depends on the
feasibility of matrix inequality, which is a sufficient condition
and hence incurs conservativeness. Our method approaches
a sliding mode solution only when the trajectory is neat the
operating point. Further reduction of switching frequency
to the predetermined level is possible by using the modified
switching mechanism stated in the next section.

4 | LIMITING THE SWITCHING
FREQUENCY

The switching control proposed in Section 2 requires
unbounded number of switching as a solution approaches the
operating point x*. In this section, the switching control mech-
anism discussed in Section 2 is modified to limit the switching
frequency of a zeta converter.

4.1 | Modified switching mechanism

The switching mechanism considered in Section 2 is based on
the signs of the derivatives along the trajectories (8) and (9).
Let py, p» > 0 and &; and &, be modified switching functions
which satisfy the following:

&y (x) > ay (%), 8, (x) > ay (x), (26)

1 (=1 1 (-1
05; )(R(ZO)) - oci )(R(Spl))) Oﬂi )(R(ZO)> C Ofé )(R(SpZ))'

@7
Notice that (27) is equivalent to

G (Rop) oy’ R, &' (Ropy) o Reo).
Based on (26) and (27), we propose the following modified
switching control mechanism:
Switching Mechanism B

* If the system is operating at mode 1 and reaches 561_1 ©1),
then it switches to mode 2.

¢ If the system is operating at mode 2 and reaches &; Y(0,),
then it switches to mode 1.

The differential inclusion (12) is modified accordingly.

dx -
—eF 2
— € (), (28)
{A1X+B1%0} ifXGM1,
F(x) = {Aox + Byug} if x € M,

conv {Ax + Byuy, Ayx + By} if x € M,

where
M = {x : 0(1_1 RN
o= e (Rop) N5 Ra) =7 (o)),
> o 1
My ={x:a" (Rep ) Ny (Rep, )} -
Assumption 1.  The sets 5(1_1 RN 0(1_1 (Rso) and
5(2_1 RN 062_1 (R.) ate bounded.
Proposition 6. Suppose Assumption 1 holds. Let ¢ > 0 satisfy
¢ > sup {L' (x): x€ (5(1_1 (Rs;:l) n Oll_l (R>U)) U (553_1 (RSPJ) n “2_1 <R>u>)} .

Then for any solution (%, x;)) of (28), there exists 7 > 0 such
that (7, xp) € {x: V' (x) < ¢} fort > T.

Proof.  First, we that  F(x) C F(x)if

- _(—1 (-1 _(=1

x & B, = (“E )(R(sm)) N, )(R(>0)) U (“; Ri<p2)) N

-1 (-1 21 .
@ VR From 27), & Resp) Cal Rc))- So,if
&5 (x) > p,, then

shall prove

{Alx +B1ﬂ0} =F (X), 0(2 (X) > O,
{A2X + Bzﬁlo} C conv {Alx + B1 o, Azx + Bzﬂ()}
=F(x), ay (x) <0.

F(x)=

From Assumption 1, the number ¢ > 0 exists. If I7(x) > ¢,
then a solution P4 xy) of (28) satisfies ¢ (4x)) = P4 x0)
as long as P, xp) & B, where ¢(4,x) is a solution of (12).
There exists 7 > 0 such that I (¢ (% x)) = ¢if # > 7" because
I (¢(2 xp)) is monotonically decreasing and 17 (¢ (# x)) — 0 as
¢ — oo from Theorem 1. Note that £, N {o: I7(x) 2 =0
This implies that ¢ (4 xy) = ¢4 xp) and (@ x0)) > ¢ for
0 <+ < T. Furthermore, I (2 xp)) is non-increasing when

b, %)) & E,. Therefore, V(@) < cfort > T. O
4.2 | Example for the DC-DC zeta converter
From (19),
T
ap () = (x—x%)
0 0 0 O
000 0 . o
00 0 o |[&=¥)Ful-7,)
000 —=
R
. . p)" k
2, (2 = iy5) = 5 (ve1 =224, (29)
()= (=)'
0 0 0 O
000 0 . .
00 0 o |[6=¥)=n (=i
000 —
R

V2

-V, (iLZ - ZZZ) + E? (Vc'l - D;l) . (30)
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Define
[ 1,RC; ]
14 0
1, RCy
6{3 = Ly ) d4 = 0 (31)
0
-,
Uy
L O -

Then {d,, dy, d3, dy} with d; and d, in (20) is a basis of R*, and
thus any x € R* can be written as

X = X* = Ax = 51 d1 + 52d2 + 536{3 + 54d4. (32)
The modified functions &; (x) and &, (x) can be defined as

& (%) =y (x) + &5; + B (61, 8), 33)

&, (x) = oy (%) + &8, + B (281, 8,), (34)

where ||81, 8, is any norm in R?, and B: Ryy = Ry is a
monotone non-decreasing function satisfying

BO)=108(z)=pifz2p

ZJZ 02
0</61<E§, O</é2<é, €1>0, 52>0, p>0.

Proposition 7. 7he functions &y and &, defined by (33) and (34)
satisfy (26), (27), and Assumption 1.

Proof. It is obvious that (26) holds. Suppose &, (x) > 0. Define
P1lx— ™) =0y (x) + /é15i and py(x — x*) 1= oy (x) + /ézéi.
Then the quadratic terms of p; and p, are non-positive, and
hence by Lemma 1, we assert that oty (x) + 4 52 < 0. Because
Be1lld1, 8511) < p1, we obtain &; (x) < 4. Similatly, a; (x) > 0
implies & (x) < 5. To show that & (Ry0) N&; ' (Rep) is
bounded, we use the representation (30) and show that the set
{(dydyds, dy) : x € @ Risg) N &R <p1))} is bounded.
If oy (x) > 0 and &, (x) < py, then

B (c161,6,),

pr > (x) —ap (x) =4 65+ (¢161,8,) > 5
£,82.

(35)

From (35), it follows that ||&1, &, < 2 oand [64] < ‘/Z—l.
1

a
From the definition of &y, &;, and 45, we have

ap (x) = k83 +y(81,8,,84), & (x)= £85+7(61,6,,84),
where ¥ and 7 are continuous functions and

e = PBG  BRG w
T L, R~

Let

M:: Sup{y(51,52,54) . 51;52 < %)|54| < “[ % }J

mi= inf{f(al,az,aoz 51,8, < 2L 16, < /2 }
0 3
Then,

0<oay (x)= £0;+7y(8,8,,6,) <455+ M,

p1 =8 (x) = k85 +7 (81,8, 84) 2 kS5 + m,

and it follows that —% < 85 < B The boundedness of the

set 0(2_1 Rsp)N 5(2_1 (R<pp) can be proved similarly. |

Remark 6. From Proposition 6 and 7, we conclude that any
solution of (28) converges to the set {x : I (x) < ¢}. The spa-
tial regularization was studied for the boost converter in [29] to
reduce the high rate of switching. The method discussed in this
section extends the idea to the zeta converter by adding extra
terms in (33) and (34) to cope with the four-dimensional state
space.

4.3 | Estimating the switching frequency

Although the modified switching mechanism is able to limit the
switching frequency, the value of the switching frequency itself,
however, is controlled by the parameters in Switching Mecha-
nism B. In this subsection, we will show how to decide such
parameters based on a linear-line approximation of the trajec-
tory.

From Section 4.2, the switching occurs when

p1 =8y (" + Axy),

P2 = Gy (x" + Axy),

where Axy = [Ai; 1,15, Avcy, O]T and Ax, :=[A7; 4,
Aij 5, Avgy, 0)7 are the difference of the approximated state-
trajectory from the operating point at their respective switching
instants as shown in Figure 4.

Observing Figure 4 and from (21) and (22), the gradient of
the state-trajectory at the operating point is given by

- -
I, Ly
7, 2
20y Z 20xy Ly
/‘17;11/ _ ' (1- /‘D Tm/ 7 ’
GR iRy,
[ 0] L 0
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FIGURE 4  Approximate state-trajectory

where 7}, = % is the period of the switching frequency f. With

A= ITV (from (17)) the above expressions can be rewritten
o+
as rrg
[ rlg ] - v, .
2/Ly (141, B 2fLy (v,+1,)
Urly V0,
2/ Ly (v, 40, - —
Axy = 2 r,) , Ay =| 2 () | (36)
. 7
2fCiR(vy+,) 2/C R(0,40,)
0 L0

Define penalty functions 0 := /é15i + B(¢161,8,) and 0, :=
/é25i + B(»81,8,) and assume the state-trajectory near the
operating point. Therefore, the penalty functions are close to 0
such that 0 & 0 and 0, =& 0, consequently, p; & a; (x* + Axy)
and p, & a,(x" + Ax;). Nevertheless, the effect of oy > 0 and
0, > 0 will be investigated and illustrated graphically later in
Section 5. Therefore, with (17) and (306), and from (29) and (30),
we have

v, (L4 Lov} + G L R*} + UL, RM7)

P = s 37

! 2fC LR (1, +v,) 7
P (Li Lo} + L RAE + GLyR*Y)

P2 = (38)

2fCUL Ly R0, (1, + 0,

TABLE 1 The DC-DC zeta converter parameters

Parameter Value

v 18V
,(0) 5V

R 25Q
Ly 100 uH
1, 100 uH
G 100 uF
(@ 220 uF
f 100 kHz

From (37) and (38), we observe how the desired switching
frequency f is related to the thresholds py and p,. Therefore,
the DC-DC zeta converter will operate at the prescribed switch-
ing frequency under the modified switching rule. Though the
expressions of p; and p, look complex, they are straightfor-
wardly processed beforehand (offline). Nowadays, considering
the capability of the high-speed processors like in the DSP,
FPGA, or even (maybe) microcontroller, there should be no
performance issue in executing the switching mechanism.

5 | SIMULATION RESULTS

The simulations are carried out using the circuit simulation soft-
watre PSIM® with the parameters shown in Table 1. With the
input voltage ,, the capacitor voltage 7, and the load current
7, are the variables that are sensed in the circuit in Figure 1, and
fixed number computation instead of floating-point computa-
tion is used practically to reduce computational burden; p; and
0, in (37) and (38), respectively, can be rewritten as

. 2
25 Z
r——25( =) +(2+1) ),
o 1oo(pg+5)( <vcz> ¢ )>

2
125 z
~ — | 25 ¢ + (2 +1 .
P 1002, (”g+ 5) < <”C2> (Vg )>

In Figure 5, the simulation results for oy & 0 and 0, & 0 are

shown. As can be seen, with the nominal », = 18 V and 7, =
2 A, no overshoot for the output voltage #, is observed at the
start-up, and the settling time is approximately 10 ms. At 7 =
20 ms, », drops to 9 V and 7, reduces to 1 A. Despite the large
input voltage drops, the overshoot at the output voltage is con-
siderably small with some oscillations can be seen before it set-
tles down at approximately # = 30 ms. Afterwards, at # = 40
ms, the input voltage drops further to 3 V and 7, = 0.33 A.
Similarly, although more oscillation and longer setting time are
observed, nonetheless the output voltage is able to return to
its operating point. Moreover, the converter is now operating
in step-up mode (instead of step-down mode for the first two
perturbations), thus proving the effectiveness of the switching
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FIGURE 5 Simulation results under perturbations with oy & 0 and 0, & 0. Variations in (a) the output voltage »,, (b) the output current 7, (c) the input voltage

2,, and (d) the switching waveform §

control in regulating the output voltage at both operation
modes. Finally, at # = 80 ms, the input voltage returns to its
nominal value of 18 V. Although the increment is very signif-
icant (+500%), the switching control can regulate the output
voltage well with minimum overshoot (approximately 10%) and
considerably fast settling time (approximately 8 ms). On the
other hand, the steady-state switching waveforms in close view
for the three different input voltage perturbations are illustrated
in Figure 6. As shown, the switching control algorithm is able
to produce the desired switching frequency of appoximately 100
kHz for all three instances.

In the next simulation, the effect of introducing the penalty
functions oy > 0 and g, > 0, defined in Section 4, ate shown
in Figure 7. As can be observed, the introduction of ¢ and
0, does not have much effect on the response of the output
voltage. Increasing 0y and 0,, hovewer, increases the switch-
ing frequency as shown in Figure 8. These observations are
expected: (37) and (38) are no longer valid, since 0 and 0, ate
not approximately zero. As 0y and 0, reache p; and p, respec-
tively, the number of switching becomes unbounded, which is
identical for the case of the switching control mechanism in
Section 2.

©“
Tsw = 10.06 ps
(f = 99.42 kHz)
0  —
19.986 19.990 19.994 19.998
1
192
Tew = 10.02 ps
(f = 99.79 kHz)
o1
39.964 39.968 39.972 39.976
1
1%
Tew = 10.12 ps
(f = 98.77 kHz)
o1
79.960 79.964 79.968 79.972
Time (ms)
FIGURE 6 Close view of the switching waveform §when

v, = 18 I7(top), 5, = 9 I (middle), and », = 3 I (bottom)
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1
92
0
0 3 10 15 20
Time (ms)
FIGURE 7 Simulation results for oy > 0 and 0 > 0
1
[92)
Tew = 8.65 s
(f = 115.56 kHz)
0 >
5.00250 5.00625 5.01000 5.01375
1
[
Tgy = 4.45 ps
(f = 224.63 kHz)
0
10.00125 10.0035 10.00575 10.00800
Time (ms)
FIGURE 8 Close view of the switching waveform § corresponds to

oy = 2.95,0, = 0.82 (top) and 0y = 5.90, 0, = 1.64 (bottom)

6 | CONCLUSION AND FUTURE WORK

Here, we have presented a switching control mechanism which
induces closed-loop stability of the DC-DC zeta converter. A
two-mode system is use to model the DC-DC zeta converter
operating in CCM. A switching control algorithm is derived
from a Lyapunov functional candidate which is basically the
energy storage function of the zeta converter. Instrumental in
our work is the establishment of an analysis of the fourth-order
zeta converter that is simple but sufficient to prove the stabil-
ity of the control. Moreover, our switching control mechanism
is not only able to reduce the switching frequency, but most
essentially one can systematically choose the desired switching
frequency for the converter to operate. Important to highlight
here is how we use two different thresholds p; and p, (for mode
1 and mode 2, respectively) to define the spatial regularization,
as opposed to a single common threshold for the two modes as
adapted in [32]. As a result, we were able to solve the switching
control flaw in [32] by eliminating the output voltage steady-

state error. Although the approximate state waveforms are used
to find 0 and p,, the close agreement between the theoretical
and simulation results of the desired switching frequency shows
that the approximation is indeed justified. In future, we plan to
add the internal resistances in the zeta converter model, con-
sider the effect of interference, and most importantly validate
the findings with experimental results.
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