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A B S T R A C T   

The essence of this study is to explore the nonlinearly stretching/shrinking hybrid nanofluid in 
terms of its steady flow and heat transfer with the effects of magnetohydrodynamics (MHD), 
thermal radiation, and suction. The governing partial differential equations are modified by 
similarity solution into nonlinear ordinary differential equations and solved numerically by 
bvp4c. The effects of profile on both velocity and temperature, the skin friction coefficient, and 
the Nusselt number were examined. It was discovered that dual solutions were present, and water 
has superior heat transfer performance compared to nanofluids and hybrid nanofluids. The 
thermal boundary layer thickness increases as magnetic and suction parameters increase. Ac
cording to the stability analysis, first solution is steady, and second solution is unsteady.   

1. Introduction 

Nanofluid is a colloidal composition of nanoparticles ranging from 1 to 100 nm and a base liquid. The selection of the base fluid- 
particle combination is dependant on the intended use of the nanofluid. The nanoparticles include metals (Al, Cu, Si, K, Ni, Ag), metal 
carbide (SiC), metal oxides (Al2O3, CuO, MgO,ZnO, Fe2O3, TiO2), carbon materials (CNTs, MWCTNs, diamond, graphite) and metal 
nitride (AIN).The nanoparticle later was mixed with base liquid such as water, ethylene glycol, transformer oil, paraffin oil, naphthenic 
mineral oil, and vegetable oil to create nanofluid. According to previous research, nanofluids exhibit thermophysical properties that 
are twice as high as those of conventional fluids, even when only small percentage is involved in fluid flow. This potential leads to the 
application of nanofluid in engineering, sciences, industrial sectors, and industrial geometries. Moreover, [1] added that nanofluid 
practically used in technological such as coolants in transformers, cars, computers and machines. Recently, the studies of nanofluid 
was expanded in numerous fields such as thin needle by [2], rotating disk by [3], magnetohydrodynamics (MHD) by [4], porous media 
by [5], nonlinear thermal radiation by [6,7], viscous dissipation by [8], heat generation by [9,10]. 

Hybrid nanofluids are the further improvement in thermal conductivity that can be achieved by hybridization of various nano
particles. The examples of two different nanoparticles mixture under a base liquid (water) are Silver-Silicon (Ag/Si), Silver-Magnesium 
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Oxide (Ag/MgO), Copper-Alumina (Al2O3/Cu), Copper-Titanium Dioxide (TiO2/Cu) and Silicon Carbide-Titanium Dioxide (TiO2 
/SiC). [11] reported that there several techniques in hybridising mixture of nanoparticle such as two-step technique, ball milling, 
in-situ, chemical reduction, chemical vapour deposition, mechanical alloying, wet chemical and solve thermal. He added, researchers 
utilise the two-step process most frequently due to its low cost and capacity to generate hybrid nanofluids on a big scale. The motive for 
using hybrid nanofluid is to further optimize the thermal exchange between the properties and drawbacks of individual suspensions 
due to their perfect proportion rate and thermal system. The frequently applied hybrid nanoparticles by researchers are Al2O3 /Cu 
since the composites have excellent electrical conductivity, thermal conductivity, and arc erosion resistance. The application of hybrid 
nanofluid are automotive cooling, generator cooling, nuclear system coolant, electro-mechanical, and renewable energy. Recent years 
have witnessed an expansion of nanofluid research in several sectors such as mixed convection by [12,13], porous media by [14], Joule 
heating by [15], stagnation point by [16,17], mass transpiration by [18], suction by [19] and Marangoni convective by [20]. 

The flow caused by stretching sheet is a crucial factor in fluid mechanics due to its involvement in real-world situation. The 
extensive application of stretching sheet is various in the industry including polymer sheet extractors, micro fluidics, wire drafting, 
transportation, and paper development. [21] reported that stretching sheet important in the field of metal extrusion, manufacturing, 
space acoustics glass blowing and avionics. Even though most of the literature focuses on analysing boundary layer flow with a linear 
surface, stretching is not necessarily linear, and few authors have investigated nonlinear stretching sheets. The studies of stretching 
sheet have been reported in [22–25], the exponentially stretching sheet in [9], the stretching curve sheet in [26], the stretching 
cylinder in [27] and the stretching/shrinking problems in [28–34]. 

MHD has recently gained recognition as the quality of its applications has increased, particularly in astrophysics, medicine, optical 
transplantation, resonator fibre optic filtering, recrystallization, metal extrusion, environmental chemical technology, geophysical 
sciences, and petroleum engineering. MHD is achieved by generating a magnetic field orthogonal to the direction of the fluid flow, 
which may produce an induced drag known as the Lorentz force. The magnetic field functions by extending the boundary layer’s 
dispersion, decreasing fluid motion, and increasing fluid concentration and temperature. The reaction of MHD were examined in [35, 
36] with effects of heat source/sink, [37–39] with thermal radiation, [40] with viscous dissipation, [41] with Joule heating, [42] with 
mixed convection and [43] with stagnation point. Additionally, the effects of MHD were reported by [44] under micro channel, [45] 
under rotating disk, [24,46] under non-Newtonian fluid flow, [47] under Casson fluid flow, [48,49] under micropolar fluid flow, [50] 
under ferrofluid flow and [51] under hybrid ferrofluid flow. 

At high operating temperatures, the influence of thermal radiation on heat transfer rate and temperature profiles can be pretty 
remarkable. Therefore, the number of studies on thermal radiation effects under the boundary layer problems is expanding. Thermal 
radiation has helped develop improved energy conversion systems designed to operate at elevated temperatures. The study of Casson 
fluid reported by [23] stated that thermal radiation and nonlinear thermal radiation are utilised in numerous fields, including 
spacecraft, paper and glass production, gas turbines, space technology, and hypersonic flight. The researchers who have investigated 
the thermal radiation are [7] involving activation energy, [37–39] involving MHD, and [52] involving Joule heating, [53] involving 
heat source/sink, and [54] involving interfacial layer and shape effects. 

Suction is a technique for managing boundary layers of external flows to decrease friction and energy losses across pipelines. It 
should be implemented on surfaces, pores, holes, perforations, apertures, or permeable components. These holes are frequently used to 
erode the boundary layer proximity to the wall slowly. As a response, the velocity profile of the boundary layer becomes more 
overfilled, thus more stable in terms of separation. Due to these advantages, several researchers investigated the effect of suction on 
hybrid nanofluids in [55–58], while [59] on rotating sphere. 

The development of hybrid nanofluids has been reported by researchers in the past years, but the studies of nonlinearly stretching 
and shrinking surfaces under hybrid nanofluid flow are still insufficient. As a result, the goal of this research is to fill in the significant 
advancement of hybrid nanofluid under the influences of MHD, thermal radiation, and suction, specifically under nonlinearly 
stretching/shrinking surfaces. The changes in thermal radiation and suction behaviour were also to be observe as MHD was applied. 
The mathematical modelling for the MHD flow and heat transfer on a hybrid nanofluid will be investigated in this research. The 
analysis will be conducted using mathematical models based on the Tiwari and Das model [60]. Motivated by the [31] studies, the 
study investigates nonlinearly stretching/shrinking sheets with magnetic, radiation, and suction parameters. The partial differential 
equations (PDE) models were modified into ordinary differential equations (ODE) with similarity transformations. Numerical solutions 
of the simplified equations will then be performed using MATLAB’s bvp4c program. Additionally, the occurrence of dual solutions will 
be investigated as well. As a result, dual solutions stability will be determined using the [61] initiated stability analysis. It is vital to 
construct a strategy for establishing the stability of dual solutions because it establishes a procedure for determining which solution is 
stable. This research aims to examine the effect of controlling parameters on hybrid nanofluid’s flow and heat transfer properties. The 
skin friction coefficient, the velocity profile, the local Nusselt number, and the temperature profiles will be tabulated and analysed for 
various controlling parameter and copper nanoparticle volume fraction. 

2. Mathematical formulation 

Considering a continuous two-dimensional magnetohydrodynamic (MHD) flow and heat transfer involving thermal radiation and 
suction across a nonlinearly stretching/shrinking surface on a hybrid nanofluid. The mixture of Cu and Al2O3 in a base fluid, water, 
was chosen as the type of hybrid nanofluid. The Cu metal nanoparticles exhibit a rapid rate of heat transfer and surface shear stress 
while the Al2O3 nanoparticles are utilised due to their chemical immobility and stability. Thus, the hybrid nanofluid has the capability 
of improving the stability and thermophysical characteristics. The setting is on an accelerating stretching or shrinking surface with an 
additional magnetic field while the flow of hybrid nanofluid is steady and incompressible. A parallel x-and y-axis coordinate frame is 
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measured following Cartesian coordinates of the plate at y = 0. The governing equations in (1)–(3) consist of the continuity equation, 
momentum equation, and energy equation, respectively. The MHD was positioned in the momentum equation while thermal radiation 
was positioned in the energy equation. The boundary conditions in (4) are required to verify the physical and time-dependant 
boundary conditions of the medium. The stretching or shrinking surface (uw(x)) and the mass flux (vw(x)) are assumingly posi
tioned with velocity. Meanwhile, the surface temperature (Tw) and far-field fluid temperature (T∞) are presumed to be constant. 
Furthermore, the shape and nanostructures of hybrid nanofluids are uniform and homogenous, and the effects of aggregation are not 
considered because the nanofluids are made up of a constant mixture. 

The hybrid nanofluid governing equations for fluid flow and heat transfer models are as follows [21,31,60]: 

∂u
∂x

+
∂v
∂y

= 0, (1)  

u
∂u
∂x

+ v
∂u
∂y

=
μhnf

ρhnf

∂2u
∂y2 −

σhnf B2

ρhnf
u, (2)  

u
∂T
∂x

+ v
∂T
∂y

= αhnf
∂2T
∂y2 −

1
(
ρCp
)

hnf

∂qr

∂y
, (3)  

focusing on the boundary conditions: 

u = cuw(x), v = vw(x),T = Tw, at y = 0,
u → 0, T → T∞, as y → ∞,

(4)  

where u and v signify the velocity elements in the x- and y-axes, sequentially. Moreover, B denotes the uniform magnetic field, the 
temperature of hybrid nanofluid is denoted by T, and c signifies regular stretching (c > 0), shrinking (c < 0), or static (c = 0). In 
addition, qr is the radiative heat transfer rate. The radiative heat flow is readily stated as follows using Roselland’s approximation: 

qr = −
4
3

σ
k*

∂T4

∂y
, (5)  

in which k* is the mean absorption coefficient while Stefan-Boltzmann constant is denoted as σ. Eq. (6) is obtained using T4 ≈ 4T3
∞T −

3T4
∞, which are the result of extending T4 utilizing a Taylor series about T∞ and ignoring the terms of higher-order. Following that, the 

equation of energy in (3) becomes as follows: 

u
∂T
∂x

+ v
∂T
∂y

= αhnf
∂2T
∂y2 +

16σT3
∞

3
(
ρCp
)

hnf k
*

∂2T
∂y2 . (6) 

Additionally, μhnf denotes the hybrid nanofluid’s dynamic viscosity, ρhnf denotes the hybrid nanofluid’s density, σhnf denotes the 
hybrid nanofluid’s electrical conductivity, and αhnf = khnf/(ρCp)hnf denotes the hybrid nanofluid’s thermal diffusivity, where khnf is the 
hybrid nanofluid’s thermal conductivity and (ρCp)hnf is the hybrid nanofluid’s heat capacitance. Tables 1 and 2 illustrate the math
ematical frameworks for the thermophysical attributes of the nanofluid and hybrid nanofluid, correspondingly. 

To derive similarity solutions of the hybrid nanofluid’s governing Eqs. (1),(2), and (6) subject to (4), the terms B(x), uw(x) and vw(x)
are expressed as follows: 

B(x) = B0ν1/2
f x− 1/3L− 2/3, uw(x) = νf x1/3L− 4/3, vw(x) = −

2
3
νf x− 1/3L− 2/3s, (7)  

where B0 is a constant, νf is the base fluid kinematic viscosity, L is the characteristic length of the surface, and s is the suction/injection 
parameter. 

Next, the following similarity factors are utilized, as suggested by [62]: 

Table 1 
The base fluid and nanoparticle thermophysical characteristics.  

Property Water (base fluid at 25∘C) Cu Al2O3 

Cp (J /kgK) 4179 385 765 
k (W /mK) 0.613 400 40 
ρ (kg /m3) 997.1 8933 3970 
σ(s /m) 5.5 × 10− 6 59.6 × 106 35 × 106 

Prandtl number (Pr) 6.2 – –  

A. Jaafar et al.                                                                                                                                                                                                         



Chinese Journal of Physics 79 (2022) 13–27

16

(a) u = νf x1/3L− 4/3f ′

(η),

(b) v = −
1
3

νf x− 1/3 L− 2/3 (2f (η) − ηf ’ (η)),

(c) θ(η) = T − T∞

Tw − T∞
,

(d) η = x− 1/3 L− 2/3y,

(8)  

where ′ denotes distinction from η. By introducing the following similarity variables (8) into Eqs. (2) and (6), the corresponding 
similarity equations are generated: 

3
μhnf

μf
f ′′′ +

ρhnf

ρf

(
2ff ′′ − f

′ 2)
− 3

σhnf

σf
Mf

′

= 0, (9)  

3
Pr

[
khnf

kf
+

4
3

R
]

θ′′ + 2

(
ρCp
)

hnf(
ρCp
)

f

f θ
′

= 0, (10)  

whereas the boundary conditions (4) now have the following form: 

f (0) = s, f ’(0) = c, θ(0) = 1,
f ’(η) = 0, θ(η) = 0 as η → ∞.

(11)  

Note that M denotes the parameter of magnetic, Pr refers to the number of Prandtl and R is the parameter of radiation, which are 
defined as written below: 

M =
σf B2

0

ρf
, Pr =

μf

(
Cp
)

f

kf
,R =

4σT3
∞

k*kf
. (12) 

The skin friction coefficient Cf and the local Nusselt number Nux are the physical factors of practical significance, defined as 
follows: 

Cf =
τw

ρf u2
w
,Nux =

xqw

kf (Tw − T∞)
, (13)  

where τw denotes the wall shear stress and qw denotes the surface heat flux, as stated below: 

τw = μhnf

(
∂u
∂y

)

y=0
, qw = − khnf

(
∂T
∂y

)

y=0
+ (qr)y=0. (14)  

Substituting Eq. (8) into Eqs. (13) and (14) yields 

Table 2 
The nanofluid and hybrid nanofluid thermophysical characteristics.  

Properties Nanofluids 

Density ρnf = (1 − ϕ1)ρf + ϕ1ρs1 

Heat capacity (ρCp)nf = (1 − ϕ1)(ρCp)f + ϕ1(ρCp)s1 

Dynamic viscosity μnf =
μf

(1 − ϕ1)
2.5 

Electrical conductivity σnf

σf
= 1+

3(σs1/σf − 1)ϕ1
σs1/σf + 2 − (σs1/σf − 1)ϕ1 

Thermal conductivity 
knf =

ks1 + 2kf − 2ϕ1(kf − ks1)

ks1 + 2kf + ϕ1(kf − ks1)
× (knf )

Properties Hybrid Nanofluids 

Density ρhnf = (1 − ϕ2)[(1 − ϕ1)ρf + φ1ρs1] + ϕ2ρs2 

Heat capacity (ρCp)nf = (1 − ϕ2)[(1 − ϕ1)(ρCp)f + ϕ1(ρCp)s1 ] + ϕ2(ρCp)s2 

Dynamic viscosity μhnf =
μf

(1 − ϕ1)
2.5

(1 − ϕ2)
2.5 

Electrical conductivity σhnf

σbf
=

σs2 + 2σbf − 2ϕ2(σbf − σs2)

σs2 + 2σbf + ϕ2(σbf − σs2)

where 
σbf

σf
=

σs1 + 2σf − 2ϕ1(σf − σs1)

σs1 + 2σf + ϕ1(σf − σs1)

Thermal conductivity 
khnf =

ks2 + 2knf − 2ϕ2(knf − ks2)

ks2 + 2knf + ϕ2(knf − ks2)
× (knf )
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Re1/2
x Cf =

μhnf

μf
f ′′(0),Re− 1/2

x Nux = −

[
khnf

kf
+

4
3

R
]

θ
′

(0), (15)  

where the Reynolds number at the local level Rex is denoted by 

Rex =
uw(x)x

νf
. (16) 

The thermophysical attributes of water and nanoparticles are shown in Table 1, while those of nanofluid and hybrid nanofluid are 
shown in Table 2. Both are sources from [31] and [63]. Note that ρf and ρs are the densities of water and hybrid nanoparticles, 
respectively. The nanoparticle volume fraction of aluminium oxide (Al2O3) and copper (Cu) are referred to the symbols of ϕ1 and ϕ2, 
respectively. Next, the thermal conduction of the water and the hybrid nanoparticles are denoted by kf and ks, proportionately. The 
heat capacity of constant pressure is denoted by Cp. Meanwhile, (ρCp)f and (ρCp)s are referred to as the heat capacitance of water and 
hybrid nanoparticles sequentially. 

3. Stability analysis 

The dual solution’s stability to the boundary value problem Eqs. (9) – (11) was investigated using temporal stability analysis. 
Stability analysis in [34,61,64] were deployed to show that the boundary value problem has dual solutions. Following [61], the 
developed new dimensionless time variable τ related to an initial value problem corresponding to the concern over what solution 
would be attained in actuality. As a result, we have: 

∂u
∂t

+ u
∂u
∂x

+ v
∂u
∂y

=
μhnf

ρhnf

∂2u
∂y2 −

σhnf B2

ρhnf
u, (17)  

∂T
∂t

+ u
∂T
∂x

+ v
∂T
∂y

= αhnf
∂2T
∂y2 +

16σT3
∞

3
(
ρCp
)

hnf k
*

∂2T
∂y2 , (18)  

where t signifies the flow of time, where the accompanying new similarity transformation was produced in conjunction with the 
similarity equations in (8), given by 

(a) u = νf x1/3L− 4/3∂f
∂η,

(b) v = −
1
3
νf x− 1/3L− 2/3

[

2f − η ∂f
∂η − 2τ ∂f

∂τ

]

,

(c) θ(η, τ) = T − T∞

Tw − T∞
,

(d) η = x− 1/3L− 2/3y,

(e) τ =
1
3

νf x− 2/3L− 4/3t.

(19)  

Thus, Eqs. (17) and (18) were expressed in the following form 

3
μhnf

μf

∂3f
∂η3 +

ρhnf

ρf

(

2f
∂2f
∂η2 −

∂2f
∂η∂τ −

(
∂f
∂η

)2
)

− 3M
σhnf

σf

∂f
∂η = 0, (20)  

3
Pr

(
khnf

kf
+

4
3

R
)

∂2θ
∂η2 −

(
ρCp
)

hnf(
ρCp
)

f

∂θ
∂τ + 2f

(
ρCp
)

hnf(
ρCp
)

f

∂θ
∂η = 0. (21)  

The boundary conditions, on the other hand, may be written as follows: 

f (η, τ) = s,
∂f
∂η (η, τ) = c, θ(η, τ) = 1 at η = 0,

∂f
∂η (η, τ) = 0, θ(η, τ) = 0 as η → ∞.

(22) 

Next, [61] led to determining the stability of the dual solutions, 

f (η, τ) = f0(η) + e− γτF(η), θ(η, τ) = θ0(η) + e− γτG(η), (23)  

where γ denotes the unknown eigenvalue while F(η) and G(η) are small in comparison to f0(η) and θ0(η). Then, by substituting Eq. (23) 
into Eqs. (20) – (21), the following linear eigenvalue problems are obtained: 
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3
μhnf

μf
F′′′ + 2

ρhnf

ρf
(f0F′′ + f ′′0F − f

′

0F
′

) +
ρhnf

ρf
γF

′

− 3
σhnf

σf
MF

′

= 0, (24)  

3
Pr

(
khnf

kf
+

4
3

R
)

G′′ + 2

(
ρCp
)

hnf(
ρCp
)

f

[f0G
′

+ θ
′

0F] +

(
ρCp
)

hnf(
ρCp
)

f

γG = 0, (25)  

subject to 

F(0) = 0, F′

(0) = 0, G(0) = 0,
F′

(η) = 0, G(η) = 0 as η → ∞.
(26) 

The smallest eigenvalue (γ) is used to determine the steady flow solutions’ stability F(η) and G(η). In the study of [65], proposed 
that a suitable boundary condition be relaxed on either F0 or G0 in order to obtain a wider γ range. Thus, the requirement F0

′ → 0 is 
relaxed when η → ∞, and given a fixed value of γ, the Eqs. (24)–(26) have been solved using the new boundary conditions F0

′′(0) = 1. 
Notably, the solutions to Eqs. (24)–(26) may provide an infinite number of eigenvalues γ1 < γ2 < γ3 < … , where γ1 is the smallest 
eigenvalue parameter. Additionally, a positive γ1 indicates an initial decline in disturbances and a stable flow, whereas a negative γ1 
indicates an initial increase in disturbances and an unstable flow. 

4. Results and discussion 

The mathematical models of ordinary differential equations (ODE) Eqs. (9)–(10) are numerically solved using the MATLAB soft
ware package bvp4c in conjunction with the boundary conditions in Eq. (11). Numerous researchers have commonly employed this 
technique to address the issues on the boundary layer. These results are generated by establishing an initial guess at a mesh point and 
increasing the step size till its requisite precision is obtained. The stretching/shrinking parameter c, the volume percentage of 
Al2O3 (ϕ1) and Cu (ϕ2) nanoparticles, the Prandtl number (Pr), the magnetic parameter (M), the radiation parameter (R), and the 
suction parameter (s) are all employed. Following that, the appropriate initial guess and the thickness of the boundary layer must be 
computed by relying on the parameters reading. The Prandtl number for water is 6.2 meanwhile, the nanoparticle volume fraction of 
Al2O3 is 0.1, which remains constant throughout this problem to determine the numerical answer. The acquired results were tabulated 
as numerical solutions and graphics. The numerical results are corroborated by comparison to earlier studies, which are listed in 
Tables 3 and 4, with the skin friction coefficient and local Nusselt number values sequentially. It is noted that the current findings are 
highly compatible with those of [31,66,67]. The current numerical results indicate that a dual solution exists for specified parameter 
values of M, R, s and ϕ2. 

Table 5 illustrates the influence of physical parameters M and R on heat transfer between water, nanofluid, and hybrid nanofluid 
across a nonlinearly expanding surface with s = 2.2 and Pr = 6.2. Nanofluids transmit heat more rapidly than hybrid nanofluids. 
Additionally, water’s heat transfer rate is greater than nanofluids and hybrid nanofluids. However, the parameters M and R have a 
major effect on all three fluids, as their values accelerate the rate of heat transfer. 

The figures depict numerical readings for the skin friction coefficient (Re1/2
x Cf ), the local Nusselt number (Re− 1/2

x Nux), the velocity 
profile (f ′

(η)), and the temperature profile (θ(η)) considering various values of influencing parameters. The critical values, cc, represent 
the intersection of the first and second solution. As seen in Fig. 1, the skin friction coefficient evolves as M approaches 0, 0.05, and 0.1 
in proportion to c. Increment in parameter M results in decreasing value of skin friction coefficient for first solution and second so
lutions as c > − 1. The behaviour of the local Nusselt number concerning parameter c as parameter M varies is depicted in Fig. 2. The 
first solution for the local Nusselt number exhibits an increasing value as the parameter of M increases. However, when M increases, the 
second solution follows the opposite trend for c > − 1. 

Figs. 3 and 4 show the effect of various M parameters on the velocity and temperature profiles versus parameter c. According to the 
first solution of the figures, raising in M increases the hybrid nanofluid velocity and temperature. However, reverse trends in velocity 
and temperature of the hybrid nanofluid for the second solution. Additionally, the graph in Fig. 2 demonstrates that as the parameter of 
M raised, the thermal boundary layer thickens in both solutions. The resistance of Lorentz force cause by magnetic field, assists fluid 
velocity, improves fluid temperature, and accelerate the thermal boundary layer separation. Thus, enhancing the hybrid nanofluid’s 
heat transfer rate. 

Figs. 5 and 6 exemplify the impact of parameter R on local Nusselt number and temperature profiles. Several chosen variants of 
parameter R are 1, 2, and 3. As parameter R increases, the local Nusselt number drops for the first solution while it overturns in second 

Table 3 
The comparison of skin friction coefficient, f ′′(0) for a base fluid (ϕ1 = ϕ2 = 0) with various values of s where R = 0 and c = 1.  

s Waini et al. [31] Ferdows et al. [66] Rashidi et al. [67] Present result 

0.75 − 0.984439 − 0.984439 − 0.9844401 − 0.984439 
0.5 − 0.873643 − 0.873643 − 0.8736447 − 0.873643 
0 − 0.677648 − 0.677648 − 0.6776563 − 0.677648 
− 0.5 − 0.518869 − 0.518869 − 0.5188901 − 0.518869 
− 0.75 − 0.453523 − 0.453523 − 0.4535499 − 0.453523  
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solution as shown in Fig. 5. Additionally, the cc for the local Nusselt number graph are found to be almost comparable with values of 
− 1.0499, − 1.0498, and − 1.0499. Meanwhile, Fig. 6 illustrates an increase value of first and second solutions when parameter R grows. 
Thus, parameter R leads to the increment of hybrid nanofluid temperature. The radiation parameter R, as defined by [31], is the inverse 
of the Stark number that quantifies the proportional contribution of thermal radiation in conducting heat transport. More significant 
amounts of R suggest that thermal radiation outperforms conduction. Consequently, a greater rate of R indicates that more radiative 
heat transfer happens further into the flow field, leading to an increase in temperature. 

Following that, Figs. 7 and 8 demonstrate velocity and temperature profiles as s fluctuates. The chosen values of s are 2.2, 2.3, and 
2.4. Figures depict the additional of s parameter, declining the velocity and temperature gradient in first solutions. Meanwhile, the 

Table 4 
The comparison of local Nusselt number, − θ

′

(0) using base fluid (ϕ1 = ϕ2 = 0) with various values of s and R where c = 1 and Pr = 2.  

s R Waini et al. [31] Ferdows et al. [66] Ferdows et al. [66] Present Result 

0.5 1 0.6322 0.632199 0.6322186 0.6322 
0 1.230792 1.230952 1.2307912 1.230792 

0 1 0.443323 0.443323 0.4434039 0.443323 
0 0.764357 0.764374 0.7643525 0.764357 

− 0.5 1 0.287485 0.287483 0.2877089 0.287485 
0 0.3991 0.398951 0.3990842 0.3991  

Table 5 
The rate of heat transfer (Re− 1/2

x Nux) comparison between water, nanofluid, and hybrid nanofluid.  

M R Water 
(ϕ1 = ϕ2 = 0) 

Nanofluid 
(ϕ1 = 0.1, ϕ2 = 0) 

Hybrid Nanofluid 
(ϕ1 = 0.1, ϕ2 = 0.1) 

0 1 9.769941 9.575848 9.463926 
0.05 9.772354 9.578054 9.465512 
0.1 9.774838 9.580311 9.46712 
0 2 9.991361 9.777768 9.622206 
0.05 9.995607 9.78137 9.624543 
0.1 9.999988 9.785059 9.626913 
0 3 10.157448 9.930463 9.74026 
0.05 10.163436 9.935367 9.74326 
0.1 10.169624 9.940397 9.746305  

Fig. 1. The variation of Re1/2
x Cf as parameter M varies.  
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Fig. 2. The variation of Re− 1/2
x Nux as parameter M varies.  

Fig. 3. The variation of f ′

(η) for parameter M varies.  
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Fig. 4. The variation of θ(η) for parameter M varies.  

Fig. 5. The variation of Re− 1/2
x Nux for parameter R varies.  
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Fig. 6. The variation of θ(η) for parameter R varies.  

Fig. 7. The variation of f ′

(η) as parameter s varies.  
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Fig. 8. The variation for θ(η) as parameter s varies.  

Fig. 9. The variation of f ′

(η) as parameter ϕ2 varies.  
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second solution shows increasing in velocity gradient and decreasing in temperature gradient. Thus, the existence of s parameter in 
hybrid nanofluid flow leads to the decreases fluid flow and convective heat transfer rates. In Figs. 9 and 10, the velocity and tem
perature profiles are plotted against the fluctuation in the nanoparticle volume fraction of copper (ϕ2), which is 0.05, 0.1, and 0.15, 
respectively. As ϕ2 increases, the velocity gradient decreases for both solutions, as illustrated in Fig. 9. Meanwhile, the temperature 
gradient increases as ϕ2 incline for both solutions in Fig. 10. Thus, raising ϕ2 decreases the velocity of hybrid nanofluid while 
enhancing its temperature. 

Finally, stability analysis is executed on Eqs. (24)–(26) in the MATLAB bvp4c software to calculate the smallest eigenvalues (γ1) in 
the range c > cc, where cc is the critical value of c. It is critical to refer to the sign of γ1while establishing the stability of solutions. In 
dual solution, the result of smallest eigenvalues is displayed in Table 6, with the first and second solutions denoted by γ1 > 0 and γ1 
< 0, respectively. The first solution found to be stable solution because the value of γ1is positive whereas the second solution reveals an 
unstable solution because the value of γ1 is negative. A stable solution displays the solution’s stabilising property in response to a 
specific disturbance, whereas an unstable solution demonstrates the extension of the disturbance, resulting in flow separation. 

5. Conclusions 

The study investigates the magnetohydrodynamic (MHD) flow and heat transport of a hybrid nanofluid beneath a nonlinearly 
stretching/shrinking surface using the bvp4c tool in MATLAB. The numerical data empowers the following conclusions: 

Fig. 10. The variation of θ(η) as parameter ϕ2 varies.  

Table 6 
The smallest eigenvalues as R = 1, s = 2.2, ϕ1 = ϕ2 = 0.1.

M c First solution(γ1) Second solution (γ1)

0 − 0.8 4.7904 − 0.3029 
− 1.14 3.9919 − 0.0874 
− 1.143 2.2098 − 0.0001 

0.05 − 0.1 4.1056 − 0.2578 
− 0.5 3.5866 − 0.2109 
− 1.04 1.4019 − 0.1792 

0.1 − 0.5 3.6503 − 0.1075 
− 0.8 3.1802 − 0.1022 
− 1 1.5148 − 0.012  
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• It is discovered that if the stretching/shrinking parameter (c) is varied, a dual solution and unique solutions exist for a specific 
range.  

• Water has superior heat transfer performance compared to nanofluids and hybrid nanofluids.  
• Increases in the magnetic parameter (M), increase the hybrid nanofluid velocity, temperature and convective heat transfer rate 

whereas decrease the skin friction coefficient.  
• The increment of parameter R raises the hybrid nanofluid temperature and diminish the heat transfer rate.  
• The existence of suction parameter (s) in hybrid nanofluid flow leads to the decreases fluid flow and convective heat transfer rates.  
• Rises in copper volume fraction nanoparticles (ϕ2), result in an increment of hybrid nanofluid temperature and reduction of its 

velocity.  
• Stability analysis shows that solution of the first solution is steady while the second solution is unsteady.  
• Additional studies on MHD and thermal radiation should be conducted using an array of aspects to optimize the heat transfer rate 

on hybrid nanofluids for industrial applications. 
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