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A B S T R A C T   

Purpose: Hybrid nanofluids have higher mechanical resistance, thermal conductivity, chemical 
stability, and physical strength when compared to normal nanofluids. Our approach in the current 
paper is to present a novel exploration comprising radiative mixed convection flow of hybrid 
nanofluids with irregular heat source/sink effect through a porous vertical cylinder immersed in a 
porous media. Both opposing and assisting flows are discussed. 
Methodology: The transmuted similarity ODEs are numerically worked out utilizing the assist of 
the bvp4c package in MATLAB for different values of physical parameters. The hybrid nanofluids 
contain a couple of nanoparticles namely aluminum and copper particles with water as base fluid. 
Findings: It was observed that fundamental similarity equations disclose double solutions (first 
and second branches) for buoyancy assisting and opposing flows. The drag force is enhanced due 
to the radiation as well as curvature parameters. In addition, the velocity declines due to heat 
source/sink and radiation parameter. 
Originality/value: The writers agree that all numerical outcomes are novel and have not previously 
been published for the current problem.   

1. Introduction 

Heat transfer enhancement is important in the engineering and industrial sectors. Regular fluids like ethylene glycol and water are 
used as cooling (operating) liquids in machine operations. Even though the use of regular fluids can reduce operating costs, but the 
increment in heat transfer is ineffective due to their low thermal conductivity. Thus, nanofluids are proposed and validated through 
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numerical and experimental studies to get the best thermal productivity. The exploration of heat transfer liquid by Choi and Eastman 
[1] has endorsed numerous investigators to prolong the inquests and develop innovative nanofluids with comprehensively superior 
thermal conductivities. Hayat et al. [2] inspected the radiation effect and slip condition mechanism in the existence of water-based 
Ag–CuO nanofluids. Khan et al. [3] mentioned the fluid flow of nanofluids induced by a model of tangent hyperbolic imposing on 
a stretchable cylinder in the stagnation region. The behavior of temperature on the time-dependent flow conveying water-based 
nanofluid via moving parallel plates was Shahriari et al. [4]. They have shown that the viscous dissipative ratio of TiO2 nano
particles is higher compared to other nanoparticles. Maghsoudi et al. [5] examined the impact of thermal radiation and magnetic field 
on the free convective flow induced by non-Newtonian nanofluid between two-infinite flat vertical plates and utilized the Galerkin 
technique to find the solution. Gorgani et al. [6] utilized the artificial neural network to discuss the behavior of time-dependent 
squeezing flow induced by nanofluid among a couple of parallel plates. Dede et al. [7] showed that the hot body emitter can be 
selected directly to transfer the heat towards a cold body by improving the design of the emitter body’s anisotropic thermal con
ductivity and surface emissivity. Xu et al. [8] presented a novel technique for manipulating thermal fields that employs a reconfig
urable two-phase thermal meta-material made up of transparent liquid and manageable micro magnetic particles. Recently, the flow of 
nanofluids over an extending surface in the existence of various factors was inspected by several researchers [9–13]. More recently, 
Swain and Mahanthesh [14] studied the nanoparticles aggregation effects on the three-dimensional radiative flow induced by 
water-based titanium nanofluid past an elongated exponential surface with Joule heating and heat sink/source. The impact of an 
inclined magnetic and exponentially based heat source effects on the flow past a shrinking/elongating sheet were explored by Swain 
et al. [15]. They have observed that the velocity of fluid decelerates while the temperature accelerates due to magnetic influence. 
Swain et al. [16] inspected the impact of the irregular magnetic effect on the flow of water-based Fe3O4/MWCNT hybrid nanofluid past 
an exponential shrinkable permeable sheet with significant influence of slip and chemical reaction. More about the significance of 
nanofluid can be further seen in Refs. [17–19]. 

The recent discovery of hybrid nanofluid has piqued the interest of several researchers, prompting them to expand their numerical 
and experimental work. A binary hybrid nanofluid is a fluid that contains two distinct nanoparticles. It has already been established 
that the heat flow of hybrid nanofluid is far more impactful than the heat flow of regular nanoliquid or any other practicable fluid. The 
hybrid nanofluids have been utilized in different processes such as cooling of electronic equipment, welding, lubrication, thermal 
management of the vehicle, production of biomedicine and papers, and production of hydro-electric, making of space device and 
several other subject areas for a superior response concerning thermal conductivity than any regular nanofluids. Momin [20] analyzed 
experimentally the impact of mixed convection flow induced by a hybrid nanofluid. Takabi and Salehi [21] addressed the stream 
analysis through hybrid nanofluids within a sinusoidal enclosure. Sundar et al. [22] investigated on making of hybrid nanofluids and 
heat transmission. The thermal properties and friction factor were also depicted in this work. Nabil et al. [23] and Leong et al. [24] 
discovered the thermal characteristics of hybrid nanofluids. Das [25] demonstrates the mechanism and result of conventional as well 
as hybrid nanofluids. He noted that hybrid nanofluids have superior thermal efficiency, but that the choice of small particles is critical 
to making the liquid reliable. Hayat and Nadeem [26] reported an increase in heat transport provided by water-based Ag–CuO 
nanoparticles. The impact of Hall current on fluid flow past a revolving disc induced by hybrid nanofluid with magnetic and radiation 
effects was inspected by Acharya et al. [27]. They utilized the titanium and copper nanoparticles in their examination. Khan et al. [28] 
examined the hybrid nanofluid flow past a plate with aligned magnetic and non-Fourier heat flux effects. They observed that the 
velocity shrinkages and temperature uplifts due to hybrid nanoparticles. Recently, Maitra et al. [29] analyzed the performance of 
hydrothermal in a porous wavy cavity induced by hybrid nanofluid along with magnetic effect. They observed that the heat transfer 
can be controlled by adjusting the effective wavy wall length. 

The utilization of nanofluid via a porous medium is an efficient scheme for improving convective heat transfer features in different 
processes in industries. As a result, researchers have paid close attention to the porous media approach. This is due to the fact that 
many industrial problems and especially in engineering applications, for example, groundwater, filtration of oil flow, thermal insu
lation, and all kinds of heat exchangers, this type of structure are observed. Das et al. [30] observed that the mingling of high-energy 
and low-energy fluids has a significant impact on the performance of these devices. The influences of buoyancy flow past a vertical 
sheet in a porous medium were inspected by Merkin [31] and discovered that the occurrence of double solutions arises in the case of 
buoyancy opposing flow. Maghsoudi et al. [32] presented the analytic solution of free convective flow along with heat transfer induced 
by a non-Newtonian fluid saturated in a porous medium with the heat source. They observed that the velocity of fluid declines due to 
porosity; however, the temperature is unchanged. Further, Ahmed and Pop [33] and Roşca et al. [34] extended the work of Merkin 
[31] by considering nanofluid flow. Since then several researchers investigated the nanofluid flow in porous media by considering the 
different aspects (see Refs. [35–39]). Recently, Panigrahi et al. [40] examined the chemical reaction effect on the magneto flow of 
Casson fluid via a porous media through a stretchable sheet with nanofluid and Newtonian heating. Mahanthesh et al. [41] analyzed 
the dynamics of Darcy-Forchheimer flow of a Casson fluid through a circular tube with Joule heating and viscous dissipation. 

Based on the preceding research, it is clear that, to the best knowledge of the authors, no attempts have been made thus far to 
investigate mixed convective hybrid nanofluid and heat transport with nonlinear heat source/sink through a cylinder in porous media 
with subject to radiation effects. Moreover, in light of various real-world problems, another factor that influences heat transfer is the 
heat source/sink. The distribution of heat in the entire domain can be changed when the heat source/sink is initiated. Basha et al. [42], 
Elgazery [43], Makinde et al. [44], and Gireesha [45] handled more interesting discussions on the impact of nonlinear heat sour
ce/sink. Therefore, the purpose of the present exploration is to examine the hybrid nanofluid flow along with a vertical permeable 
cylinder in porous media with radiative mixed convection. Similarity renovation is used to frame leading equations, which are then 
illustrated using the bvp4c technique. We believe that the current results can be utilized in real-world applications in the different 
fields of thermal engineering, cooling and heating systems, energy production, enzymes, etc. 
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2. Mathematical modeling of the problem 

2.1. The description of governing equations with boundary conditions (BCs) 

We consider the steady two-dimensional axisymmetric radiative flow of water-based Cu–Al2O3 hybrid nanofluid along with mixed 
convection through a porous vertical cylinder of radius r0 saturated in a porous medium with a nonlinear heat source/sink. The 
radiative heat flux term was provoked in the requisite energy equation and is symbolically indicated by qrad. The physical behavior of 
the dignified problem is modeled with the help of cylindrical coordinates as schematically revealed in Fig. 1, where x− axis coordinate 
is reserved along the axial direction of the cylinder and r− axis coordinate is considered normal to it. The assumed mainstream velocity 
is U(x) in fluid at constant free-stream temperature T∞, the wall variable temperature Tw(x), and the axially symmetric mass transfer 
velocity vw. Moreover, the hybrid nanoliquid is prepared by the mixture of two dissimilar types of nanoparticle such as copper (Cu) and 
aluminum oxide (Al2O3) composed with regular (viscous) fluid (H2O). The thermophysical properties of the hybrid nanoparticles and 
the regular base fluid are taken to be in equilibrium. Therefore, here we employ the usual boundary layer approximations or scaling by 
which the constitutive steady basic leading equations, namely the standard continuity equation, the equation of Darcy by exercising 
Boussinesq approximation, and the equation of energy are expressed in the following form (see Bassom and Rees [46], Nield and Bajan 
[47]) 

∂
∂x

(u ​ r)+
∂
∂r

(v ​ r)= 0, (1)  

u=U(x) +
gβHbnf K

vHbnf
(T − T∞), (2)  

(
ρcp
)

Hbnf

(

u
∂T
∂x

+ v
∂T
∂r

)

= kHbnf

(
∂2T
∂r2 +

1
r

∂T
∂r

)

−
1
r

∂
∂r

(rqrad) + Q
′′′

. (3) 

In the aforementioned equations, v and u are the components of velocity in the respective coordinates of r− and x− axes while 
these coordinates, further considered the requisite distance to the surface of cylinder and perpendicular to it, respectively. However, T 
the temperature of the fluid, K the permeability of the porous medium, and g the acceleration due to gravity while the other symbols 
demonstrate the hybrid nanoparticles which are demarcated later in the individual section. 

Additionally, the last term Q′′′ in the right-hand side of equation (3) illustrates the role of non-uniform or irregular heat source, 
which can be demonstrated as [see Refs. [48,49]]: 

Q
′′′

=
kHbnf U(x)

xvHbnf

[
A*(Tw − T∞)e− ξ +B*(T − T∞)

]
, (4)  

where the exponentially decaying space coefficients and the temperature-dependent heat sink/source are dignified by A* and B*, 
respectively. Therefore, the positive value of A* and B* corresponds to the phenomenon of heat source while the negative value of A* 

Fig. 1. Physical model of the flow problem embedded hybrid nanofluids.  
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and B* corresponds to the phenomenon of the heat sink. Besides, the second last term on the right-hand side of equation (3) namely 
called the radiative heat flux qrad which is demarcated via the Rosseland approximation as follows [2]: 

qrad = −
4σd

3kd

(
∂T4

∂r

)

, (5)  

where σd and kd exemplify the Stefan Boltzmann constant and the mean absorption coefficient, respectively. Now executing the special 
Taylor series to expand the fourth power of T4 around a unique point T∞ and ignoring the higher-order power, one obtains the form as: 

T4 ≅ 4TT3
∞ − 3T4

∞. (6) 

For the present model the following subject to physical boundary conditions (BCs) are employed as follows: 
{

v = vw, T = Tw(x) ​ at ​ r = r0,

u → U(x),T → T∞ as ​ r → ∞,
(7)  

where, vw is the mass transfer velocity with vw = 0 for the impermeable surface, vw > 0 for suction, and vw < 0 for blowing or injection, 
respectively. Furthermore, the surface temperature and ambient velocity of the cylinder as a variable function are denoted by Tw(x)
and U(x), respectively, which are mathematically expressed as (see Mahmood and Merkin [50]): 

Tw(x)=T∞ +
x ​ ΔT

L
and U(x) =

xU∞

L
, (8)  

where the length of characteristics and difference temperature is dignified by L and ΔT, respectively. 

2.2. Model and the thermophysical features of the hybrid nanofluids 

This section of the work highlights the significant expression and the detailed description of the considered water-based Cu–Al2O3 
hybrid nanofluid model. This given model is made of two distinct nanoparticles such as copper (Cu) and aluminum oxide (Al2O3) into 
the ordinary base fluid (H2O). About these available published work such as Hayat et al. [51] and Khan et al. [52] by which they have 
confined the upcoming basic steady governing equations along with the implemented suitable properties of the hybrid nanofluid which 
attained the vital flow dynamics accurately. The mathematical expressions for the described water-based Cu–Al2O3 hybrid nanofluid 
model are illustrated in Table 1. 

Further, the thermophysical properties of the base fluid along with the copper (Cu) and aluminum oxide (Al2O3) nanoparticles are 
demarcated in Table 2. 

Where the subscripts Hbnf , nf and f stand for the hybrid nanofluid, nanofluid, and base or regular fluid, respectively, while the 
other mathematical symbols like kf , μf , (ρcp)f , βf and ρf designate the thermal conductivity, viscosity, heat capacity, thermal expansion 
coefficient, and the respective density of the viscous fluid. Also, for the simplicity in whole computations of the literature, the symbols 
or notations such as φ1 and φ2 represented the solid volume fraction of nanoparticles for the copper (Cu) and aluminum oxide (Al2O3) 
nanoparticles, respectively. 

2.3. Similarity transformation 

To ease the analysis of the considered problem, we here introduce the following similarity variables which can take place as: 

ψ =
2υf x

ε F(η), T = T∞ +
xΔT

L
θ(η), ξ =

r2 − r2
0

r2
0ε , (9)  

where ε = 2
r0

̅̅̅̅̅
υf L
U∞

√

is the curvature parameter, υf is the kinematic viscosity, and ψ is the stream function which is defined in the following 

usual way u = 1
r

∂ψ
∂r and v = 1

r
∂ψ
∂x. 

Table 1 
Thermophysical characteristics of the water-based Cu–Al2O3 hybrid nanofluid [53].  

Properties Hybrid nanofluid 

Absolute viscosity μHbnf/μf = 1/(1 − φCu − φAl2O3
)
2.5  

Thermal conductivity kHbnf/kf = (Aa + Ab)/(Aa + Ac),

where Aa =
(φCukCu + φAl2O3

kAl2O3 )

φCu + φAl2O3

,

{
Ab = 2kf + 2(φCukCu + φAl2O3

kAl2O3 ) − 2(φCu + φAl2O3
)kf ,

Ac = 2kf − (φCukCu + φAl2O3
kAl2O3 ) + (φCu + φAl2O3

)kf ,

}

Heat capacity 
(ρcp)Hbnf/(ρcp)f =

{
φCu((ρcp)Cu/(ρcp)f ) + φAl2O3

((ρcp)Al2O3
/(ρcp)f )+

(1 − φCu − φAl2O3
)

Thermal expansion 
(ρβ)Hbnf/(ρβ)f =

{
φCu((ρβ)Cu/(ρβ)f ) + φAl2O3

((ρβ)Al2O3
/(ρβ)f )+

(1 − φCu − φAl2O3
)

Density ρHbnf/ρf = {φCu(ρCu /ρf ) + φAl2O3
(ρAl2O3

/ρf ) + (1 − φCu − φAl2O3
)
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Now utilizing equation (9) along with the choice of Eq. (8), equation (1) is identically satisfied while equations (2) and (3) and the 
BCs (7) are reduced to the subsequent dimensionless form of ODEs as: 

F′

= 1 + λ
(ρβ)Hbnf

/
(ρβ)f

μHbnf
/

μf
θ, (10)  

(
kHbnf

kf
+

4
3

Rd

)

[(1+ εξ)θ′′ + εθ
′

] +

(
kHbnf

kf

)(
ρHbnf

ρf

)

μHbnf
μf

(
A*e− ξ +B*θ

)

+Pr

(
ρcp
)

Hbnf(
ρcp
)

f

(Fθ
′

− θF
′

) = 0,

(11)  

along with the appropriate BCs are 

F(0)= S, θ(0) = 1, θ(∞) = 0. (12) 

In these dimensionless similarity equations, the involved influential parameters are namely demarcated as PeL = LU∞
αm 

is the Peclet 

number, Rd =
4σdT3

∞
kdkf 

is the radiation parameter, RaL =
gβf KΔTL

αmυf 
is the Rayleigh number, λ = RaL

PeL 
is the buoyancy parameter (ratio of free to 

forced convection velocity scales), and S = − vwr0ε
2υf 

is the constant mass flux parameter with (S < 0) for blowing and (S > 0) for suction. 
Meanwhile, the primes indicate the requisite differentiation with respect to the pseudo-similarity variable ξ. In addition, combining 
equations (10) and (11), we finally have the equation 

A1(1+ εξ)F′′′

+A1εF′′ +A4
(
FF′′ − F′2+F′)

+ λA2A3A*e− ξ +A2B*(F
′

− 1)= 0. (13) 

In which: 

A1 =

(
kHbnf

kf
+

4
3
Rd

)

,A2 =

(
kHbnf

kf

)(
ρHbnf

ρf

)

μHbnf
μf

,A3 =
(ρβ)Hbnf

/
(ρβ)f

μHbnf

/
μf

,A4 =

(
ρcp
)

Hbnf(
ρcp
)

f

Pr.

Or 

(1 + εξ)F′′′

+ εF′′ +

(
ρcp
)

Hbnf

/(
ρcp
)

f Pr
(

kHbnf

kf
+

4
3
Rd

)
(
FF′′ − F′2 + F′)

+

(
kHbnf

/
kf
)(

ρHbnf

/
ρf

)

(
kHbnf

kf
+

4
3
Rd

) μHbnf

μf

(

λ
(ρβ)Hbnf

/
(ρβ)f

μHbnf

/
μf

A*e− ξ + B*(F
′

− 1)

)

= 0.

(13a) 

The subjected boundary conditions (BCs) are 

F(0)= S,F′

(0)= 1+ λ
(ρβ)Hbnf

/
(ρβ)f

μHbnf
/

μf
,F′

(∞)= 1. (14)  

2.4. Skin friction coefficient 

The important component of the engineering physical quantities or gradients is the skin friction coefficient CF, which is demarcated 
as 

CF =
2τw

ρU∞U
, (15) 

Table 2 
Thermophysical properties of the nanoparticles and base fluid [54,55].  

Physical properties Water Al2O3  Cu  

k(W /mK) 0.613 40 401 
cp(J /kgK) 4179 765 385 

β× 10− 5(K)− 1  21.00 0.85 1.65 

ρ(kg /m3) 997.1 3970 8933 

Pr  6.2 – –  
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where τw is the wall shear stress and is given by τw = μHbnf
∂u
∂r

⃒
⃒
⃒
⃒
r=r0

. 

Utilizing the similarity variables (9) into equation (15), one obtains the following reduced form of the skin friction coefficient: 

1
2

̅̅̅̅̅̅̅̅
ReL

√
CF =

μHbnf

μf
F′′(0) (16)  

where ReL = U∞L
υf 

is the local Reynolds number. 

3. Results and discussion 

In this section, we have physically interpreted and geometrically discuss our dual nature outcomes in the complete form. Before 
going towards this, we have to first solve equation (13) or (13a) with the boundary condition (14) via a built-in function available in 
MATLAB by the usual numerical scheme namely as boundary value problem of the fourth-order (bvp4c). The considered numerical 
scheme is based on the finite difference method which is also known as the 3-Stage Lobatto IIIA formula. Therefore, the complete 
procedure of the considered scheme is well documented by many researchers like Shampine et al. [56] and Khan et al. [55] which is not 
being repeated here. Moreover, to validate our numerical scheme or computational code, we have produced a graphical figure (see 
Fig. 2) for the first and second branch solutions to show the comparison for the limiting cases with the available information of Shu 
et al. [57]. The current outcomes of the velocity profile for the various values of S (without the influence of the nanoparticles volume 
fraction φ1 and φ2, the coefficients of the internal heat source/sink factor A* and B* and the radiation parameter) are compared 
graphically with the existing published results of Shu et al. [57] when λ = − 1, Pr = 1.0 and ε = 5.0. The calculation output displays 
that the existing outcome of both dissimilar branches are in exceptional toning with the reported published outcomes, therefore, it 
gives us the confidence to find the unavailable results by the usually considered scheme. In addition, our main objectives are to assess 
the influences of the mixed convection parameter λ, mass transfer parameter S, radiation parameter Rd, volume fraction of nano
particles φ1 and φ2, curvature parameter ε, and the coefficients of the internal heat source/sink factor A* and B* on dimensionless 
velocity and friction factor of the water-based Cu–Al2O3 hybrid nanofluid for the first and second solution branches are illustrated in 
Figs. 3–10. For the whole simulations, we have fixed and defined the following finite range of influential parameters such as: 0 ≤ Rd ≤

1.0, − 5 ≤ λ ≤ 5, 3 ≤ ε ≤ 10, − 3 ≤ A* ≤ 3, − 3 ≤ B* ≤ 3, − 5 ≤ S ≤ 5 and φ1,φ2 = 0.03. The computational values of the skin friction 
coefficient for the first branch and second branch solutions owing to the impact of sundry parameters are highlighted in Table 3. The 
results explore that the fluid wall drag force are enhanced and declined due to influence of the curvature and radiation parameters, 
respectively. Therefore, the surface of the cylinder will be more drag affected because of curvature and less drag affected due to ra
diation parameter. In addition, the friction factor uplifts in the situation of the heat source while the effect of the heat sink on the 
friction factor behaves in a reverse trend. The considered model has two dissimilar branch solutions. The first branch solution is 
physically stable and their curves are represented by the solid red and green lines while the second branch solution is not physically 

Fig. 2. Comparison of the velocity profiles F′

(ξ) for the several values of S with the available work of Shu et al. [57].  
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stable (unstable) and is also denoted by the similar red and green solid lines curves (see by Merkin [58] and Wilks and Bramley [59]). 
Both branch curves are differentiated from one another by the highlighted solid marked circle in all figures. Meanwhile, the small solid 
distinct color balls denote the bifurcation or critical points where the solution of the first branch meets with the outcome of the second 
branch. 

3.1. Influence of the curvature parameter on velocity and skin friction coefficient 

Figs. 3 and 4 illustrate the influence of ε on profile of velocity and the skin friction coefficient of the water-based Cu–Al2O3 hybrid 
nanofluid for the first and second solution branches, respectively. The results of both figures were calculated for the non-radiation 
parameter Rd = 0.0 and radiation parameter Rd = 0.15. For the outcomes of velocity curves, it is detected that the first branch so
lution for the case of non-radiation parameter Rd = 0.0 and radiation parameter Rd = 0.15 decreases with the larger value of ε while 

Fig. 3. Impact of ε on F′

(ξ).  

Table 3 
Numerical values of the reduced skin friction coefficient for the various varying selected parameters when φ1,φ2 = 0.030.  

Rd  ε  S  λ  A*,B*  First branch solution Second branch solution 

0.15 5.0 0.5 − 1.5 0.05 2.4370978 − 1.4213762 
0.35     2.3117585 − 1.3641674 
0.55     2.2151843 − 1.3397394 
0.15 5.0 0.5 − 1.5 0.05 2.4370978 − 1.4213762 

6.0    2.6752758 − 1.5802445 
7.0    2.9047386 − 1.7562656 

0.15 5.0 0.5 − 1.5 0.05 2.4370978 − 1.4213762  
1.0   2.6047387 − 1.5818494  
1.5   3.1093908 − 1.9371240 

0.15 5.0 0.5 − 2.0 0.05 2.7997004 − 0.6186420   
− 1.5  2.4370978 − 1.4213762   
− 1.0  1.7998481 − 2.0459810   
0.0  0.0000003 − 3.3564244   
1.0  − 2.3030793 − 5.2276070   
1.5  − 3.9091666 − 6.6889431   
2.0  − 4.9939381 − 7.6573488 

0.15 5.0 0.5 − 1.5 0.05 2.4370978 − 1.4213762    
0.10 2.3268391 − 1.3689878    
0.15 2.2102865 − 1.3030372    
− 0.05 2.6422135 − 1.4852932    
− 0.10 2.7384125 − 1.4956787    
− 0.15 2.8310187 − 1.4900338  
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the impact of ε is treated opposite for the second branch solution. In general, this declining behavior in the stable (first) branch solution 
has occurred because the curvature parameter has a direct relationship with the viscosity. Therefore, with increasing ε the viscosity is 
increased according to the old concept of physics and as a consequence, the curves of velocity are decreasing. Moreover, the thickness 
of the momentum boundary-layer (MBL) is also diminished due to the stronger impact of ε. The velocity curves for the non-radiation 
parameter Rd = 0.0 are less as compared to the influence of the radiation parameter Rd = 0.15. Conversely, the outcomes of skin 
friction coefficient are disclosed in Fig. 4 for the case of buoyancy opposing flow (λ < 0) which specify that the solution for the branch 
of first curves is higher while lower for the second branch solution due to the augmentation in the value of ε. This picture display that 
the double outcomes (first and second branch solutions) exist for equation (11) or (11a) with BCs (12) for all values of 0 > λ ≥ λC, 
where 0 > λC is the bifurcation value of λ < 0, and all the varying values of ε. The two dissimilar branches (first and second) meet with 
each other at a bifurcation point, where the BL outcomes further than this position are not possible to be found owing to the strong BLS 
from the surface. The combined equations of energy and Darcy should be tackled numerically for the case of λC ≤ λ < 0. Moreover, the 
acquired critical values for the selected choice of ε are written mathematically in the graph (see Fig. 4) for the non-radiation parameter 
Rd = 0.00 and radiation parameter Rd = 0.15, where the magnitude of the bifurcation value upsurges with a higher value of ε. To test 
the graph more censoriously, the magnitude of the bifurcation value is higher for the phenomenon of Rd = 0.15 as compared to the 
value of Rd = 0.00. Therefore, the existence of the solutions domain and the reduced friction factor is continuously escalated due to the 
larger curvature parameter ε. 

3.2. Effect of the radiation parameter on velocity and skin friction coefficient 

The impacts of Rd on F′

(ξ), and 12(ReL)
1
2CF for the first branch and second branch solutions are graphically demonstrated in Figs. 5 

and 6, respectively. The outcomes divulged in Fig. 5 recognized a reducing behavior for the first branch solution with improving the 
value of Rd while the influence of Rd is reversed in the range of 0 ≤ ξ ≤ 2 for the second branch solution and then start the similar 
behavior like the first branch solution as we increase the range of ξ. The space between the curves of the second branch solution is more 
as compared to the branch of the first solution curves. Moreover, the decreasing behavior of the velocity curve takes place because of 
the stronger effects of nanoparticles volume fraction generate superfluous viscous forces which diminished the thickness of the MBL as 
well as the tendency of the curves for velocity. In contrast, the friction factor decelerates for the first branch solution in the range of −
1.5 ≤ λ ≤ 0 but elevates for the same branch in the range of ∞ < λ < − 1.5 with higher value of Rd while it reduces for the second 
solution. In addition, the small solid blue balls denote the bifurcation points (λC < 0) where both solution branches meet. For the 
varying value of the radiation parameter, we have found the following critical values such as − 2.1805, − 2.2470, and − 2.3085. 
However, the magnitude of the critical or bifurcation value |λC| improves by taking the larger impacts of the radiation parameter Rd. In 
this regard, the BLS augments with the higher implementation of the radiation parameter Rd. 

3.3. Influence of the mass transfer parameter on velocity and skin friction coefficient 

Fig. 7 displays the velocity curves for the non-radiation parameter Rd = 0.00 and radiation parameter Rd = 0.15 of the water-based 
Cu–Al2O3 hybrid nanoliquid for the first and second branch solution against ξ, with the successive increasing value of S. Also, the 

Fig. 4. Impact of ε on 1
2(ReL)

1
2CF versus λ.  
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considered picture disclosed that the BCs (12) at infinity are asymptotically converged. Meanwhile, this picture also recommends that 
the outcomes of the first branch solution increase owing to the larger value of S for the two distinct values of the radiation parameter, 
Rd = 0.0 and Rd = 0.15, while the impact of the S is completely changed for the lower (second) solution. For the first solution, the 
outcomes for the injection parameter are lower as compared to the suction parameter (see for both values of Rd = 0.0 and Rd = 0.15) 
while the curve middle of these two cases is for the impermeable surface S = 0. However, the comparison for the behavior of the curves 
is different like the first branch solution with the injection, suction, and impermeable value of the parameter S. In the physical point of 
view, the wall drag force reduces with the successive enhancing value of S, as an outcome, the velocity curves enrich. This enrichment 
of the velocity curves of the hybrid nanofluid generates reductions in the MBLT with significant improvement of S. Fig. 8 exemplifies 

Fig. 5. Influence of radiation parameter Rd on F′

(ξ).  

Fig. 6. Influence of radiation parameter Rd on 1
2(ReL)

1
2CF versus λ.  
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the impact of S on the friction factor for the non-radiation parameter Rd = 0.0 and radiation parameter Rd = 0.15 of the water-based 
Cu–Al2O3 hybrid nanofluid for both solution branches. Results here indicate that for the first solution branch, the friction factor 
upsurges while reduces for the second solution due to the continued superior value in S. In the considered picture the small solid ball of 
different colors signifies the bifurcation or critical point for change value of S. The magnitude of the critical point increase with a larger 
value of S and due to this pattern the separation of the boundary layer elevates. In addition, the magnitude of the critical value is higher 
for the value of Rd = 0.15 as compared to the value of Rd = 0.0. Also, noted from the picture that the wall drag force at the surface of 
the cylinder is more affected by the radiation parameter as relative to the non-radiation parameter. 

Fig. 7. Impact of S on F′

(ξ).  

Fig. 8. Impact of S on 1
2(ReL)

1
2CF versus λ.  

U. Khan et al.                                                                                                                                                                                                          



Case Studies in Thermal Engineering 30 (2022) 101711

11

3.4. Influence of the internal heat sink/source parameter on velocity profiles 

Figs. 9 and 10 indicate the influence of A* and B* for the vertical cylinder (such as Rd = 0.0 and Rd = 0.15) on F′

(ξ). It can be 
observed that the dimensionless velocity profile of the water-based Cu–Al2O3 hybrid nanofluid decreases for the first branch solution 
with the internal heat source factor (A* > 0 and B* > 0) while it increases for the second branch solution (see Fig. 9). The curves in the 
first branch are lesser in magnitude for the selected value of the radiation parameter as paralleled to the non-radiation parameter. The 
presence of the heat source ultimately raises the fluid temperature by accumulating more heat to the system and reducing the thickness 
of the velocity boundary layer. On the other hand, the velocity curves enrich for the branch of the first solution owing to the internal 
heat sink parameter (A* < 0 and B* < 0) while the impact of the internal heat sink parameter (A* < 0 and B* < 0) is changed for the 
branch of the second solution. In this picture, the magnitude of F′

(ξ) curves is higher for the value of the radiation parameter in the first 
branch solution as compared to the absence of the thermal radiation in the energy equation. Physically, the internal heat sink which 
takes heat from the velocity boundary layer leads to the fall of the velocity boundary layer. 

4. Conclusion 

The problem of mixed convective axisymmetric flow conveying hybrid nanofluid through a cooled vertical permeable cylinder in a 
presence of porous medium subject to Darcy, irregular heat source/sink, and radiation effect is investigated. We use particular pro
cedures for the exterior flow and variable surface cylinder temperature fluctuation that allows the set of PDEs to be transmuted the 
required ordinary (similarity) differential equations (Eq. (13) or 13a, 14). In addition, we have considered the impacts of the various 
involved distinguished parameters on velocity curves and reduced form of friction factor. Therefore, the final key remarks of the 
considered issue are following:  

• A bifurcation value λC < 0 of the buoyancy factor for the case of buoyancy opposing flow (λ < 0) with solution possible only for the 
range of λC ≤ λ ≤ 0. However, the outcomes of the considered problem were impossible to find for the case of λ ≤ λC < 0.  

• The velocity curves shrinkages in both values of Rd (0.0 and 0.15) for the branch of upper solution (first) with the higher value of ε, 
while the influence of ε is dissimilar for the branch of lower (second) outcomes.  

• The curves of velocity upsurge and decline for the first branch solution due to the enrichment in the value of S and radiation 
parameter Rd, respectively. Meanwhile, the velocity significantly shrinks for the second branch solution with a higher impact of S 
and radiation parameter Rd.  

• The reduced form of the skin friction coefficient for the value of the radiation parameter Rd = 0.15 and non-radiation parameter 
Rd = 0.0 elevates for the branch of the first solution while decays for the second branch solution owing to the successive larger 
value of S and ε.  

• The magnitude of the critical or bifurcation value for the values of Rd = 0.15 is more as compared to the choice of Rd = 0.0 with 
larger value of S and ε. 

Fig. 9. Influence of A* and B* on F′

(ξ).  
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• For the branch of the first solution, the values of skin friction behave differently in the specific range of λ with radiation parameter 
while it is declined endlessly for the second branch solution as we move forward from positive to the negative side of the mixed 
convection parameter λ. 

We hope that this work further can be extended to develop the heating system by utilizing the nanofluid. 
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Nomenclature 

U(x): Free-stream velocity (m/s) 
K: The permeability of the porous medium 
T: Temperature of the fluid (K) 
vw: Mass transfer velocity (m/s) 
Tw(x): Variable temperature at the wall surface of the cylinder (K) 
T∞: Constant Free-stream temperature (K) 
qrad: Thermal radiative heat flux 
x, r,θ: Cylindrical coordinates (m) 
u,v,w: Velocity components (m) 
g: Acceleration due to gravity (m/s2) 
cp: Specific heat at constant pressure (J/KgK) 
A*,B* : Internal heat source/sink coefficients 
kd: Mean absorption coefficient 
ΔT: Temperature difference (K) 
L: Characteristic length of the cylinder (m) 
U∞: Constant ambient velocity (m/s) 
F: Dimensionless stream function 
RaL: Rayleigh number 
PeL: Peclet number 
S: Mass suction parameter 
Pr: Prandtl number 
Rd: Radiation parameter 
τw: Shear stress at the wall surface of the cylinder 
CF: Coefficient of skin friction 
k: Thermal conductivity 
ReL: Local Reynolds number 

Greek symbols 
σd: Stefan Boltzmann constant 
ρ: Density 
β: Thermal expansion coefficient 
μ: Absolute viscosity 
υ: Kinematic viscosity 
ξ: similarity variable 
ψ: Stream function 
λ: Mixed convection or buoyancy parameter 
θ: Dimensionless temperature 
Q′′′ : Irregular heat source/sink 
ε: Curvature parameter 

Acronyms 
BCs: Boundary conditions 
PDEs: Partial differential equations 
ODEs: Ordinary differential equations 
bvp4c: Boundary value problem of fourth-order 
MBL: Momentum boundary layer 

Subscripts 
Al2O3: Aluminum dioxide nanoparticles 
Cu: Copper nanoparticles 
w: Condition at surface 
nf: Nanofluid 
Hbnf: Hybrid nanofluid 
∞: Ambient condition 
f: Base fluid 

Superscript 
′: Differentiation with respect to ξ 
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