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Abstract The proficiency of hybrid nanoparticles in augmenting the heat transfer has fascinated

many researchers to further analysing the working fluid. The present paper is focused on the

MHD hybrid nanofluid flow with heat transfer on a moving plate with Joule heating. The combi-

nation of metal (Cu) and metal oxide (Al2O3) nanoparticles with water (H2O) as the base fluid is

used for the analysis. Similarity transformation reduces the complexity of the PDEs into a system

of ODEs, which is then solved numerically using the function bvp4c from MATLAB for different

values of the governing parameters. Two solutions are obtained when the plate is moved oppositely

from the free stream flow. Analysis of flow stability unveils the first solution as the real physical

solution, which is realizable in practice. From physical perspective, the real solution must be avail-

able for all cases of k which affirms the finding from stability analysis. An upsurge of suction’s

strength and magnetic parameter enhances the heat transfer operation and extends the critical value

kc. Meanwhile, there is no change on the critical value when the Eckert number is added. This study

is important in determining the thermal behavior of Cu-Al2O3/H2O when the physical parameters

like magnetic field and Joule heating are embedded. The results are new and original with many

practical applications in the modern industry.
� 2021 Production and hosting by Elsevier B.V. on behalf of Faculty of Engineering, Alexandria

University. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/

licenses/by-nc-nd/4.0/).
1. Introduction

Hybrid nanofluids are widely used in the experimental and
numerical investigations of fluid dynamics due to its signifi-
cance in the thermal and energy performances. The available

hybrid nanoparticles are usually formed from two types of
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Fig. 1 Physical illustration with coordinate system.

Magnetohydrodynamics (MHD) boundary layer flow of hybrid nanofluid over a moving plate 1939
nanoparticles like metal oxides (i.e., Fe2O3/hematite, Fe3O4/-
magnetite, Al2O3/alumina, CuO/cupric oxide), carbon materi-
als (i.e., CNT/carbon nanotube, graphite, MWCNT/multi-

walled carbon nanotubes), metals (i.e., Ag/silver, Cu/copper)
or metal carbide. The advantages of the Cu-Al2O3 hybrid
nanoparticle were discussed by Suresh et al. [1,2] and led to

the proposal of thermophysical properties’ correlations for
hybrid nanofluids by Devi and Devi [3] in analyzing a bound-
ary layer flow problem. Takabi and Salehi [4] also proposed

hybrid nanofluids’ correlations which widely used in the
numerical simulation of fluid motion. Huminic and Huminic
[5] stated in their review paper that the hybrid nanofluids
increased the thermal conductivity which led to the heat trans-

fer enhancement in heat exchangers. Based on their experimen-
tal and numerical results, they indicated that the hybrid
nanofluids could significantly improve the heat transfer in heat

exchangers, but there were still a necessary research concerning
to the study of different combinations of hybrid nanoparticles,
mixing ratio, the hybrid nanofluids’ stability, and the under-

standing of the mechanisms which contribute to the heat trans-
fer augmentation. The exploration of numerical solutions in
hybrid nanofluid flow was examined for different physical

parameters and surfaces like movable plate [6–13], cylinder
[14–18], disk [19–24] and thin needle [25–29].

Joule heating theoretically refers to the conversion of elec-
tric to thermal state energy which resulting in the development

of heat from the resistive losses. This process is widely applied
in the arrangement of electrical and electronic devices. From
the viewpoint of boundary layer flow, this control parameter

is used to increase the nanofluid’s temperature as studied by
Reddy and Reddy [30]. The effect of Joule heating in Cu-
Al2O3/water along a stretching and shrinking cylinder was

analyzed by Maskeen et al [31] and Khashi’ie et al. [32], respec-
tively. Khashi’ie et al. [32] disclosed that the dimensionless
Eckert number (from the Joule heating), has no impact in

extending the point of separation which also in accordance
with Yan et al. [33]. The perusal of MHD hybrid nanofluid
flow with Joule heating and thermal radiation between two
parallel plates was conducted by Chamkha et al. [34]. The

impact of Joule heating on the nanofluid flow through a per-
meable duct has been analyzed by Li et al. [35]. Meanwhile,
Saranya et al. [36] observed the viscous dissipation and Joule

heating effects on the hybrid ferrofluid flow over a contracting
cylinder. In their study, the magnetite-cobalt ferrite hybrid
nanoparticles are used with the combination of water (50%)

and ethylene glycol (50%) base fluid. Al-Mdallal et al. [37]
investigated the simultaneous effect of inclined magnetic field
and radiation parameter on the Marangoni hybrid nanofluid
flow. The following interesting papers related to the energy

transportation of nanofluids were also discussed by Renuka
et al. [38], Soomro et al. [39], Ul Haq [40], Al-Mdallal et al.
[41], Ziyad et al. [42] and Wahid et al. [43].

This work studies the hybrid nanofluid from Cu-Al2O3/wa-
ter formation with Joule heating and magnetic field. The
single-phase model of Cu-Al2O3/water is formulated and

transformed into a reduced differential equations via the sim-
ilarity transformation. The bvp4c application is used for the
results’ generation and validated based on the available numer-

ical values from the previous works. We are confident with the
novelty of the theoretical findings from this work.
2. Physical model

Let us consider the boundary layer flow of a hybrid Cu-Al2O3/
H2O nanofluid past a permeable flat plate as it is shown in

Fig. 1, where the x and y axes are the Cartesian coordinates
with the x� axis measured along the plate and y - axis is nor-
mal to it, the flow being in the region y � 0. The free stream of

Cu-Al2O3/H2O has a fixed velocity U. The plate is moving with
the velocity Uk, where k corresponds to the moving plate,
away from the origin k > 0ð Þand to the origin ðk < 0Þ, respec-
tively. It is assumed that the mass fluid velocity is vw with

vw < 0 for suction and vw > 0 for injection, respectively. Aly
et al. [44] reported that similarity solutions are possible if the

magnetic field has the special form of B ¼ B0x
�1=2. Further-

more, the small magnetic Reynolds number from

induced magnetic field is ignored. The moving plate tempera-
ture is Tw, while the temperature of the far field is T1.

Under these assumptions, the governing boundary layer

equations of the mass, momentum and energy hybrid nanoflu-
ids can be written as (Devi and Devi [3]):

@u

@x
þ @v

@y
¼ 0; ð1Þ

u
@u

@x
þ v

@u

@y
¼ lhnf

qhnf

@2u

@y2
� rhnf

qhnf

B2 u�Uð Þ; ð2Þ

u
@T

@x
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@T

@y
¼ khnf

ðqCpÞhnf
@2T

@y2
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ðqCpÞhnf
B2 u�Uð Þ2; ð3Þ

The associate boundary conditions are

u ¼ kU; v ¼ vw;T ¼ Twaty ¼ 0

u ! U;T ¼ T1asy ! 1 ð4Þ



Table 1 Hybrid nanofluid’s correlations (Takabi and Salehi [4]).

Properties Hybrid Nanofluid

Density

qð Þ
qhnf ¼ 1� /hnf

� �
qf þ /1qs1 þ /2qs2

Heat

Capacity

qCp

� �
qCp

� �
hnf

¼ 1� /hnf

� �
qCp

� �
f
þ /1 qCp

� �
s1
þ /2 qCp

� �
s2

Dynamic Viscocity

lð Þ
lhnf
lf

¼ 1

1�/hnfð Þ2:5

Thermal Conductivity

kð Þ
khnf
kf

¼

/1k1þ/2k2
/hnf

� �
þ 2kf þ 2 /1k1 þ /2k2ð Þ
�2/hnfkf

/1k1þ/2k2
/hnf

� �
þ 2kf � /1k1 þ /2k2ð Þ
þ/hnfkf

2
66664

3
77775

Electrical Conductivity

kð Þ
rhnf
rf

¼

/1r1þ/2r2
/hnf

� �
þ 2rf þ 2 /1r1 þ /2r2ð Þ
�2/hnfrf

/1r1þ/2r2
/hnf

� �
þ 2rf � /1r1 þ /2r2ð Þ
þ/hnfrf

2
66664

3
77775

Table 2 Thermophysical properties for pure water and

nanoparticles (Oztop and Abu-Nada [45].

Thermophysical Properties H2O Nanoparticles

Al2O3 Cu

qðkgm�3Þ 997.1 3970 8933

CpðJkg�1K�1Þ 4179 765 385

kðWm�1K�1Þ 0.6130 40 400
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For the evaluation of the thermophysical properties in

Table 1, the correlations by Takabi and Salehi [4] are adopted
which are feasible and built based on the physical assumptions
where /hnf ¼ /1 þ /2. Meanwhile, Table 2 display the the

physical properties of the pure water and nanoparticles.
Now, the following similarity variables are introduced

(Weidman et al. [46])

u ¼ Uf
0
gð Þ; v ¼

ffiffiffiffiffi
Umf
2x

q
gf

0 ðgÞ � fðgÞ
h i

; g ¼ y
ffiffiffiffiffiffi
U

2xmf

q
w ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffi

2mfxU
p

f gð Þ; h gð Þ ¼ T�T1
Tw�T1

9=
; ð5Þ

while the transpiration effect through the permeable plates
is defined as

vw ¼ �
ffiffiffiffiffiffiffiffi
Umf
2x

r
S; ð6Þ

where S is the mass flux velocity with S > 0 for suction and

S < 0 for fluid injection. Substituting (6) in Eqs. (2) and (3),
the transformed ODEs and boundary conditions are

lhnf=lf

qhnf=qf

� �
f000 þ ff00 � rhnf=rf

qhnf=qf

� �
M f0 � 1ð Þ ¼ 0; ð7Þ
1
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f 0ð Þ ¼ S; f
0
0ð Þ ¼ k; h 0ð Þ ¼ 1

f
0
gð Þ ! 1; h gð Þ ! 0asg ! 1

)
ð9Þ

where Pr is the Prandtl number, M is the magnetic param-
eter and Ec is the Eckert number, which are defined as

Pr ¼
lCp

� �
f

kf
; M ¼ 2rfB

2
0

Uqf

; Ec ¼ U2

Cp

� �
f
Tw � T1ð Þ ; ð10Þ

The physical quantities of interest are the skin friction coef-

ficient Cf and the local Nusselt number Nux, which are defined

as

Cf ¼
lhnf

qfU
2

@u

@y

� �
y¼0

; Nux ¼ � xkhnf
kf Tw � T1ð Þ

@T

@y

� �
y¼0

ð11Þ

Applying (5) into (11), we get the reduced form of skin fric-
tion coefficient and heat transfer rate such thatffiffiffi
2

p
Re1=2x Cf ¼

lhnf

lf

f00 0ð Þ ;
ffiffiffi
2

p
Re�1=2

x Nux ¼ � khnf
kf

h0ð0Þ ð12Þ

where Rex ¼ Ux=mf is the local Reynolds number.

3. Flow stability

Merkin [47] contributed to the discovery of stability analysis
by considering an unsteady case. Using this analysis, the real
physical solution is evolved with time accompanying the small-



Table 3 Validation test for the critical value kc with suction/

injection parameter.

S Present Weidman et al. [46]

�0.50 �0.10388 �0.1035

�0.25 �0.21461 �0.2125

0.00 �0.35410 �0.3541

0.25 �0.52238 �0.5224

0.50 �0.72001 �0.7200

Magnetohydrodynamics (MHD) boundary layer flow of hybrid nanofluid over a moving plate 1941
est error. The detail procedures of flow stability for a basic
moving plate case were discussed by Zainal et al. [6], Aladdin
et al. [9] and Khashi’ie et al. [11]. By inserting Eqs. (2) and (3)

with the unsteady term, the equations are
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with new similarity transformation
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Referring to Zainal et al. [6], Aladdin et al. [9] and Kha-
shi’ie et al. [11],
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Next procedure is to allow the disturbance in Eqs. (17)–(19)
by adopting the perturbation method (Weidman et al. [46])

f g; sð Þ ¼ f0 gð Þ þ e�csF g; sð Þ
h g; sð Þ ¼ h0 gð Þ þ e�csG g; sð Þ

	
; ð20Þ

where f ¼ f0 gð Þ, h ¼ h0 gð Þ while F gð Þ and G gð Þ are functions
which related to f0 and h0, respectively. The eigenvalue c is

used to measure the stability of solutions. The solutions’ stabil-
ity is dependable on the smallest eigenvalue c1 where positive
value indicates the real physical solution. In this study, we
investigate the stability of the similarity solution f0 gð Þ and

h0 gð Þ by setting s ¼ 0, and hence identify the initial growth
or decay of the solution (20). To test our numerical procedure,
we need to solve the linear eigenvalue problem.

The simplified linearized eigenvalue equations and condi-
tions are

lhnf=lf

qhnf=qf

F000 þ f0F
00 þ Ff000 þ cF0 � rhnf=rf

qhnf=qf

� �
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ð21Þ
1
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qCp

� �
hnf
= qCp

� �
f

G00 þ Fh00 þ f0G
0 þ cG

þ rhnf=rf

qCp

� �
hnf
= qCp

� �
f

 !
EcM F0 � 1ð Þ2 ¼ 0; ð22Þ

F 0ð Þ ¼ 0; F0 0ð Þ ¼ 0; G 0ð Þ ¼ 0; F0 1ð Þ ! 0; G 1ð Þ ! 0:

ð23Þ
To avoid zero eigenvalues, it is suggested to relax any suit-

able conditions at g ! 1 and replace with a condition at
g ¼ 0 (Harris et al. [48]). Hence, the relaxing condition of
(23) is given by

F 0ð Þ ¼ 0; F0 0ð Þ ¼ 0; F00 0ð Þ ¼ 1; G 0ð Þ ¼ 0; G 1ð Þ ! 0: ð24Þ
4. Results and discussion

Similarity Eqs. (7)–(9) are dealt with the bvp4c solver procur-
able in the Matlab software. The numerical solutions are pre-

sented in both tables and figures. It is expected that two
solutions exist with the consideration of various values of mov-
ing parameter: k > 0 denotes the same path between moving

plate and free stream flow while k < 0 indicates the different
orientation. Other parameters are 0 6 S 6 0:5,
0 6 M 6 0:02, 0 6 Ec 6 1 and 0 6 /1;/2 6 0:01 based on
the solutions’ location. Before generating the solutions, few

of validation tests with previous similar findings are conducted
to verify the accuracy of present model as showed in Tables 3
and 4. Since hybrid nanofluid and Joule heating being the main

focus of this work, the comparisons are limited to the viscous
working fluid and single nanofluid with the exclusion of the
control parameter. A comparison is made for different values

of S with those of Weidman et al. [46], when /1 ¼ /2 ¼ 0 (reg-
ular fluid) andM ¼ 0 (the comparison is presented in Table 3).
Both results are compatible and in very good agreement. Fur-

thermore, for the exclusion of magnetic and suction/injection
parameter, kc ¼ �0:3541 is also visible and validated in Figs. 4
and 5. Meanwhile, Table 4 shows the available solutions of

f00 0ð Þ when /1 ¼ 0;/2 ¼ 0:1 and M ¼ S ¼ 0 which are consis-
tent with Zainal et al. [6] and Rohni et al. [49].

Table 5 display the smallest eigenvalue for selected values

of k in the measurement of solutions’ stability. The first solu-
tion has positive eigenvalue which implies that solution’s sta-
bility while negative eigenvalue (second solution) denotes the

unstableness of the solution. Another observation from this
analysis is both eigenvalues approaching to zero value as
k ! kc which in accordance with Merkin [47].



Table 4 First and second solutions of f00 0ð Þ when /1 ¼ 0, /2 ¼ 0:1, and M ¼ S ¼ 0.

k Present Zainal et al. [6] Rohni et al. [49]

First Second First Second First Second

�0.1000 0.541615 0.002274 0.541615 0.002274 0.5416 0.0023

�0.1500 0.527547 0.010169 0.527547 0.010169 0.5276 0.0102

�0.2000 0.505318 0.026061 0.505318 0.026061 0.5053 0.0261

�0.2500 0.471688 0.053322 0.471688 0.053322 0.4717 0.0533

�0.3000 0.418959 0.099702 0.418959 0.099702 0.4190 0.0997

�0.3500 0.302592 0.209761 0.302592 0.209761 0.3028 0.2098

�0.3541 0.257961 0.253877 0.257961 0.253877 0.2623 –

Table 5 Analysis of flow stability for the first and second

solutions.

k c1;First c1;Second

�0.369 0.01707 �0.02882

�0.3693 0.01227 �0.02465

�0.3697 0.00302 �0.01625

�0.36973 0.00197 �0.01526

�0.36975 0.00119 �0.01453

Fig. 3 Distribution of heat transfer coefficient with various k
and S.
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Figs. 2 and 3 highlight the distribution of
ffiffiffi
2

p
Re1=2x Cf andffiffiffi

2
p

Re�1=2
x Nux towards dimensionless k with suction effect

S ¼ 0; 0:25; 0:5. The appearance of two solutions is recognized,
but the availability of second solution is confined within a
specific range of k as displayed in Figs. 2 and 3. At k ¼ 1,

the skin friction is not produced f00 0ð Þ ¼ 0ð Þ because both plate
and free stream hybrid nanofluid move with an equal velocity
(Khashi’ie et al. [11]). It is worth to point out that k > 0 indi-

cates the same direction of the movement between the hybrid
nanofluid and the plate while k < 0refers to the opposite direc-
tion of the fluid motion and plate. As the suction strength

enhances, both
ffiffiffi
2

p
Re1=2x Cf and

ffiffiffi
2

p
Re�1=2

x Nux augment. How-

ever, for the distribution of skin friction coefficient, the flow
Fig. 2 Distribution of skin friction coefficient with various k and
S.
characteristics change when k > 1. The role of suction which
induce the fluid motion simultaneously, assists the heated par-

ticles towards the wall which then, increases the heat transfer
rate as depicted in Fig. 3. For each S, the heat transfer rate
slightly augments when k ! þk which means that the direc-

tion of the hybrid nanofluid and plate is one of the factor in
enhancing the heat transfer performance of the working fluid.

Figs. 4 and 5 show the variations of
ffiffiffi
2

p
Re1=2x Cf andffiffiffi

2
p

Re�1=2
x Nuxwith ascending values of magnetic parameter.

Both skin friction coefficient and heat transfer rate slightly
increase with the accretion of magnetic parameter, but it is
found that when k > 1, both distributions start to deteriorate

slightly. Another observation is the rising values of
M ¼ 0; 0:01; 0:02 extends the separation value (indicator of
the boundary layer separation). From fundamental perspec-

tive, the magnetic field formed a drag/resistance Lorentz force
which oppose the fluid motion, and consequently delay the
separation of boundary layer. But, if the free stream velocity
is less than the moving plate velocity k < 1ð Þ, this condition

helps in increasing and stabilizing the fluid velocity as the mag-
netic parameter imposed. However, if the moving plate veloc-
ity is dominant, the basic fundamental is applied where the

velocity of this hybrid nanofluid deteriorates as clarified in
Fig. 6 (velocity profile). Coincidently, the heat is actively pro-
duced from the generation of Lorentz force when k < 1 which



Fig. 4 Distribution of skin friction coefficient with various k and
M.

Fig. 5 Distribution of heat transfer coefficient with various k
and M.

Fig. 6 Velocity profile with various k and M when

S ¼ 0;Ec ¼ 0:01 and /1 ¼ /2 ¼ 0:01.

Fig. 7 Temperature profile with various k and M when

S ¼ 0;Ec ¼ 0:01 and /1 ¼ /2 ¼ 0:01.

Magnetohydrodynamics (MHD) boundary layer flow of hybrid nanofluid over a moving plate 1943
increase the hybrid nanofluid temperature whilst circulate an

active heat transfer process. However, opposite behavior is
observed for k > 1 as clarified in Figs. 5 and 7.

Further observation from Figs. 2 to 5, the dual solutions

(upper and lower branch solutions) exist for kc < k < 0 and
no solutions exist for k < kc, where kc < 0 is the critical value
of k < 0 for which Eqs. (7) and (8) subject to the boundary
conditions (9) have no solution. However, for k < kc, the full

Navier–Stokes and energy equations have to be solved. Fur-
ther, it is seen from the stability analysis that the upper branch
solutions are stable and physically realizable, while the lower

branch solutions are unstable and, therefore, not physically
realizable.

Fig. 8 depicts the impact of Ec on the heat transfer distribu-

tion. This Eckert number arise from the implementation of the
coupled effects of Joule heating and magnetic field. Joule heat-
ing (including magnetic field) produces heat from the electric

current source to the conducting moving plate. The increment
of Eckert number may inflate the temperature profile as por-
trayed in Fig. 9 whilst reduce the heat transfer distribution.
However, the separation value remains at kc ¼ �0:36984 for
each Ec ¼ 0:01; 0:1; 1 which implies that the rise of Eckert
number is not affecting the fluid motion.

5. Conclusions

This novel work presents a numerical study of MHD hybrid

Cu-Al2O3/water nanofluid flow on a movable plate with Joule
heating effect. The physical phenomenon follows the usual
approximations of boundary layer flow while the bvp4c pro-

gramme is used for the generation of the results. Two solutions
are observed which lead to the stability analysis where the first
solution is validated as the real physical solution (physically

realizable in practice). Dual solutions exist for the case k < 0
which bifurcate at the critical value kc. An upsurge of suction’s
strength and magnetic parameter enhances the heat transfer

operation and extends the critical value. As the magnetic



Fig. 8 Distribution of heat transfer coefficient with various k
and Ec.

Fig. 9 Temperature profile with various k and Ec when

S ¼ 0;M ¼ 0:01 and /1 ¼ /2 ¼ 0:01.
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parameter increases, the velocity and temperature profiles
show disparate behavior when k < 0 and k > 0 are considered.

Meanwhile, the Eckert number (arise from Joule heating) gives
no influence on the boundary layer separation and reduces the
heat transfer rate of the working fluid. From this study, it is

recommended for the cooling/heating industries to enhance
the heat transfer operation by inserting a small scale of suction
and magnetic field effects.
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