
Alexandria Engineering Journal (2022) 61, 3323–3333
HO ST E D  BY

Alexandria University

Alexandria Engineering Journal

www.elsevier.com/locate/aej
www.sciencedirect.com
MHD mixed convection flow of a hybrid nanofluid

past a permeable vertical flat plate with thermal

radiation effect
* Corresponding author.

E-mail address: popm.ioan@yahoo.co.uk (I. Pop).

Peer review under responsibility of Faculty of Engineering, Alexandria

University.

https://doi.org/10.1016/j.aej.2021.08.059
1110-0168 � 2021 THE AUTHORS. Published by Elsevier BV on behalf of Faculty of Engineering, Alexandria University.
This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
Nur Syahirah Wahid a, Norihan Md Arifin a,b, Najiyah Safwa Khashi’ie c, Ioan Pop d,*,

Norfifah Bachok a,b, Mohd Ezad Hafidz Hafidzuddin e
aDepartment of Mathematics, Faculty of Science, Universiti Putra Malaysia, 43400 UPM Serdang, Selangor, Malaysia
b Institute for Mathematical Research, Universiti Putra Malaysia, 43400 UPM Serdang, Selangor, Malaysia
cFakulti Teknologi Kejuruteraan Mekanikal dan Pembuatan, Universiti Teknikal Malaysia Melaka, Hang Tuah Jaya, 76100
Durian Tunggal, Melaka, Malaysia
dDepartment of Mathematics, Babes�-Bolyai University, R-400084 Cluj-Napoca, Romania
eCentre of Foundation Studies for Agricultural Science, Universiti Putra Malaysia, 43400 UPM Serdang, Selangor, Malaysia
Received 23 June 2021; revised 25 July 2021; accepted 20 August 2021
Available online 03 September 2021
KEYWORDS

Mixed convection;

Hybrid nanofluid;

Vertical flat plate;

Radiation;

Stability analysis
Abstract The magnetohydrodynamic (MHD) radiative flow of a hybrid alumina-copper/water

nanofluid past a permeable vertical plate with mixed convection is the focal interest in this present

work. Dissimilar to the traditional nanofluid model that considers only one type of nanoparticles,

we consider the hybridization of two types of nanoparticles in this work which are alumina and cop-

per. The governing flow and heat transfer equations are simplified to the ordinary differential equa-

tions (ODEs) with the adaptation of conventional similarity transformations which are then

evaluated by the bvp4c solver (MATLAB) to generate the numerical solutions. The solutions are

generated and illustrated in the form of graph to be easily observed. Although dual solutions are

obtained in this study, only one solution is determined to be stable. By reducing the concentration

volume of copper and increasing the magnetic and radiation parameters, the boundary layer sepa-

ration can be hindered. With the occurrence of opposing flow due to the mixed convection param-

eter, the heat transfer can be enhanced when the concentration volume of copper is being reduced

and when the magnetic and radiation parameters are being proliferated.
� 2021 THE AUTHORS. Published by Elsevier BV on behalf of Faculty of Engineering, Alexandria

University. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/

licenses/by-nc-nd/4.0/).
1. Introduction

Traditional nanofluid is engineered by dispersing a kind of
nanoparticles in a base fluid [1]. This dispersion of nano-
sized particles is believed to augment the heat transfer effi-
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ciency of the transmitting fluid due to the special properties
carried by the nanoparticles. However, the dispersion of a sin-
gle type of nanoparticles is noticed to only possess limited ther-

mophysical properties. Therefore, the researchers have
established a novel generation of heat transfer fluid as the
extension towards nanofluid which is called as hybrid nano-

fluid. This generation of nanofluid is prepared with the
hybridization of dissimilar types of nanoparticles that are dis-
persed into the base fluid. Hybrid nanofluid is certainly having

an extra specialty in the context of thermophysical properties,
heat transfer performance, and stability due to the presence of
a dissimilar type of nanoparticles compared to the traditional
nanofluid that only possesses a single type of nanoparticles [2].

The promising influence of hybrid nanofluid have attracted
many manufacturers, developers, and engineers to imply this
type of heat transfer fluid towards various heat transfer appli-

cation such as in heat exchanger, biomedical, electronic, gener-
ator and transformer cooling, heat pipes and refrigeration
[3,4]. However, more extensive research needs to be done on

this kind of heat transfer fluid so that its thermophysical and
hydrodynamic properties towards a specific application can
be fully understood and utilized before commercializing on a

wide scale. We have seen many researchers have conducted
numerous investigations on hybrid nanofluid either by using
the experimental or numerical approach. There are two ther-
mophysical correlations of hybrid nanofluid that have been

commonly employed by the researchers in the numerical inves-
tigations which are those that have been suggested by Devi and
Devi [5,6] (Type I) and the other one is suggested by Takabi

and Salehi [7] (Type II). See also the following for the recent
studies [8–20] for Type I, and [21–25] for Type II.

Moreover, a physical phenomenon of the fluid flow that is

under the exertion of magnetic field is known as magnetohy-
drodynamic (MHD) effect. The resistive force called as Lor-
entz force will be intensely developed due to the presence of

MHD effect in the electrically conducting fluid (e.g., salt water,
liquid metals, electrolytes, and plasmas) which causes the fluid
flow to be decelerated, meanwhile the temperature and the
concentration of the fluid will be magnified. Therefore, the

transition of the flow from laminar to turbulent state can be
delayed by controlling this effect. Many researchers have
applied this effect in their studies, for instance, Das et al.

[26] included MHD effect in their analysis of hybrid nanofluid
flow in porous channel and reported that the fluid temperature
is enhanced due to the presence of MHD. Wahid et al. [27] also

noted the same influence of MHD towards the temperature
profile in their analytical investigation. Several other studies
that consider magnetic/MHD effect in their investigation can
be seen in the following literature, [28–32].

Moreover, the investigation towards the mixed convection
flow in various kind of fluid also becomes a significant consid-
eration among the researchers because of its myriad implemen-

tations in technology and industry, such as in electronic
devices, nuclear reactors, and pipeline transport. Mixed con-
vection is the combination of free convection and forced con-

vection. Generally, convection is the process of heat transfer
related to the motion of fluid from the hotter material to the
colder material. Additionally, free convection is a mixing

motion that is due to the difference in density, meanwhile,
forced convection is a mixing motion generated by an external
source. Thus, mixed convection is the combination of these
two processes. Interesting studies regarding the free and forced
convection flow have been extensively elucidated by Ghalam-
baz et al. [33–35] and Ho et al. [36] towards the new generation

of hybrid nanofluid which is by using the Nano-Encapsulated
Phase Change Materials (NEPCMs) to enhance the heat trans-
fer performance.

The implementation of mixed convection towards the
hybrid nanofluid flow model has currently become one of the
interest investigations among the researchers due to the real-

ization of their essentiality in a real-world application. Waini
et al. [37] found out that the velocity distribution is decelerat-
ing when the mixed convection parameter is reducing in their
investigation of hybrid nanofluid flow in a porous medium

of a vertical surface. The same pattern of velocity profile also
has been obtained by Rostami et al. [38] and Khashi’ie et al.
[39] due to the mixed convection effect in their particular

study. Most of the investigations regarding the mixed convec-
tion flow of hybrid nanofluid have reported that the presence
of multiple solutions is due to the opposing flow of mixed con-

vection, and the occurrence of the boundary layer separation
happens at the opposing flow region [40–47].

With the contemplation on the previous literature and the

limitation of findings in this research area, we are inspired to
conduct the numerical investigation on the MHD radiative
flow of a hybrid nanofluid past a permeable vertical plate with
mixed convection. The correlation of hybrid nanofluid sug-

gested by Takabi and Salehi [7] is implemented. We aim to dis-
cover the numerical solutions and identify the practical
solution for the present problem, which hopefully provide a

significant contribution towards the development of hybrid
nanofluid and benefit other researchers with our final findings.

2. Mathematical model

The steady MHD mixed convection boundary layer flow of a
water-based hybrid nanofluid over a vertical flat plate is con-

sidered. The physical representation of the model can be seen
in Fig. 1, with the following descriptions:

� x-axis is parallel to the surface of the plate and y-axis is nor-
mal to it with the flow is at y P 0.

� u and v are the velocity components of the fluid along x and
y axes, respectively.

� We take Tw xð Þ ¼ T1 þ T 0 x=Lð Þ such that T w xð Þ is the sur-
face temperature while T1 is the ambient temperature.

� T 0 is a characteristic temperature with T 0 > 0 is for assisting

flow and T 0 < 0 is for opposing flow, respectively, and

hf ðxÞ ¼ h
�
f ðx=LÞ�1=2

is the heat transfer coefficient.

� The mass flux velocity is vw xð Þ with vw xð Þ < 0 for suction
and vw xð Þ > 0 for injection.

� A variable magnetic field is B xð Þ ¼ B0 x=Lð Þ�1
where B0 is

the magnetic strength employed to the plate along the y
direction and L is the plate length.

� The radiation term qr is applied.

According to the descriptions above, the governing bound-
ary layer equations of the present hybrid nanofluid model can

be formulated as (Krishna et al. [48]; Devi and Devi [6]):

@u

@x
þ @v

@y
¼ 0 ð1Þ



Fig. 1 Model illustration.
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u
@u

@x
þ v

@u

@y
¼ lhnf

qhnf

@2u

@y2
� rhnfB

2
0

qhnf

uþ bhnf T� T1ð Þg ð2Þ

u
@T

@x
þ v

@T

@y
¼ khnf

qCp

� �
hnf

@2T

@y2
� 1

qCp

� �
hnf

@qr
@y

ð3Þ

conditioned to

v ¼ vw xð Þ; u ¼ 0; �khnf
@T

@y
¼ hf Tw � Tð Þat y ¼ 0 ð4Þ

u ! 0; T ! T1 as y ! 1
As the radiation effect is implemented in the present model,

the radiative heat flux qr is equated as according to Rosseland

[49] approximation (see also [50,51]):

qr ¼ � 4r�

3k�
@T4

@y
ð5Þ

such that k� and r� denote the mean absorption coefficient
and the Stefan-Boltzmann constant, respectively. Adapting the

Taylor series and disregarding the higher-order terms, T4 is

expanded about T1 to obtain T4 � 4T3
1T� 3T4

1. Now, the

energy equation can be formulated as

u
@T

@x
þ v

@T

@y
¼ 1

qCp

� �
hnf

khnf þ 16r�T3
1

3k�

� �
@2T

@y2
ð6Þ

Further, lhnf is the dynamic viscosity, qhnf is the density, khnf

is the thermal conductivity, qCp

� �
hnf

is the heat capacity of the

hybrid nanofluid and rhnf is the electrical conductivity, and bhnf

is the thermal expansion of hybrid nanofluid that can be spec-
ified as [7]:

lhnf ¼ lf 1� /Al2O3
� /Cu

� ��2:5
;where /hnf

¼ /Al2O3
þ /Cu; ð7Þ

qhnf ¼ /Al2O3
qAl2O3

þ /CuqCu þ 1� /hnf

� �
qf;
qCp

� �
hnf

¼ /Al2O3
qCp

� �
Al2O3

þ /Cu qCp

� �
Cu

þ 1� /hnf

� �
qCp

� �
f
;

khnf
kf

¼ /Al2O3
kAl2O3

þ/CukCu

/hnf

� �
þ 2kf þ 2 /Al2O3

kAl2O3
þ /CukCu

� �� 2/hnfkf

h i
� /Al2O3

kAl2O3
þ/CukCu

/hnf

� �
þ 2kf � /Al2O3

kAl2O3
þ /CukCu

� �þ /hnfkf

h i�1

;

rhnf
rf

¼ /Al2O3
rAl2O3

þ/CurCu
/hnf

� �
þ 2rf þ 2 /Al2O3

rAl2O3
þ /CurCu

� �� 2/hnfrf

h i
� /Al2O3

rAl2O3
þ/CurCu

/hnf

� �
þ 2rf � /Al2O3

rAl2O3
þ /CurCu

� �þ /hnfrf

h i�1

bhnf ¼
1

qhnf

/Al2O3
qAl2O3

bAl2O3
þ /CuqCubCu þ 1� /hnf

� �
qfbf

� �
These correlations are established in regards to the physical

assumptions that are well agreed with the mass and energy

conservations. The nanoparticle concentration volume param-
eter is symbolized as / (/ ¼ 0 is a regular fluid, /Al2O3

¼ /1 is

for alumina nanoparticle and /Cu ¼ /2 is for copper nanopar-

ticle), q is the density, k is the thermal conductivity, qCp

� �
is the

heat capacity, Cp is the specific heat with fixed pressure, r is the

electrical conductivity and b is the thermal expansion where
the subscript of hnf; f; Al2O3 and Cu are referred to the hybrid
nanofluid, base fluid, alumina nanoparticle, and copper

nanoparticle, respectively. The thermophysical properties of
the component in hybrid nanofluids are displayed in Table 1.

To simplify the governing equations, the following similar-

ity variables are introduced towards the model [48,53,54]:

u ¼ U0f
0 gð Þ; v ¼ � 1

2x

ffiffiffiffiffiffiffiffiffiffiffiffi
xvfU0

p
f gð Þ � gf0 gð Þ½ �;

h gð Þ ¼ T� T1ð Þ
Tw � T1ð Þ ; g ¼ y

ffiffiffiffiffiffiffi
U0

xvf

s
ð8Þ

such that vw xð Þ can be expressed as

vw xð Þ ¼ � 1

2x

ffiffiffiffiffiffiffiffiffiffiffiffi
xU0vf

p
S ð9Þ



Table 1 Thermophysical properties (Oztop and Abu-Nada [52], Devi and Devi [5]).

Properties Water Alumina Copper

q kg=m3
� �

997.1 3970 8933

Cp J=kgKð Þ 4179 765 385

k W=mKð Þ 0.613 40 400

r S=mð Þ 5.5 � 10-6 35 � 106 59.6 � 106

b 1=Kð Þ 21 � 10-5 0.85 � 10-5 1.67 � 10-5

Pr 6.2
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where the primes denote the differentiation of f and h that
regards to g, also U0 is a velocity characteristic and S is the
constant mass flux velocity with S > 0 for suction and S < 0
for injection, accordingly.

Using Eq. (8), Eqs. (2) and (6) are remodeled into the sys-
tem of ODEs:

lhnf=lf

qhnf=qf

f000 þ 1

2
ff00 � rhnf=rf

qhnf=qf

Mf0 þ bhnf

bf

kh ¼ 0 ð10Þ

1

Pr

qCp

� �
f

qCp

� �
hnf

khnf
kf

þ 4

3
Rd

� �
h00 þ 1

2
fh0 � f0h ¼ 0 ð11Þ

together with the boundary conditions

f 0ð Þ ¼ S; f0 0ð Þ ¼ 0; � khnf
kf
h0 0ð Þ ¼ Bi 1� h 0ð Þð Þ

f0 1ð Þ ! 0; h 1ð Þ ! 0
ð12Þ

Here, Pr is the Prandtl number, Rd is radiation parameter,
Bi is the Biot number, M is the magnetic parameter, and k is

the mixed convection parameter where k > 0 refers to the
assisting flow, k < 0 is for opposing flow, and k ¼ 0 is the
forced convection flow. These parameters can be specifically

expressed as

Pr ¼
vqCp

� �
f

kf
; Rd ¼ 4r�T3

1
k�kf

; Bi ¼ h
�
f

kf

ffiffiffiffiffiffiffi
vfL

U0

r
; M ¼ xrfB

2
0

qfU0

;

k ¼ Grx

Re2x
ð13Þ

where Rex ¼ U0x=vf is the local Reynolds number and

Grx ¼ gbf Tw � T1ð Þx3=v2f is the local Grashof number.

The physical quantities of interest which are the skin fric-

tion coefficient Cf and the local Nusselt number Nux are writ-

ten as

Cf ¼
lhnf

qfU
2
0

@u

@y

� �
y¼0

; Nux

¼ � xkhnf

kf Tw � T1ð Þ
@T

@y

� �
y¼0

þ x

kf Tw � T1ð Þ qrð Þy¼0 ð14Þ

Implementing Eq. (8), Eq. (14) is simplified into

Re1=2x Cf ¼
lhnf

lf

f00 0ð Þ; Re�1=2
x Nux ¼ � khnf

kf
þ 4

3
Rd

� �
h0 0ð Þ ð15Þ
3. Stability analysis

The nature of the system in Eqs. (10) and (11) connote that for

a specific range of the mixed convection parameter k, more
than one numerical solution can be revealed. Ergo, the analysis
of stability is needed to identify which of the solution is stable

(see Merkin [55] and Weidman et al. [56]). With that being
said, the introduction of new similarity variables for the trans-
formation are required, which are specified as

u ¼ U0
@f
@g g; sð Þ; v ¼ � 1

2x

ffiffiffiffiffiffiffiffiffiffiffiffi
xvfU0

p
f g; sð Þ � g @f

@g g; sð Þ
h i

;

h g; sð Þ ¼ T�T1ð Þ
Tw�T1ð Þ ; g ¼ y

ffiffiffiffiffi
U0

xvf

q
; s ¼ U0t

x

ð16Þ

where s is the dimensionless time variable and t is time. Substi-
tute Eq. (16) into Eqs. (2) and (6) that are set to be unsteady,
the subsequent equations can be attained

lhnf=lf

qhnf=qf

@3f

@g3
þ 1

2
f
@2f

@g2
� rhnf=rf

qhnf=qf

M
@f

@g
þ bhnf

bf

kh� @2f

@g@s
¼ 0 ð17Þ

1

Pr

qCp

� �
f

qCp

� �
hnf

khnf
kf

þ 4

3
Rd

� �
@2h
@g2

þ 1

2
f
@h
@g

� @f

@g
h� @h

@s
¼ 0 ð18Þ

alongside the boundary conditions

f 0; sð Þ ¼ S; @f
@g 0; sð Þ ¼ 0; � khnf

kf

@h
@g 0; sð Þ ¼ Bi 1� h 0; sð Þð Þ

@f
@g 1; sð Þ ! 0; h 1; sð Þ ! 0

ð19Þ
To test the steady flow stability f gð Þ ¼ f0 gð Þ and

h gð Þ ¼ h0 gð Þ fulfilling the boundary value problem Eqs. (10)–
(12), we implement the perturbed equations such that

f g; sð Þ ¼ f0 gð Þ þ e�csF gð Þ; ð20Þ

h g; sð Þ ¼ h0 gð Þ þ e�csG gð Þ;
where c is the eigenvalue parameter and functions F gð Þ and
G gð Þ are the small relative to f0 gð Þ and h0 gð Þ. Inserting Eq.
(20) into Eqs. (17)–(19), fixing s ! 0 and simplifying the equa-
tions, the following linearized eigenvalue problem is developed

lhnf=lf

qhnf=qf

F000 þ 1

2
f0F

00 þ Ff000
� �� rhnf=rf

qhnf=qf

MF0 þ bhnf

bf

kGþ cF0 ¼ 0

ð21Þ

1

Pr

qCp

� �
f

qCp

� �
hnf

khnf
kf

þ 4

3
Rd

� �
G00 þ 1

2
f0G

0 þ Fh00
� �

� f00Gþ F0h0
� �þ cG ¼ 0 ð22Þ

followed by the conditions

F 0ð Þ ¼ 0; F0 0ð Þ ¼ 0;
khnf
kf
G0 0ð Þ ¼ BiG 0ð Þ;

F0 1ð Þ ! 0; G 1ð Þ ! 0:
ð23Þ
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Before solving the linearized eigenvalue problem, the
boundary conditions that are specified in Eq. (23) need to be
adjusted. Harris et al. [57] suggested that one of the far-field

boundary condition needs to be relaxed and replaced (see also
Tadesse et al. [58], Tshivhi and Makinde [59]). So, in this
study, it is impossible to relax G 1ð Þ ! 0 because it will be

replaced with G0 0ð Þ ¼ 1 which somehow will affect the other
boundary conditions and affect the numerical solutions.

Hence, we chose F0 1ð Þ ! 0 to be relaxed and replaced with

F00 0ð Þ ¼ 1.
As solving Eqs. (21) and (22) together with the adjusted

boundary conditions, it is noticed that the solutions produce
an infinite set of eigenvalues c1 < c2 < c3:::, where c1 attributes
to the minimum eigenvalue. From this, the stability of the solu-

tion can be identified where, c1 > 0 indicates the solution to be
stable, whilst c1 < 0 indicates the solution to be unstable due
to the growth of the disturbance of the solution.

4. Numerical procedure and validation

The ODEs (see Eqs. (10)–(11)) with the boundary conditions

Eq. (12) are evaluated with the facilitation of a numerical sol-
ver known as bvp4c (MATLAB). This solver follows the finite
difference scheme programmed with three-stage Lobatto IIIa

formula which is a collocation formula that provides the
fourth-order accuracy. Before importing the model into the
solver, Eqs. (10)–(12) should be readjusted in the following
form of codes:

f ¼ yð1Þ; f0 ¼ yð2Þ; f00 ¼ yð3Þ; h ¼ yð4Þ; h0 ¼ yð5Þ ð24Þ

f000 ¼ 1
lhnf=lf
qhnf=qf

� 1
2
ff00 þ rhnf=rf

qhnf=qf
Mf0 � bhnf

bf
kh

� �

¼ 1
lhnf=lf
qhnf=qf

� 1
2
yð1Þyð3Þf00 þ rhnf=rf

qhnf=qf
Myð2Þ � bhnf

bf
kyð4Þ

� � ð25Þ

h00 ¼ 1

1
Pr

qCpð Þf
qCpð Þhnf

khnf
kf

þ4
3Rd

� � � 1
2
fh0 þ f0h

� �
¼ 1

1
Pr

qCpð Þf
qCpð Þhnf

khnf
kf

þ4
3Rd

� � � 1
2
yð1Þyð5Þ þ yð2Þyð4Þ� � ð26Þ

yað1Þ � S; yað2Þ; � khnf
kf

yað5Þ

� Bi 1� yað4Þð Þ; ybð2Þ; ybð4Þ ð27Þ
Here, ya and yb is the boundary conditions when g ¼ 0 and

g ! 1, respectively. The suitable boundary layer thickness,

the initial guesses, and the value of the parameter should be
set accordingly to execute the acceptable solution. The numer-
ical solution is found to be acceptable when there is no warn-

ing or error produced during the execution, and the far-field
boundary conditions are met. It is common to note that the
first (upper branch) solution is the stable solution when there
Table 2 Skin friction coefficient when M ¼ k ¼ 0 and /Al2O3
¼ /Cu

f00 0ð Þ
Present Mukhopadhyay and Chandra Mandal [54]

0.332057347 0.332058
exists more than one solution. In this case, stability analysis
should be conducted to validate the stability of the solution
as has been briefly explained in the previous section. Thus,

to solve and analyze the stability of the flow, Eqs. (21) and
(22) with the boundary conditions Eq. (23) that consider the
appropriate relaxation, should be modified to the following

form to be solved in the solver program:

F ¼ yð1Þ; F0 ¼ yð2Þ; F00 ¼ yð3Þ; G ¼ yð4Þ; G0 ¼ yð5Þ ð28Þ

f0 ¼ sð1Þ; f00 ¼ sð2Þ; f000 ¼ sð3Þ; h0 ¼ sð4Þ; h00 ¼ sð5Þ ð29Þ

F000 ¼ 1
lhnf=lf
qhnf=qf

� 1
2
f0F

00 þFf000
� �þ rhnf=rf

qhnf=qf
MF0 � bhnf

bf
kG� cF0

� �

¼ 1
lhnf=lf
qhnf=qf

� 1
2
sð1Þyð3Þþyð1Þsð3Þð Þþ rhnf=rf

qhnf=qf
Myð2Þ� bhnf

bf
kyð4Þ� cyð2Þ

� �
ð30Þ

G00 ¼ 1

1
Pr

qCpð Þf
qCpð Þhnf

khnf
kf

þ4
3Rd

� � � 1
2
f0G

0 þ Fh00
� �þ f00Gþ F0h0

� �� cG
� �

¼
Pr

qCpð Þhnf
qCpð Þf

khnf
kf

þ4
3Rd

� � � 1
2
sð1Þyð5Þ þ yð1Þsð5Þð Þ þ sð2Þyð4Þ þ yð2Þsð4Þð Þ � cyð4Þ� �

ð31Þ

yað1Þ � S; yað2Þ; khnf

kf
yað5Þ � Bi yað4Þ; yað3Þ � 1; ybð4Þ ð32Þ

For the validation, we make a comparison towards the val-

ues of f00 0ð Þ when M ¼ k ¼ 0 and /Al2O3 = /Cu � 0 with the
previous studies as can be seen in Table 2. The data are notice-

able to be well agreed and consequently validate the model for-
mulation, numerical computation, and the executed results.
Only for the validation and comparison purpose, it should

be noted here, this comparison is made when one of the far-

field boundary conditions is set to be f0 1ð Þ ! 1 which is

slightly different from the presented conditions provided ini-

tially in this study (the condition is set to be f0 1ð Þ ! 0). The
study presented by Mukhopadhyay and Chandra Mandal

[54], Bhattacharyya and Layek [53], as well as Howarth and
Bairstow [60], are the most comparable study that are available
for the validation purpose as a similar model is hard to be

found. However, this somehow also could confirm that the
model and results provided in this present study are still new
and original.

5. Results and discussion

To achieve the understanding towards the effect of various

parameters considered in the model such as the (copper) con-
centration volume /2, magnetic M, radiation Rd, Biot number
Bi and mixed convection parameter k towards the flow and

heat transfer properties; the skin friction coefficient Re1=2x Cf,

the local Nusselt number Re�1=2
x Nux as well as the velocity
� 0.

Bhattacharyya and Layek [53] Howarth and Bairstow [60]

0.332058 0.33206



Fig. 2 Re1=2x Cf against k with changing /2.

Fig. 3 Re�1=2
x Nux against k with changing /2.

Fig. 4 Re1=2x Cf against k with changing M.

Fig. 5 Re�1=2
x Nux against k with changing M.
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f0 gð Þ and temperature h gð Þ profiles are illustrated in the form of

graph (see Figs. 2-11). Several findings can be extracted
through the observation from the graphical illustration such
as (i) the relation between the effects and the physical quanti-

ties, (ii) the determination of parameters that affect the bound-
ary separation, and (iii) the factor that causes the dual
solutions to be visible. It should be mentioned here that we
have fixed the concentration volume for alumina (/1) to be

1% throughout the study, meanwhile, the concentration vol-
ume for copper (/2) is set to be varied between 0.1% until
1%. For future reference, we also provide the numerical

solutions for Re1=2x Cf and Re�1=2
x Nux in data tabulation as in

Tables 3 and 4.
Figs. 2 and 3 display the variation of Re1=2x Cf and Re�1=2
x Nux

against k with the changing /2, respectively. The critical point
is seen to be visible at the opposing flow k < 0ð Þ of the mixed

convection parameter which indicates that this parameter
causes the dual solutions to be established. Besides, the bound-
ary layer separation can be impeded with the decrement of /2.

This critical point is the indicator point for the separation of
the boundary layer from laminar to turbulent flow. From
Fig. 2, it is observable that the incrementation of /2 can reduce

the value of Re1=2x Cf for the first solution. However, for the sec-

ond solution, there is inconsistent behavior of Re1=2x Cf for

changing /2 as the value of k is moving. The value of

Re1=2x Cf is also seen to increase as the value of k increase.



Fig. 6 Re1=2x Cf against k with changing Rd.

Fig. 7 Re�1=2
x Nux against k with changing Rd.

Fig. 8 Re1=2x Cf against k with changing S.

Fig. 9 f0 gð Þ with changing Bi.
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Meanwhile, from Fig. 3, the incrementation of /2 for the first

solution able to reduce Re�1=2
x Nux and the same pattern is also

seen for the second solution.

Figs. 4 and 5 depict the variation of Re1=2x Cf and Re�1=2
x Nux

against k with the changing M, respectively. The critical point

is also noticed to be located at k < 0. The proliferation of M
helps to slow down the separation of the boundary layer and

the incrementation of M causes an enhancement for Re1=2x Cf

at k < 0, and reduction for Re1=2x Cf at k > 0, for the first solu-

tion. Meanwhile, for the second solution, the increment of M

also reduces the value of Re1=2x Cf for both opposing and assist-
ing flow of mixed convection. Besides, the value of Re�1=2
x Nux

can be increased when M is augmented for the first solution
and otherwise for the other solution.

Moreover, Figs. 6 and 7 reveal the variation of Re1=2x Cf and

Re�1=2
x Nux against k with the changing Rd, respectively. The

enhancement of Rd aids in hindering the separation of the
boundary layer, whilst the critical point that becomes the start-

ing point of the flow separation eventuates at k < 0. Similar to
the previous figure, the augmentation of Rd increases the value

of Re1=2x Cf when k < 0, and decreases the value of Re1=2x Cf

when k > 0, for the first solution. A similar manner is also
observable for the second solution. Meanwhile, the incremen-



Fig. 10 h gð Þ with changing Bi.

Fig. 11 f0 gð Þ with changing Rd.

Table 3 Tabulation Re1=2x Cf when Bi ¼ 1, S ¼ 2:5, Pr ¼ 6:2 and k ¼
/1 /2 M Rd

0 0 0.1 1.0

0.01 0.001

0.005

0.010
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tation of Rd increases the value of Re�1=2
x Nux for both first and

second solutions.

Fig. 8 displays the variation of Re1=2x Cf against k with the

changing S, in which for injection S < 0ð Þ and impermeable
S ¼ 0ð Þ plate. Unlike for the case of suction S > 0ð Þ, in this
case of injection and impermeable plate, the variation of

Re1=2x Cf is seen to only feasible when k > 0. However, fortu-

nately, dual solutions are still visible within this range because

of the opposing flow provided by injection, but no critical
value is found. According to the figure too, the intensification
of S (reduction of injection from �0.05 to 0) is noted to

decrease the value of Re1=2x Cf, where the incrementation of

3% of S can reduce the skin friction by approximately

0.016–0.045% within 0 < k < 1ð Þ. Nonetheless, Re1=2x Cf ¼ 0

when k ¼ 0 regardless the value of S.

Figs. 9-12 exemplify the velocity and temperature profiles
for changing Bi and Rd when k ¼ �1. The effect of Bi and
Rd will not affect the velocity profile if k ¼ 0 and only just

affect the temperature profile. As can be observed from the fig-
ures, the increment of Bi for the first solution causes the veloc-
ity profile to deplete and causes the temperature profile to

increase. Nevertheless, the opposite manner has occurred for
the first solution of Rd when compared to the pattern of Bi.
Physically, as more Rd is considered, more heat also is radiated
towards the model which then causes the temperature to

increase.
As dual solutions are observed to be visible in the findings,

we also have conducted the stability analysis to determine the

practicality of the solution. From the analysis, it can be sum-
marized that only the first solution is considered as the stable
and practical solution for the guidance in the real application.

This claim is supported through the tabulation and graphical
representation as can be seen in Table 5 and Fig. 13, where
the solution is noted to be stable when the executed minimum
eigenvalues are positive and otherwise for the non-stable solu-

tion. From Fig. 13 also, we can note that as k goes towards its
critical value, then the smallest eigenvalue will tend to zero,
which is true to verify the results obtained through the stability

analysis and validates the claim that the first solution is stable.

6. Conclusion

MHD radiative flow of a hybrid nanofluid past a permeable
vertical flat plate with mixed convection has been successfully
scrutinized with the facilitation of bvp4c solver. The dual solu-

tions are achievable due to the opposing flow of the mixed con-
vection parameter with the combination of appropriate
�1.

Re1=2x Cf

First solution Second solution

�0.068592722 �0.946637258

�0.068313307 �0.976577448

�0.068335402 �1.005161920

�0.068366703 �1.040991185



Table 4 Tabulation Re�1=2
x Nux when Bi ¼ 1, S ¼ 2:5, Pr ¼ 6:2 and k ¼ �1.

/1 /2 M Rd Re�1=2
x Nux

First solution Second solution

0 0 0.1 1.0 1.792270390 1.209004905

0.01 0.001 1.766220882 1.167873050

0.005 1.756660336 1.142322221

0.010 1.745156143 1.110804812

Fig. 12 h gð Þ with changing Rd.

Table 5 Variation of minimum eigenvalue c1 for selected k
when M ¼ 0:1, Bi ¼ Rd ¼ 1, S ¼ 0:5 and /Al2O3

¼ 0:01.

k c1

First solution Second solution

�1.6040 0.00052 �0.00085

�1.6020 0.00370 �0.00365

�1.6000 0.00659 �0.00651

�1.5000 0.04094 �0.03462

Fig. 13 c1 against k.
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amount of the other parameters. The first solution presented in
this study is the stable solution and otherwise for another solu-
tion. In this work, the incrementation of concentration volume

of copper is noted to accelerate the boundary layer separation
and reduce the physical quantities of interest. The mixed con-
vection parameter is overall enhancing the skin friction and the

heat transfer rate specifically for the realizable solution. The
numerical solutions presented in this study can be further used
as a reference and guidance to authenticate the validity of
numerical solutions from other related mixed convection

problems.
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