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Abstract The bidirectional flow and thermal transfer of magnetohydrodynamics (MHD) and

radiative nanofluid (magnetite-vacuum pump oil) due to a nonlinear shrinking surface in a three

dimensional system is studied. The boundary layer model is first transformed into a set of ordinary

differential equations using the similarity transformations, and then solved using the bvp4c solver.

The accuracy of the present model is justified by comparing present data with the numerical values

from the published findings. The effect of factors (magnetic parameter, radiation parameter and

nanoparticles volumetric concentration) on the development of responses (skin friction coefficient

and thermal rate) and critical value (separation value from laminar to turbulent flow) is observed

through the graphical presentation. In addition, two solutions are attained where the first solution

is affirmed as the reliable solution through stability analysis. Conclusively, the suction effect is nec-

essary in generating the solutions under the phenomenon of opposing shrinking flow. The addition

of magnetic parameter and nanoparticles concentration can enhance both responses as well as the

critical value while the radiation parameter tends to reduce the heat transfer coefficient. The types

of stretching/shrinking velocity (linear/nonlinear) also affect the heat transfer rate. The critical

value can be extended by using the linear velocity, but, for thermal enhancement, the nonlinear

form of velocity can significantly develop the thermal rate better than the linear shrinking surface.
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University. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/
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1. Introduction

Heat transfer improvement has drawn the attention of numer-
ous academic and industrial researchers for many years. Due

to its numerous practical applications in chemical processes
and modern manufacturing like solar physics, metallurgy, cos-
mic fluid dynamics, geophysics, earth’s core motion, the poly-

mer industry, etc., magnetohydrodynamic (MHD) effects have
attracted considerable attention from researchers over the past
few decades. The magnetohydrodynamic effects have been
used in a sizable number of studies for their investigation.

The influence of MHD on heat transfer in a vertical permeable
plate has been studied, as well as flows in stagnation point
flows with magnetohydrodynamic and slip effect. A similar

effect of magnetohydrodynamic for the case of nonlinear
extending sheet with the addition of viscous dissipation effect
has also been studied. The induced flow across a surface that

is extending or contracting is a very well-known problem in
fluid mechanics. It usually occurs during the the extrusion of
polymer sheets from dies, the fabrication of paper and glass

fibre, the cooling of metallic plates in a bath, and many other
processes. Researchers have become interested in this flow
problem with heat transfer because it has applications in poly-
mer processing technology. Both of the stretching and cooling

speeds have an impact on the final product’s quality in the
industrial setting. There is a sizable body of literature on this
subject.

Maxwell [1] took the initiative to work on improving the
fluid’s thermal conductivity. However, there were just a few
problems with fluid stability and rheology [2]. The heat trans-

fer fluid was enhanced by Choi and Eastman [3] by scattering
the nanoparticles. Since then, much research and explanations
have been made about the stability, thermal conductivity, and

synthesis of nanofluids [4–8]. The most common nanoparticles
fall into the following categories: metal oxides (i.e ferric oxide/
Fe2O3, aluminium oxide/Al2O3), metals (i.e silver/Ag, copper/
Cu, nickel/Ni), carbon materials, metal carbide and metal

nitride. On the other hand, the basic fluids which frequently
utilized to create nanofluids are often water, ethylene glycol,
and engine oil. Ferrofluids, or magnetic nanofluids, are ion-

based nanoparticles like magnetite (Fe3O4), cobalt ferrite
(CoFe2O4), hematite (Fe2O3) and manganese-zinc ferrite
(Mn-ZnFe2O4). Ferrofluid has a potential uses in the biomed-

ical field, including drug administration, cancer treatment, and
MRI [9,10]. The applications of magnetic nanofluids were dis-
cussed by Bahiraei and Hangi [11] specifically in thermal man-
agement systems. The magnetic characteristics of soft ferrite

like Mn-ZnFe2O4 in applications related to high frequency
transformer were highlighted by Petrescu et al. [12].

In industrial processes like the fabrication of glass fibre, the

extrusion of polymers, and crystal growth, this kind of study
reveals an upward trend and enduring needs due to its impor-
tance [13–15]. There are two well-known models which are

often used by researchers to forecast how nanofluids will flow
(see two phase model/Buongiorno [16] and single phase model/
Tiwari and Das [17]). Jusoh et al. [18] studied three different

base fluids; water, kerosene, and methanol while Ahmed
et al. [19] examined the MNFs flow towards a wedge using
Mn-ZnFe2O4-H2O (manganese-zinc ferrite-water) and CoFe2-
O4-H2O (cobalt ferrite-water) nanofluids. The magnetite nano-

fluid motion with homogeneous-heterogeneous reactions was
studied by Hayat et al [20]. The stagnation point flow of a
magnetite-water towards a stretched sheet was analyzed by
Mohamed et al. [21] in relation to the effects of MHD, slip

effect and Newtonian heating. Using magnetite and SWCNT
nanoparticles, Areekara et al. [22] highlighted the combined
impacts of stratification, chemical reaction, viscous dissipation

and generated magnetic field for the stagnation point flow of
nanofluid. Very recent, Khashi’ie et al. [23] discussed the com-
parative analysis between manganese-zinc-water, cobalt

ferrite-water, magnetite-water flow over a shrinking sheet with
few physical effects. They revealed that the manganese-zinc-
water has the largest thermal coefficient. They also found the
significance of Fe3O4-water in the expansion of critical value

better than other tested MNFs. Many intriguing articles about
the heat transfer and movement of nanofluids in two and three
dimensional system (boundary layer flow) can be found here

[24–35] as well as in Khan [36,37], Lanjwani et al. [38,39]
and Khan et al. [40]. It is worth mentioning that many refer-
ences on nanofluids can be found in the books by Das et al.

[41], Nield and Bejan [42], Shenoy et al. [43] and Merkin
et al. [44].

Therefore, being motivated by the difference behaviours of

nanofluids thermal progress and flow under different circum-
stances, this study will analyse the three-dimensional, bidirec-
tional flow and thermal characteristics of radiated magnetic
nanofluid (magnetite) with vacuum pump oil as the base fluid

over a shrinking surface. Three issues about the flow and heat
transfer characteristics of the nanofluids are raised:

� Is the non-unique solutions for the magnetite-VPO bidirec-
tional flow under the simultaneous effects of shrinking sur-
face, MHD and radiation can be generated if no suction is

imposed?
� Does the increasing values of magnetic parameter, thermal
radiation and nanoparticles concentration significantly

affect the flow, heat transfer and boundary layer
separation?

� Which case of the shrinking surface (linear/nonlinear)
extends the separation value and produce the highest ther-

mal rate?

The research questions listed above will be addressed by the

findings in Section 5. In the procedure, the governing model is
simplified using the similarity transformation approach, and
the numerical calculation is handled by the bvp4c solver.

The authors are affirm that the current work can have a sub-
stantial influence and provide other researchers with sugges-
tions for choosing an appropriate host fluid and physical
parameter for the thermal and flow advancement in contempo-

rary industry.

2. Mathematical formulation

The MHD three-dimensional bidirectional nanofluid (ferro
(Fe3O4Þ� vacuum pump oil (VPOÞ) motion over a nonlinear
shrinking sheet is considered, as shown in Fig. 1, where the

flow occupies the domain z � 0. It is assumed that the shrink-
ing velocities in the x; yð Þ � directions are Uw x; yð Þ ¼ uw x; yð Þ
k ¼ aðxþ yÞnk and Vw x; yð Þ ¼ vw x; yð Þk ¼ aðxþ yÞnk, where

a > 0 and n is the nonlinear parameter where n > 1 denotes
the nonlinear shrinking velocity and n ¼ 1 implies the linear



Fig. 1 The physical model.

Table 1 Correlations of a general nanofluid.

Properties Correlations

Thermal conductivity
knf ¼ ksþ2kf�2/ kf�ksð Þ

ksþ2kfþ/ kf�ksð Þ kf
Electrical conductivity rnf ¼ 1þ 3 r�1ð Þ/

rþ2ð Þ� r�1ð Þ/
h i

rf; r ¼ rs
rf

Heat capacity qCp

� �
nf
¼ 1� /ð Þ qCp

� �
f
þ / qCp

� �
s

Density qnf ¼ 1� /ð Þqf þ /qs
Dynamic viscosity lnf ¼ 1

1�/ð Þ2:5 lf
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case : Further, k < 0 is the constant shrinking parameter and
ww is the mass flux velocity with wwðx; yÞ < 0 for suction.

The variable magnetic field B ¼ B0ðxþ yÞðn�1Þ=2
is applied in

the direction of z� axis, with B0 being the constant strength
magnetic, and the heat radiation effect qr are considered in
the current analysis. It is also assumed that the viscous dissipa-

tion and Joule heating are ignored. The constant temperature
of the surface is Tw; while T1 represents the free stream tem-
perature. For the magnetic field expression, the electric field

is excluded by considering that no voltage is applied to the
fluid motion. Hence, the current density vector J is given by
(see Shercliff [45])

J ¼ rnfðV� BÞ � B ð1Þ
where J ¼ ðJx; Jy; JzÞ and the magnetic induction is

Bð0; 0;B0Þ. So, J is, in components form, given by (see Shercliff
[45])

Jx ¼ �rnfB
2u; Jy ¼ �rnfB

2v ð2Þ
Under these assumptions, the suitable model of nanofluid

can be written as (see Jusoh et al. [18], Khashi’ie et al. [23],
Ramzan et al. [29]):

@u

@x
þ @v

@y
þ @w

@z
¼ 0; ð3Þ

u
@u

@x
þ v

@u

@y
þ w

@u

@z
¼ lnf

qnf

@2u

@z2
� rnfB

2

qnf

u; ð4Þ

u
@v

@x
þ v

@v

@y
þ w

@v

@z
¼ lnf

qnf

@2v

@z2
� rnfB

2

qnf

v; ð5Þ

u
@T

@x
þ v

@T

@y
þ w

@T

@z
¼ knf

qCp

� �
nf

@2T

@z2
� 1

qCp

� �
nf

@qr
@z

; ð6Þ

subject to the boundary conditions (see Ramzan et al. [29])
u x; y; 0ð Þ ¼ kuw x; yð Þ ¼ ka xþ yð Þn; v x; y; 0ð Þ ¼ kuw x; yð Þ ¼ ka xþ yð Þn;
w x; y; 0ð Þ ¼ ww; T x; y; 0ð Þ ¼ Tw;

�
ð7Þ

u x; y; zð Þ ! 0; v x; y; zð Þ ! 0; T x; y; zð Þ ! T1 as z ! 1 ð8Þ
Here ðu; v;wÞ are the velocity components of the nanofluid

along ðx; y; zÞ axis and T is the temperatures of the nanofluid.
Further, lnf is the dynamic viscosity, qnf is the density, knf is the

thermal conductivity, ðqCpÞnf is the heat capacity and rnf is the

electrical conductivity of the nanofluid, which are given by (see
Table 1).

where / is the volume fraction of nanofluid with / ¼ 0 cor-
responding to a regular fluid, lf is dynamic viscosity, qf and qs

are densities, kfandks are thermal diffusivities, ðqCpÞf and

ðqCpÞs are the heat capacities of the base fluid and nanoparti-

cles, r is the effective electrical conductivity and Cp is the heat

capacity at a constant pressure. Meanwhile, the properties for
the present base fluid and nanoparticle are provided in Table 2
(see Ramzan et al. [29]).

In Table 2, R is the electrical resistance of a sample of mate-
rial of length L and uniform cross- sectional area S. For the
thermal radiation approximation based on Cortell [46], the

radiative heat flux qr is



Table 2 Properties of vacuum pump oil (VPO) and magnetite

nanoparticle.

Properties Magnetite Vacuum pump oil (VPO)

q kg=m3
� �

5180 870

Cp J=kgKð Þ 670 2320

k W=mKð Þ 80 0.13

l kg=m3
� �

10-6 93.1

r L=RSð Þ 2.99 � 10-3 56.6
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qr ¼ � 4r�

3k�
@T4

@y
: ð9Þ

Following Rosseland [47], the term T4 in Eq. (9) is simpli-

fied to T4 � 4 T3
1T� 3T4

1 and simultaneously transform

Eq. (6) into

u
@T

@x
þ v

@T

@y
þ w

@T

@z
¼ 1

ðqCpÞnf
knf þ 16r�T3

1
3k�

� �
@2T

@z2
: ð10Þ

As in Ramzan et al. [29], it is suitable to introduce the fol-
lowing similarity variables

u ¼ aðxþ yÞnf0ðgÞ;w ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffi
nþ1
2
amf

q
ðxþ yÞn�1

2 ½fðgÞ þ gðgÞ þ n�1
nþ1

gðf0ðgÞ þ g0ðgÞÞ�;
v ¼ bðxþ yÞng0ðgÞ; g ¼

ffiffiffiffiffiffiffiffiffiffi
nþ1
2

a
mf

q
ðxþ yÞn�1

2 z; hðgÞ ¼ T�T1
Tw�T1

:

1
CA

ð11Þ

Thus, the mass flow velocity for the permeable surface is
formulated as

ww ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

nþ 1
amf

r
xþ yð Þn�1

2 S; ð12Þ

where S ¼ g 0ð Þ; f 0ð Þ ¼ 0 is the constant mass flux velocity
with S > 0 for suction and S < 0 for injection, respectively.

Substituting (11) into Eqs. (3) to (6), we obtain the following
ordinary (similarity) differential equations (see Khashi’ie
et al. [23,26], Ramzan et al. [29])

lnf=lf

qnf=qf

 !
f000 þ fþ gð Þf00 � 2n

nþ 1
f0 þ g0ð Þf0 � 2n

nþ 1

rnf=rf

qnf=qf

Mf0 ¼ 0

ð13Þ

lnf=lf

qnf=qf

 !
g000 þ fþ gð Þg00 � 2n

nþ 1
f0 þ g0ð Þg0 � 2n

nþ 1

rnf=rf

qnf=qf

Mg0 ¼ 0

ð14Þ

1

Pr qCp

� �
nf
= qCp

� �
f

� 	 knf
kf

þ 4

3
R


 �
h00 þ fþ gð Þh0 ¼ 0; ð15Þ

subject to the boundary conditions:

f 0ð Þ ¼ S; g 0ð Þ ¼ 0; f0 0ð Þ ¼ g0 0ð Þ ¼ k; h 0ð Þ ¼ 1;

f0 gð Þ ! 0; g0 gð Þ ! 0; h gð Þ ! 0; as g ! 1 ð16Þ

where, Pr ¼ Cpl
� �

f
=kf is the Prandtl number,

M ¼ rfB
2
0=aqf is the magnetic parameter and

R ¼ 4r� T3
1=kfk

� is the radiation parameter. In addition, the
quantities of the practical interest are the skin friction coeffi-
cients Cfx and Cfy; and the local Nusselt number Nux; which

are defined as (see Khashi’ie et al. [23,26], Ramzan et al. [29])

Cfx ¼
lnf

@u
@z

� �
z¼0

xþ yð Þqfu
2
w

;Cfy ¼
lnf

@v
@z

� �
z¼0

xþ yð Þqfv
2
w

;

Nux ¼ � xþ yð Þknf
kf Tw � T1ð Þ

@T

@z


 �
z¼0

þ xþ yð ÞðqrÞz¼0 ð17Þ

Using (11) and (17),

Re1=2x Cfx ¼
ffiffiffiffiffiffi
nþ1
2

q
lnf
lf
f
0 0
0ð Þ;Re1=2y Cfy ¼

ffiffiffiffiffiffi
nþ1
2

q
lnf
lf
g0 0ð0Þ;

Re�1=2
x Nux ¼ � knf

kf
þ 4

3
R

� 	
h0ð0Þ

1
CA ð18Þ

where Rex ¼ uw xþ yð Þ=mf and Rey ¼ vw xþ yð Þ=mf are the

local Reynolds numbers along x� and y� directions,

respectively.

3. Special cases

3.1. Exact analytical solutions for the two-dimensional flow and
heat transfer problem with g gð Þ ¼ 0 n ¼ 1 and R ¼ 0.

For this special case, Eqs. (13) and (15) along with the bound-
ary conditions (16) are reduced to

lnf=lf

qnf=qf


 �
f
0 0 0 þ ff} � f

02 � rnf=rf

qnf=qf

Mf
0 ¼ 0 ð19Þ

1

Pr

knf=kf

qCp

� �
nf
= qCp

� �
f

 !
h00 þ fh0 ¼ 0; ð20Þ

subject to the boundary conditions:

f 0ð Þ ¼ S; f0 0ð Þ ¼ k; h 0ð Þ ¼ 1;

f0 gð Þ ! 0; h gð Þ ! 0; as g ! 1 ð21Þ

The closed form analytical solution of this boundary value
problem is given as (see Govindaraju et al. [48])

f gð Þ ¼ S� k
a2

1� e�a2gð Þ ð22Þ

where a2 is given by

a2 ¼ 1

2
lnf=lf
qnf=qf

� 	 Sþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
S2 þ 4 kþ rnf=rf

qnf=qf

M

� �s( )
ð23Þ
3.2. Two-dimensional flow for / ¼ 0; n ¼ 1 and M ¼ R ¼ 0 and
k ¼ �1.

For this special case, Eqs. (13) and (15) along with the bound-
ary conditions (16) are reduced to

f
0 0 0 þ ff} � f

02 ¼ 0 ð24Þ
subject to the boundary conditions:

f 0ð Þ ¼ S; f0 0ð Þ ¼ �1;

f0 gð Þ ! 0; as g ! 1 ð25Þ

reduces to the expression discussed by Miklavčič and Wang
[49], namely
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f gð Þ ¼ Cþ 1

C
e�g;S ¼ Cþ 1

C
ð26Þ

where C is a constant.

4. Stability analysis

This analysis has been a routine procedure for the generation
of multiple solutions. Based on the stability analysis, the first

solution which initially fulfil the boundary condition is always
validated as the reliable and stable solution. However, there
were also cases where more than one stable solution exist

(see Waini et al. [50] and Khashi’ie et al. [51]). Hence, it is cru-
cial to check the stability of each solution(s). Following Mer-
kin [52], the following transformation is considered for the

unsteady problem of Eqs. (3)-(6):

u ¼ a xþ yð Þn @f g;sð Þ
@g ; v ¼ b xþ yð Þn @g g;sð Þ

@g ; g ¼
ffiffiffiffiffiffiffiffiffiffi
nþ1
2

a
mf

q
xþ yð Þn�1

2 z;

w ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffi
nþ1
2
amf

q
xþ yð Þn�1

2 f g; sð Þ þ g g; sð Þ þ n�1
nþ1

g @f g;sð Þ
@g þ @g g;sð Þ

@g

� 	h i
;

s ¼ a xþ yð Þn�1
t ðtime variableÞ; h g; sð Þ ¼ T�T1

Tw�T1
:

ð27Þ
The transformed differential equations after considering

time variable transformation in Eq. (27) into the unsteady
problem of Eqs. (3)-(6) are

lnf=lf

qnf=qf


 �
@3f

@g3
þ fþ gð Þ @

2f

@g2
� 2n

nþ 1

@f

@g
þ @g

@g


 �
@f

@g

� 2n

nþ 1

rnf=rf

qnf=qf

M
@f

@g
þ @2f

@g@s


 �
¼ 0 ð28Þ

lnf=lf

qnf=qf


 �
@3g

@g3
þ fþ gð Þ @

2g

@g2
� 2n

nþ 1

@f

@g
þ @g

@g


 �
@g

@g

� 2n

nþ 1

rnf=rf

qnf=qf

M
@g

@g
þ @2g

@g@s


 �
¼ 0 ð29Þ

1

Pr qCp

� �
nf
= qCp

� �
f

� 	 knf
kf

þ 4

3
R


 �
@2h
@g2

þ fþ gð Þ @h
@g

� 2

nþ 1

@h
@s

¼ 0; ð30Þ

subject to the boundary conditions

f 0; sð Þ ¼ S; g 0; sð Þ ¼ 0; @f 0;sð Þ
@g ¼ k; @g 0;sð Þ

@g ¼ k; h 0; sð Þ ¼ 1;

@f g;sð Þ
@g ! 0; @g g;sð Þ

@g ! 0; h g; sð Þ ! 0; as g ! 1:

ð31Þ
The purpose of the perturbation function is to examine any

potential disruption in the solutions (see Weidman et al. [53])
such that:

f g; sð Þ ¼ f0 gð Þ þ e�csF0 g; sð Þ;
g g; sð Þ ¼ g0 gð Þ þ e�csG0 g; sð Þ;
h g; sð Þ ¼ h0 gð Þ þ e�csH0 g; sð Þ

(32) By inserting Eq. (32)

into Eqs. (28)-(30), the linearized eigenvalue equations are pro-

duced such that:

lnf=lf
qnf=qf

F0
000 þ f0 þ g0ð ÞF0

00 þ F0 þ G0ð Þf 00
0 � 2n

nþ1
2f 0

0 � c
� �

F0
0 � 2n

nþ1
f 0
0G0

0 þ g00F0
0� �

� 2n
nþ1

rnf=rf
qnf=qf

MF0
0 ¼ 0;

ð33Þ
lnf=lf
qnf=qf

G0
000 þ f0 þ g0ð ÞG0

00 þ F0 þ G0ð Þg000 � 2n
nþ1

2g00 � c
� �

G0
0 � 2n

nþ1
f00G0

0 þ g00F0
0� �

� 2n
nþ1

rnf=rf
qnf=qf

MG0
0 ¼ 0;

ð34Þ

1

Pr qCp

� �
nf
= qCp

� �
f

� 	 knf
kf

þ 4

3
R


 �
H0

00 þ F0 þ G0ð Þh00

þ f0 þ g0ð ÞH0
0 þ 2c

nþ 1
H0 ¼ 0; ð35Þ

F0 0ð Þ ¼ 0; G0 0ð Þ ¼ 0; H0 0ð Þ ¼ 0; F0
0 0ð Þ ¼ 0; G0

0 0ð Þ ¼ 0;

F0
0 gð Þ ! 0; G0

0 gð Þ ! 0; H0 gð Þ ! 0; as g ! 1:

ð36Þ
According to Harris et al. [54], a relaxing condition

F0
00ð0Þ ¼ 1 is used in place of the boundary condition

F0
0ðgÞ ! 0 as g ! 1 to ensure that the nonzero smallest

eigenvalues are successfully generated.

5. Results and discussion

The primary instrument for the data analysis is the bvp4c
(Matlab) function. To examine the flow and heat transfer char-

acteristics, similarity differential equations as stated in Eqs.
(13)–(15) are calculated together with the condition (16). The
identification of the non-unique solutions that satisfy all the
far field boundary requirements is conducted with g1 ¼ 15.

The model when / ¼ M ¼ S ¼ R ¼ 0, k ¼ �1 and n ¼ 1 is
solved and displayed in Table 3 for the current method’s ver-
ification. The parameters in this research are determined

within the bounds of 0:01 6 / 6 0:015, 50 < R 6 100,
0 < M 6 1, 1 6 n 6 3 and kc 6 k 6 �3. Following Ramzan
et al. [29], the Prandtl number Pr ¼ 1000 is chosen because

the Prandtl number for a lubricant like vacuum pump oil is
within 600 6 Pr 6 6000. These values are employed in accor-
dance with the published works and the incidence of the
solutions.

The critical value kc or sometimes referred to as a separa-
tion point, is the intersection of the solutions where no bound-
ary solution(s) is possible when k < kc. In the situation where

the boundary layer begins to separate k < kcð Þ, the flow char-
acteristics cannot be observed and analyzed using Eqs. (13)–
(16). Besides, the authors also highlight the parameters which

are beneficial in extending the boundary layer separation pro-
cess (by extending kc) as presented in Figs. 2-8. The list of crit-
ical values with the increment of the parameters is displayed in

Table 4. The expansion of critical value is seen by increasing
the volumetric concentration of the magnetite nanoparticle
and magnetic parameter. Unexpectedly, the nonlinear param-
eter based on power-law velocity n > 1ð Þ fails to prevent the

separation process as compared to the linear shrinking velocity
n ¼ 1ð Þ while the thermal radiation is not changing the bound-
ary layer separation. Based on the presented figures in this sec-

tion, the duality of solutions is detected which leads to the
conduct of stability analysis. By considering Eqs. (33)-(35)
with the relaxing conditions modified from the Eq. (36), the

stability of the dual solutions is performed using the bvp4c
solver and the results are displayed in Table 5. The smallest
eigenvalues are calculated within the range of

�3:19 6 k 6 �3:1984 kcð Þ where M ¼ 0; / ¼ 0:01; R ¼ 100;



Table 3 Model validation when / ¼ M ¼ S ¼ R ¼ 0, k ¼ �1 and n ¼ 1.

Pr Wang [55] Khan and Pop [56] Rashidi et al. [57] Mabood et al. [58] Present

0.7 0.4539 0.4539 – 0.4539 0.453932427

2 0.91136 – 0.91136 – 0.911357644

7 1.8954 1.8954 1.8954 1.8954 1.895403243

20 3.3539 3.3539 – 3.3539 3.353904128

70 6.4622 6.4621 – 6.4622 6.462199534

Fig. 2 Re1=2x Cfx and Re1=2y Cfy for various / (nanoparticle concentration).

Fig. 3 Re�1=2
x Nux for various / (nanoparticle concentration).
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S ¼ 5 and n ¼ 1. It is clear that the first solution with positive
smallest eigenvalues is more stable than the second solution

(negative eigenvalues). Hence, for the flow and thermal behav-
iors, only the first solution is highlighted in the discussion sec-
tion while the second solution (unstable) usually has the

opposite trend of behaviors as compared to the first solution.
Since the nanofluid motion is axisymmetric with same
shrinking velocities kð Þ, the values of the skin friction coeffi-

cients in x� and y� directions are identical as shown in
Fig. 2. An increase in / contributes to the enlargement of kc
where kc1 ¼ �3:1984 / ¼ 0:01ð Þ, kc2 ¼ �3:2192 / ¼ 0:013ð Þ
and kc3 ¼ �3:2327 / ¼ 0:015ð Þ. In addition, Re1=2x Cfx,



Fig. 4 Re�1=2
x Nux for various R (radiation parameter).

Fig. 5 Re1=2x Cfx and Re1=2y Cfy for various M (magnetic parameter).

Fig. 6 Re�1=2
x Nux for various M (magnetic parameter).
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Fig. 7 Re1=2x Cfx and Re1=2y Cfy for various n (power exponent/nonlinear parameter).

Fig. 8 Re�1=2
x Nux for various n (power exponent/nonlinear parameter).

Table 4 Critical values kc for various parameters.

/ R M n kc

0.01 100 0 1 �3.1984

0.013 �3.2192

0.015 �3.2327

0.01 80 �3.1984

50 �3.1984

100 0.5 �3.4330

1 �3.6677

0 1.3 �3.0848

1.5 �3.0274

Table 5 Smallest eigenvalues of the dual solutions using

stability analysis.

k Smallest Eigenvalues

First Solution Second Solution

�3.19 0.387 �0.3763

�3.195 0.2459 �0.2416

�3.197 0.1584 �0.1566

�3.198 0.0868 �0.0862

�3.1984 0.0235 �0.0235
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Re1=2y Cfy and Re�1=2
x Nux for the first solution also enhances

with the increment of /. Theoretically, the presence and addi-
tion of nanoparticles will enhance the kinetic energy of the
fluid particles, yet, increasing the skin friction coefficients while
delay the separation of boundary layer flow as seen in Fig. 2.
Besides, this energy also activates the heat transmission from
fluid to the wall surface, and simultaneously increases the heat

transfer rate as clearly displayed in Fig. 3.
Fig. 4 shows the effect of the radiation parameter on the

heat transfer rate distribution. The energy transmission

mechanism from thermal radiation is not involving in the
change of laminar-turbulent flow process, hence, the critical
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value remains unaltered as this parameter increases. Further
observation can be seen through the the thermal progress,
where it is reduced when the radiation parameter rises. Gener-

ally, the working fluid’s thermal performance was improved by
the radiation process through the conversion of thermal energy
[59]. However, in this work, the use of shrinking sheets may

have an impact on how well the nanofluids’ heat transport
by degrading energy transmission. Further, magnetite is one
of the suitable magnetic composites that can be magnetized

and, relates to the magnetohydrodynamics (MHD) theory
[18]. The boundary layer separation is frequently delayed by
the magnetic effect and this proven by Figs. 5 and 6 where
the critical values significantly enlarges with the increment of

the magnetic parameter such that kc1 ¼ �3:1984 M ¼ 0ð Þ,
kc2 ¼ �3:4330 M ¼ 0:5ð Þ and kc3 ¼ �3:6677 M ¼ 1ð Þ. Basi-
cally, the magnetic field created a drag/resistance Lorentz force

that opposes the velocity of the fluid and consequently, delays
the separation of the boundary layer.
Fig. 9 Velocity profile for various n (po

Fig. 10 Temperature profile for various n
Figs. 7 and 8 exhibit the effect of power exponent/nonlin-
ear parameter (based on the power law velocity of the shrink-

ing surface) on the distributions of Re1=2x Cfx, Re1=2y Cfy and

Re�1=2
x Nux. As stated in Table 4, the critical value is dimin-

ished as the value of n increases which shows that the shrink-

ing surface with nonlinear velocity n > 1ð Þ accelerates the
boundary layer separation as compared to the linear shrinking
surface n ¼ 1ð Þ: However, the thermal rate when considering
n > 1 is significantly higher than the case of n ¼ 1 which shows

the efficiency of using nonlinear shrinking surface for the
enhancement of heat transfer. Figs. 9 and 10 respectively dis-
play the profiles of velocity and temperature with various n.

All the profiles are fulfilled the boundary conditions asymptot-
ically which implies the correctness of the mathematical com-
putation via the bvp4c solver. The findings show that the

nanofluid velocity depreciates while the temperature shows
reverse result.
wer exponent/nonlinear parameter).

(power exponent/nonlinear parameter).
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6. Conclusions

The research questions presented in the Introduction section
serve as the foundation for the conclusions. For the validation

part of the model and method, a few of numerical values was
compared to the published values to assess the results’ correct-
ness. Following is the list of the conclusions:

� The suction parameter is requirable in inducing the multiple
solutions for the magnetite-VPO bidirectional flow under
simultaneous effects of the shrinking surface, MHD and

radiation parameters.
� Within the defined ranges of the physical parameters, two
solutions are found.

� The first solution which has positive smallest eigenvalues,
represents physical behavior. The second solution, on the
other hand, exhibits contradictory flow and temperature

behaviors and has negative lowest eigenvalues, indicating
an unstable solution.

� The developing factors which delay the flow separation are

volumetric concentrations of the nanoparticles and mag-
netic parameter. Meanwhile, the thermal radiation is not
aiding/opposing the boundary layer separation.

� The enhancement of volumetric concentrations of the

nanoparticles and magnetic parameter also develops the
skin friction coefficients and thermal rate of the tested
nanofluid. However, the radiation parameter significantly

reduces the heat transfer progression.
� The linear shrinking surface can extend the critical value,
but, for thermal enhancement, the nonlinear shrinking sur-

face can significantly develop the thermal rate better than
the linear shrinking surface.
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