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ARTICLE INFO ABSTRACT
Keywords: This research intends to investigate the effect of the nonlinearity of the surface velocity on the
Dual solutions hybrid nanofluid flow behavior. Here, the total composition of Al,O3 (alumina) as well as Cu

Cortell problem
Hybrid nanofluid
Nonlinear
Shrinking sheet
Viscous dissipation

(copper) volume fractions, are implemented in a one-to-one ratio and then dispersed in water.
The similarity equations are gained employing a similarity transformation, which is programmed
in MATLAB software. The dual solutions are attainable for certain ranges with respect to the mass
flux parameter S and the power-law index n. Also, the turning point occurs in the region of S < 0
and n > 1. Besides, the rise of n led to reduce the skin friction as well as the heat transfer co-
efficients with 39.44 % and 11.71 % reduction, respectively. Moreover, 14.39 % reduction of the
heat transfer rate is observed in the presence of viscous dissipation (Eckert number). It is found
that only the first solution is stable as time progresses. Generally, this study gives scientists and
engineers a starting point for predicting how to control the parameters to achieve the best results
for relevant practical applications.

1. Introduction

The boundary layer flow induced by a shrinking or stretching surface possesses many practical applications in manufacturing and
industrial processes, e.g. wire drawing, metal or polymer extrusions as well as continuous glass casting. Here, Crane [1] was the earliest
to examine the flow over a linearly stretching surface. Different from the stretching case, the flow induced by a shrinking surface has
only become intriguing among researchers quite recently. This type of reverse flow is such kind pondered by Goldstein [2]. Wang [3]
discovered that an outside force is required to confine the flow within the boundary layer. This can be done by adding an external flow
or by introducing suction at the boundary, see also Miklav¢i¢c and Wang [3]. Additionally, the nonlinearly stretching or shrinking sheet
was considered by several researchers, for example, Vajravelu [4], Cortell [5,6], Ishak et al. [7,8], and Rohni et al. [9].

Nanofluid resembles a new type of fluid comprising stable colloidal dispersion of nanometer-sized particles, metallic or non-
metallic, in a base fluid such as water, organic liquids, polymeric solutions or other general liquids. This fluid has the potential to
enhance heat transfer for applications in industrial and manufacturing processes. Moreover, the term “nanofluid” was first established
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Fig. 1. Flow configuration model.

Table 1
Thermophysical properties of hybrid nanofluid.
Thermophysical Properties Hybrid nanofluid
Dynamic viscosity _ Hy
Hinf =~ 25
(1 = @hy)
Density Pnf = (1 = @rop)Pp + 91Pm + #2Pna
Heat capacity (PCp)tng = (1 = @rng) (PCp)p + @1 (PCp)n1 + @2(PCp)na
Th 1 ductivit, k, k,
ermat concuctivity . D1 E P22 4 9k + 2(pyket + 92Kez) — 20mrks
Khnf Phnf

k, @1kn1 + @5k
f ’1/# + 2Kk — (@rkn + 9oknz) + Pk
hnf

by Choi and Eastman [7]. In that study, they found that the addition of the nanoparticles in the base fluid enhanced the thermal
conductivity. Further studies by Turcu et al. [8] as well as Jana et al. [10] showed that the thermal conductivity of the nanofluid may
be further improved by additionally adding more than one nanoparticle type in the base fluid and this fluid, known as ‘hybrid
nanofluid’.

Takabi and Salehi [11] employed the use of hybrid nanofluid contained in a corrugated enclosure that comprising Al,O3—Cu
nanoparticles and reported that the findings with respect to the experimental and modelling data are in good agreement with those of
Suresh et al. [12]. The authors stated that heat transfer improvement occurred at higher concentrations of the nanoparticle volume
fraction. Furthermore, Ghalambaz et al. [13] investigated the flow with respect to Al,O3—Cu/water hybrid nanofluid over a vertical
plate. Here, the flow over a wedge was taken into consideration by Hassan et al. [14] and Mahanthesh et al. [15] in the presence of
MoS2-Ag as well as Cu-Ag hybrid nanoparticles, accordingly. Other studies on the hybrid nanofluids can be found in Refs. [16-19].

The flow and heat transfer of a hybrid nanofluid induced by a nonlinearly shrinking sheet in the presence of viscous dissipation has
never been studied before, according to the literature already in existence. Concerning the research done by Cortell [5], a mathe-
matical formulation of the current work is developed to close the knowledge gap mentioned above. In contrast to Cortell [5] research,
ours takes into account a shrinking sheet having the hybrid nanoparticles (Al,O3—Cu) effect using the Takabi and Salehi [11] model.
Furthermore, this research delves into the dual solutions and evaluates the temporal stability of the present problem. Additionally, it
highlights the critical values of the physical parameter. These critical values are well-known for indicating the shift from laminar to
turbulent boundary layer flow. Upon reaching this pivotal juncture, it opens up opportunities for strategically designing product
processes to achieve desired results, ultimately boosting productivity.

2. Mathematical model

The Al;03-Cu/water hybrid nanofluid flow induced by a non-linearly shrinking/stretching sheet is considered. The flow config-
uration model of the stretching and shrinking sheets are shown in Fig. 1 (a) and (b), respectively. Here, the surface velocity is u,(x) as
well as the mass flux velocity is denoted by v, (x). Apart from that, the surface temperature is T, (x), while the constant ambient
temperature is T,,. The equations governing the hybrid nanofluid flow are given as follows (see Cortell [5,6]; Rohni et al. [9]):

ou 0Ov

ooy &)

ou o Py @

ua v;y a Prag 0 @
OT 0T  kuy T  Huy (au> :

u—+v—= -+t S = 3
o dy  (pC,) hnf % (pGy) hnf dy

subject to (see Cortell [5,6]; Rohni et al. [9]):
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Table 2

Thermophysical properties of Al;03, Cu, and water.
Thermophysical Properties Al,O3 Cu water
p (kg /m?) 3970 8933 997.1
Cp (J /kgK) 765 385 4179
k (W /mK) 40 400 0.613
Prandtl number, Pr 6.2

v=v,(x),u =u,(x)A,T=T,(x) at y=0
u—-0T—T, as y—oo 4

where u and v are respectively the velocity components along the x- and y- axes, while T represents the temperature. Meanwhile, the
thermophysical correlations of hybrid nanofluid are provided in Table 1. It should be mentioned that the correlations in Table 1 were
introduced by Takabi and Salehi [11], and also taken into consideration by numerous researchers, for instance, Ghalambaz et al. [13],
Hassan et al. [14] and Mahanthesh et al. [15]. Table 2 provides the physical characteristics of Al;O3, Cu, as well as water (refer to
Oztop and Abu-Nada [20]). Here, Al,03 and Cu volume fractions are given by ¢; and ¢, where ¢,y = 91 + ¢, which the subscripts nl
as well as n2 are corresponding to their solid components, respectively. The fluid and the hybrid nanofluid are respectively identified
by the subscripts f and hnf. Next, the surface velocity distribution is denoted in the power-law form, that is u,,(x) = ax", withn =1 and
n # 1 corresponds to the linear and nonlinear stretching/shrinking cases, respectively and the surface temperature is taken as T, (x) =
Teo + Tox".
Following Cortell [5,6] and Rohni et al. [9], we define

g _ avi(n+1) (n-1)2 n—1 ,
u=ax'f(n),v= -\ ——5—x SO0+ ()
_I-Ts a(n+1) (n—1)/2
9(”)_T;¢,7Tm"7_y 2w (5)
On using (5), the transpiration rate at the surface is taken as (see Cortell [5,6]; Rohni et al. [9]):
1
V() = — wxw-n/z £(0) )
where primes denote differentiation with respect to . Eq. (1) is identically met, while Eq. (2) as well as (3) reduce to
ﬂ/mf//‘f,"' 2n »
+ff — f =0 @
plmf/ Pfj n+ v
1 Kig /& . m .
57”/’ 0 +£0 - :1f0+7”“/ﬂf Eef* =0 (8)
" (0C) ] (0C0), " (0Co)uy [ (05,
Subject to:
FO)= =8/ ——£(0) = 1,6(0) = 1
B n 17 T
f)=0,0() =0 as f—oco ©

where S denotes the mass suction/injection parameter with S < O for injection while S > 0 for suction, Pr resembles the Prandtl
number and Ec denotes the Eckert number, defined as (see Cortell [5,6]; Rohni et al. [9]):

(ﬂcp) a? W2

n+1 f )
S=—/2=—f(0),Pr= Ec= = L 10
27 © ky (CP)/ Ty (CI’)f(TW —Ts)

Note that A = —1 and 4 = 1 signify the shrinking as well as stretching sheets, while 2 = 0 denotes the static sheet.
The skin friction coefficient Cy, as well as the local Nusselt number Nu, are the physical quantities of interest for this problem,
defined as (see Cortell [5,6]; Rohni et al. [9]):

Mg <()u> Xk <5T)
o =t (0 = Xy (T an
! Pruz\0y/ o ki (T, — To) \ Oy =0
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Using (5) and (11), one gets:

k/mf n+1
Ky 2

. 1
Hing n; f(0)7Re;1/2NMX:*

Re\*C = 6(0) 12

where Re, = u,x/vs represents the local Reynolds number.
3. Stability analysis

Results show that Egs. (7)-(9) admit the dual solutions for several physical parameters. Consequently, further analysis is required to
determine the stability of the solutions in the long run. To study the temporal stability of the solutions as time develops, we follow the
works of Merkin [21] and Weidman et al. [22]. New variables are introduced relying on Eq. (5), and they are given as follows (see
Waini et al. [23]):

u—ax” a—];( ,7)

al/fn—i-l ”1/2{ 6f(” )+2‘r

+1”a;1

o B R 1
0(n) = Tw—T = “ ,T = atx (13)

Using (13), the unsteady form of Egs. (1)-(3) are then transformed to

Fog /Wy OF | Ff  2n (0f) 2 oY zn_l(alﬁ,alﬁ>:o 14
p,mf/pf()n o n+1\oy 2 14

n+ 1 onor n+1

on ondr ot on?

1 King [ ¢ @ 00 4n of

S g
: (pCI’)hrgf/(pCI’)f o o nt1an

(15)
o /1y E(t;f)_ 2 00, n-1 (zf@ﬁ_w) _
(C,), f/(ﬂCp)/ on? n+1or n+1\opor drong)
Subject to:
n—10df _ 2 0l _ _
f(0,1)+21n+1 E(O,T) = S\/—n_i_ 170’7(0,1') =2,000,7) =1
of _ _
%(oo,r)—O,G(oo,T) =0 (16)

Then, the disturbance is applied to the steady solution f = f,() as well as = 6,(1) of Egs. (7)-(9) by employing the relations given
by (refer to Weidman et al. [22]):

fn,0)=foln) + e F(n),0(n,7) = 6o(n) + e G(n) @a7)

in which F(5) and G(5) are smaller compared to fy (1) and 6y (7). Moreover, the eigenvalue y signs will identify the solutions’ stability as
time develops. By employing Eq. (17), and after linearization, Egs. (14) and (15) become:

ﬂhnf/ﬂfF ’ 2 :
+fF +fF— F+———yF =0 (18)
phnf/pf 0 0 n+1° n+1
1 King /K . .2
—%G G+ OF (G 00F) + Pt e +—=1G=0 19
P (0C,) 0/ (0C), (VG (0C),
subject to:
F(0)=0,F(0) =0,G(0) =0
F(00)=0,G(c0) =0 (20)

As per Harris et al. [24], without loss of generality, we fixed F”(O) =1 to gain y from Eq. (18) as well as (19).
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Table 3
Values of f'(0) with different values of S and n when 4 = 1 (stretching sheet) for regular fluid (@hns = 0).
S n Cortell [6] Rohni et al. [9] Present results
0 0.5 —0.88948 —0.889544 —0.889544
0.75 —0.95379 —0.953957 —0.953957
1.5 —1.06159 —1.061601 —1.061601
7 —1.21685 —1.216852 —1.216850
10 —1.23488 —1.234875 —1.234875
-1 0.5 —1.65026 —1.650420 —1.650420
0.75 —1.63299 —1.633064 —1.633064
1.5 —1.59316 —1.593215 —1.593215
7 —1.47957 —1.479635 —1.479635
10 —1.45446 —1.454544 —1.454544

4. Results and discussion

MATLAB software is employed to code Egs. (7)-(9). The detailed procedures are described by Shampine et al. [25]. In this study,
the total composition of AloO3 and Cu volume fractions are implemented in a one-to-one ratio. For example, 1% of Al2O3 (¢; = 1%) as
well as 1% of Cu (¢, = 1%) are mixed to form 2% of Al;03-Cu hybrid nanoparticles volume fractions, known as @y, = 2%.

The numerical procedures can be outlined as follows: Initially, we convert Eqgs. (7) and (8) into a set of first-order ordinary dif-
ferential equations. Thus, Eq. (7) can be written as:

f=y(1),
f=y(1)=y@), (21a)
f=y2)=y3), (21b)
iy PP a2 o
£=50)= =Rt (300 - 2 peer) 210
while Eq. (8) reduces to:
0=y(4),
0 =y(4) =), (22a)

C, C,), i,
=y (5)= prm <y(1 y(5) — an__ Ny(4 +””"f/'ufEcy(3)2>7 (22b)
iy /Ky (o) [ (C),

and the boundary condition (9) becomes:

Y1) = = —s\/%,ya(z) — Ay =1,

¥5(2)—0,y,(4)—0. (23)

The subscript ‘a’ signifies the surface condition, whereas ‘b’ represents the free stream condition. Following this, we apply Egs.
(21)-(23) within the Matlab software and utilize the bvp4c solver for solving them. The solver will then proceed to generate numerical
solutions and graphical representations.

Additionally, the critical values of the physical parameters have also been determined. Essentially, we have two codes (referred to
as code A and code B) for generating the critical values. Here is a brief explanation of how to calculate the critical values:

For instance, in code A, a value for the power law index parameter, n is set, let’s say n = 1.5. Then, a new value of n with a small
variation (for example, within one decimal place) is considered in code B. Subsequently, a numerical solution based on this new value
of n is obtained using code B. The critical value is determined when the first and second solutions merge. These steps are repeated,
considering values of n up to four decimal places, until reaching the critical value of the desired power law index parameter n and
numerical computations beyond this critical value become impossible. From our calculation, the critical value of n for fixed values of
§=-25E =01,Pr =62,1 = — 1, and gy, = 2% is n. = 2.0104.

To ensure the accuracy of the calculations, we validate our current results by comparing them to the data published in previous
studies. Table 3 compares the values of f '(0) with those of Cortell [6] and Rohni et al. [9] for distinct S and n values provided that 2 = 1
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Table 4
Values of —6 (0) with different Ec and n when Pr = 5,S = 0 and 4 = 1 (stretching sheet) for regular fluid (@hns = 0).
Ec n Cortell [5] Present results
0 0.5 2.852380
0.75 3.124975 3.125340
1.5 3.567737 3.567962
7 4.185373 4.185469
10 4.255972 4.255984
0.1 0.5 2.745400
0.75 3.016983 3.017033
1.5 3.455721 3.455914
7 4.065722 4.065792
10 4.135296 4.135302

Table 5
Values of Rel/? Crand Re;'/2Nu, with different values of physical parameters when Pr = 6.2 and 2 = —1 (shrinking sheet) for Al,03-Cu/water (Prog =
29%).

n S Ec Rel/? ot Re;Y/2Nu,
First solution Second solution First solution Second solution
1 -2 0 1.362196 (1.3622) 0.856614 (0.8566) 10.660376 10.540562
1 -2.5 0.1 2.256364 0.517144 13.379079 12.902573
1.5 1.970060 0.594669 12.744586 11.991199
2 1.366558 1.166694 11.812654 11.674552
2 —-2.6 1.768833 0.836636 12.709052 12.075533
-2.8 2.196414 0.529475 14.190416 13.030090
-3 2.535564 0.269391 15.571065 13.869699
-3 0.2 2.535564 0.269391 14.526164 11.478421
0.3 2.535564 0.269391 13.481264 9.087143
0.4 2.535564 0.269391 12.436364 6.695864

Note: Results in () are from Waini et al. [23].
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Fig. 2. Plot of Rel/?C; against A for various n.

(stretching sheet) and ¢y, = 0 (regular fluid). It shows a good agreement between those results. On the other hand, Table 4 illustrates

the comparison values with respect to —¢/ (0) with Cortell [5] for different Ec and n when Pr =5,S =0, 1 = 1 (stretching sheet) as well
as gpy = 0 (regular fluid). We notice that the comparison is satisfactory with the literature review that has been mentioned earlier.
Moreover, Table 5 illustrates the values with respect to Rel/2 Cr and Re /2Ny, with distinct values of physical parameters provided
that Pr = 6.2 and 1 = —1 (shrinking sheet) for Al;O3—Cu/water ((p,mf = 2%). The rising of power-law index n (fromn=1ton = 2)
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Fig. 4. Plot of Re}/2C; against A for various gp,.

leads to a decrease in the values of Rel/? C; and Re;'/?Nuy for the first solutions with 39.44 % and 11.71 % reduction, respectively.
Meanwhile, the values of these physical quantities are increased for stronger suction strength (S < 0). Moreover, the effect of larger
Eckert number Ec (from Ec = 0.2 to Ec = 0.4) is to decrease the heat transfer rate, Re,. 1/2Nu, with 14.39 % reduction. Additionally, the
comparison of Re}(/ 2 Gy for Al,03-Cu/water with Waini et al. [23] also show an excellent agreement.

Figs. 2 and 3 show the variations with respect to Re}/2Cy as well as Rey 1/2Nu, against S with a variety of values of n for Al;03-Cu/
water (¢p = 2%) when Ec = 0.1, Pr = 6.2, as well as 4 = —1 (shrinking sheet). These figures show that the Re,/*Nu, and Re}/C;
values are reduced for bigger values of S and n. Conversely, when the selected parameters are held constant, we observe that dual
solutions become accessible within a specific range of suction strength S with critical points occurring at S; = —1.9474, —2.2379, —
2.4950 forn =1,1.5,2, respectively. The discovery is in accordance with the idea put out by Miklav¢ic and Wang [3] that the only way
to force a flow across a surface that is shrinking is to apply an adequate suction strength to it. Also, these figures reveal that the
boundary layer separates faster for bigger values of n.

In addition, the variations of Rel/ 2Cy as well as Re; }/2Nuy, against n for several compositions of @py Provided thatS = — 2.5, Ec =
0.1, Pr = 6.2, as well as A = —1 (shrinking sheet) are demonstrated in Figs. 4 and 5. Results show that the higher composition of hybrid
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nanoparticles leads to enhance the values of Rel/2C; but reduce the values of Re;'/>Nu,. This is in contrast with that of the stretching
counterpart, where both of the local Nusselt number and the skin friction coefficient increase with higher composition of the hybrid
nanoparticles. It is interesting to observe that the dual solutions live for some values of n where the critical values occur at n, = 2.0104,
2.1218,2.2127 for @y,y = 2%, 4%, 6%, respectively. This observation reveals that, for fixed values of the selected parameters, the
variations of the power-law index n of the surface velocity cannot exceed the critical values n..

Further, Figs. 6 and 7 portray the effect of the power-law index, n onf(n) aswell as 8(n) when S = —2.5,4 = —1,Ec = 0.1,Pr = 6.2
and gy, = 2%. Note that the profiles of f () is decreased and 6(y) is increased with larger n (see results for the first solution).
Physically, when n = 1, the velocity profile follows a linear distribution. Meanwhile, when n > 1, the velocity profile exhibits an
accelerating trend where the velocity increases, resulting in a steeper velocity gradient. Consequently, the fluid temperature is
enhanced with the rise of n. However, the behavior is opposite in the shrinking sheet case where the fluid velocity is decreasing and
leads to the reduction in the velocity gradient. Besides, it is noticed that the profiles of the first and the second solutions combine to
some values of n. This observation agrees with the outcomes obtained in Figs. 4 and 5.

Besides, the profiles of f(;) and 6(y) when n=2,S = —2.5,1 = —1,Ec = 0.1, and Pr = 6.2 for several compositions of Opyy arE
displayed in Figs. 8 and 9. It is clear that both branch solutions of 6(r) depict an improving pattern for higher compositions of @j,;.

Meanwhile, the profiles of f () increases for the first solution but drops for the second solution. These characteristics are impacted by
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Fig. 8. Impact of g, on f).

the incorporation of nanoparticles, which elevate the fluid’s viscosity, resulting in deceleration and reduced flow velocity. Addi-
tionally, nanoparticles contribute to energy dissipation in the form of heat, leading to elevated temperatures.

Next, the effect of Ec on 0(7) whenn = 2,S = —2.5,1 = —1,Pr = 6.2, and gy, = 2% is illustrated in Fig. 10. An increasing pattern
on both branch solutions with regard to (1) is observed for greater values of Ec. Physically, the Eckert number represents the ratio of
kinetic energy flow to the boundary layer’s enthalpy difference. It facilitates the conversion of kinetic energy into internal energy by
counteracting fluid stresses. This leads to a decrease in the effect of enthalpy difference due to the dominant kinetic energy. Conse-
quently, the thermal layer thickness increases, resulting in a rise in fluid temperature.

The variations of y against n provided that S = —2.5,1 = —1, while ¢, = 2% are demonstrated in Fig. 11. This figure depicts that
the sign of y is positive for the first solution but negative for the second solution. Referring to Eq. (17), e7"*—0 as 7— o for y > 0 and
e "> for y < 0. This outcome suggests that, over time, the first solution remains stable, whereas the second solution displays
instability and is therefore not suitable for long-term physical representation.

5. Conclusion

In the current study, the problem of hybrid nanofluid flow over a non-linearly shrinking sheet was achieved. The influences of
multiple physical parameters on the flow behavior were investigated. Findings that dual solutions are disclosed for a particular range
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of the mass flux parameter S as well as the power-law index n. The rise of the power-law index n led to reduce the skin friction co-
efficient as well as heat transfer rate with 39.44 % and 11.71 % reduction, respectively. The larger Ec (from Ec = 0.2 to Ec = 0.4)
contributed to reducing the heat transfer rate with 14.39 % reduction. It was found that the first solution is stable as time evolves. For
the stable solution, higher composition of hybrid nanoparticles led to enhance the skin friction coefficient but reduce the local Nusselt
number. As future recommendations, this study can be extended to different geometries such as wedge and cylinder surfaces. Also, the
effects of several temperature conditions such as Newtonian heating, and convective boundary condition can be considered. Moreover,
hybrid nanofluid cooperated with non-Newtonian fluid models also can be examined, for example, Eyring-Powell, and Reiner-

Phillipoff fluids.
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Nomenclature

a: constant

Cy: skin friction coefficient

Cp: specific heat at constant pressure (Jkg 1K™1)
(pCp): heat capacitance of the fluid (JK~'m~3)
Ec: Eckert number

f(n): dimensionless stream function

n: power law index

k: thermal conductivity of the fluid (Wm'K1)
Nu,: local Nusselt number

Pr: Prandtl number

Rey: local Reynolds number

S: mass flux parameter

t: time (s)

T: fluid temperature (K)

T,: surface temperature (K)

u,v: velocity component in the x- and y-directions (ms~!)
u,,: surface velocity (ms™!)

v,y: mass flux velocity (ms~!)

x,y: Cartesian coordinates (m)

Greek symbols

y: eigenvalue

n: similarity variable

¢: dimensionless temperature

A: stretching/shrinking parameter

u: dynamic viscosity of the fluid (kgm 's™1)

v: kinematic viscosity of the fluid (m?s~1)

p: density of the fluid (kgm2)

7: dimensionless time variable

¢,: nanoparticle volume fractions for Al;O3 (alumina)
@,: nanoparticle volume fractions for Cu (copper)
y: stream function

Subscripts

f: base fluid

nf: nanofluid

hnf: hybrid nanofluid

nl: solid component for Al;03 (alumina)
n2: solid component for Cu (copper)

Superscript
"+ differentiation with respect to 5
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