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A B S T R A C T   

This paper undertakes a numerical exploration into the dynamics of fluid flow and heat transfer 
within the stagnation region of a mixed convection scenario involving thermally stratified ternary 
hybrid nanofluid. The study incorporates the impact of a magnetohydrodynamic and velocity slip, 
while also considering a permeable sheet that can stretch or shrink. The equations governed the 
flow problem are transformed into similarity equations using a similarity transformation. Then 
the similarity equations are solved utilizing the built in solver (bvp4c) in MATLAB. This flow 
problem has two solutions, as expected. Following that, the outcomes of the stability analysis 
show the viability and physical robustness of the first solution. Additionally, the study identifies 
magnetic, suction, and volume fraction as parameters capable of delaying turbulence onset in the 
boundary layer. Moreover, the heat transmission of the ternary hybrid nanofluid is enhanced by 
an increased volume fraction. It is important to note that the reported results specifically pertain 
to the combination of alumina, copper, and titania nanoparticles. Different combinations of 
nanoparticles may exhibits unique properties related to both flow behaviour and heat 
transmission.  

Nomenclature 

Roman letters 
a,b,A,B positive constant 
c velocity ratio parameter 
u,v velocities component in the x− and y− directions 
t time (s)
T temperature (k)
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B0 constant magnetic field 
S wall mass suction parameter 
M magnetic parameter 
k thermal conductivity of the nanofluid (W m− 1K− 1)

Cp specific heat at constant pressure (J kg− 1 K− 1)

Pr Prandtl number 
Gr Grashof number 
Cf skin friction coefficient 
Nux Nusselt number along x− axis 
Rex Reynold number along x− axis 
f dimensionless stream function 

Greek symbols 
ν kinematic viscosity (m2 s− 1)

μ dynamic viscosity (kg m− 1s− 1)

ρ density (kg m− 3)

σ electrical conductivity (ω− 1m− 1) 
δ thermal stratification parameter 
ℇ velocity slip parameter 
βT thermal expansion (K− 1)

Cp heat capacitance of the nanofluid (J kg− 1 K− 1)

φ1 volume fraction of Al2O3 nanoparticle 
φ2 volume fraction of Cu nanoparticle 
φ3 volume fraction of TiO2 nanoparticle 
λ mixed convection parameter 
η similarity variable 
θ dimensionless temperature 
Γ dimensionless time variable 
γ smallest eigenvalue 

Subscripts 
s1 for Al2O3 nanoparticle 
s2 for Cu nanoparticle 
s3 for TiO2 nanoparticle 
bf base fluid 
f nanofluid 
hnf hybrid nanofluid 
thnf ternary hybrid nanofluid 
w at wall 
∞ at free stream region 

Superscript 
’ differentiation with respect to η  

1. Introduction 

The capacity of fluids to transport heat is a critical characteristic in industrial and engineering applications. This characteristic is 
utilised in a wide array of contexts, including power generation processes and refrigeration systems in power plants, as well as 
chemical reactions. As heat transfer mediums, conventional fluids like water, ethylene glycol, and ethanol are typically utilised in these 
processes. Their thermal conductivity, however, is restricted. As a result, researchers are currently engaged in the active investigation 
of alternative fluids that possess improved thermal conductivity through the integration of solid particles into conventional heat 
transfer fluids. However, this approach faces obstacles such as the deposition of particles, obstruction in microchannel devices, and 
increased pressure reductions. Over the course of time, Choi and Eastman [1] made a significant advancement by developing a rev
olutionary fluid that they referred to as nanofluid. This fluid was distinguished by increased thermal conductivity and improved heat 
transfer coefficients throughout its existence. The formation of this cutting-edge fluid is accomplished by dispersing nanoparticles into 
a conventional fluid that serves as the base fluid. Nanofluids find application in various contexts, including heat transfer devices, 
thermal regulation systems for electronics, automobile radiators, refrigerating systems, and solar ponds [2–4]. Consequently, ternary 
hybrid nanofluid, an advanced type of nanofluid, acknowledges the significance of producing substantial improvements in the thermal 
conductivity of traditional fluids is introduced. The objective of this formulation is to attain an extraordinarily elevated level of heat 
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conductivity [5]. Theoretically, ternary hybrid nanofluid is believed to have enhanced thermal properties in contrast to single and 
hybrid nanofluid. Adun et al. [6] reviewed the process of creating ternary hybrid nanofluids, as well as their stabilization and their 
applications in heat transfer applications. In their experiment, Ahmed et al. [7] employed a square flow conduit to conduct a heat 
transfer experiment utilizing a ternary hybrid nanofluid composed of ZnO–Al2O3–TiO2/water (zinc oxide-alumina-titania/water). The 
researchers confirmed that the ternary hybrid nanofluid possesses enhanced local and average heat transmission. Meanwhile, a study 
conducted by Kashyap et al. [8] found that using ternary hybrid nanofluid as a coolant is not beneficial due to a slight rise in the heat 
transfer rate. Besides experimental studies, there are quite a number of numerical studies conducted involving ternary hybrid 
nanofluid flow across different type of geometry and physical parameters. Algehyne et al. [9] examined how varying diffusion affects 
the thermal properties of ternary hybrid nanofluid. Mahmood et al. [10] performed an investigation to understand the fluid dynamics 
and thermal properties of ternary hybrid nanofluid flow across a stretching/shrinking curved surface in stagnation region. Sarfraz et al. 
[11] explored the level of energy transport in ternary hybrid nanofluid over a spiralling disk. Given the impact of radiation and Navier 
slip, Maranna et al. [12] investigated the flow of ternary hybrid nanofluid across a shrinking sheet in a porous media. 

Stretching and shrinking surfaces are common in many real-world problems, particularly in the manufacturing industry, polymer 
engineering, and metallurgy [13]. Extrusion and rolling operations in manufacturing require stretching or shrinking of materials. 
Polymer shaping and processing may involve stretching or shrinking to achieve desired qualities in polymer engineering. Metal heat 
treatment and forming might entail stretching or shrinking operations in metallurgy. Consequently, these scenarios have attracted 
researchers to underscore the practical significance of investigating stretching and shrinking surfaces in fluid dynamics and heat 
transfer analyses, offering insights for understanding and optimizing operations across various sectors. In the initial exploration of this 
field, the idea of boundary layer flow on a solid surface moving at a constant speed was proposed by Sakiadis [14]. Subsequently, Crane 
[15] extended the application of boundary layer flow to two-dimensional steady flow on a stretched surface in a viscous fluid. Since 
then, this line of study has served as inspiration for numerous researchers exploring diverse physical aspects of boundary layer flow 
problems in viscous fluids on stretching/shrinking surfaces, including studies on nanofluid flow over a stretching/shrinking surfaces. 
For instance, Lanjwani et al. [16] explored the flow of nanofluid made of iron particles over a sheet that is being stretched or shrunk, 
while also considering the impact of thermal radiation. Nawaz et al. [17] introduced a study on magnetohydrodynamics (MHD) free 
convection flow of nanofluids over a permeable moving plate. Additionally, Abbas et al. [18] developed a mathematical model for the 
power-law nanofluid flow over a Riga stretching sheet and scrutinize the effect of heat generation, Brownian motion, and thermo
phoresis on the considered flow. In addition, the micropolar nanofluid flow over an exponentially stretching curved surface with 
chemical reaction, thermal slip and concentration slip effects were studied by Fuzhang et al. [19]. Meanwhile, Mahabaleshwar et al. 
[20] inspected the features of hybrid nanofluid flow dynamics across a stretching/shrinking sheet. They specifically focused on the 
joint impact of thermal radiation and mass transpiration. Ishak et al. [21] examined the magnetohydrodynamics effect on the ternary 
hybrid nanofluid across a stretching/shrinking sheet, incorporating gyrotactic microorganisms into their investigation. 

Most of fluid flow problems are boundary value problems that are composed of nonlinear equations permitting multiple solution, 
which is an advantageous characteristic in engineering design and scientific research. Researchers are interested to examine these 
potential multiple solutions with the intention of deepening their understanding of the issue at hand or identifying solutions that satisfy 
specific requirements or limitations. There is a method, which is a stability analysis applied by Merkin [22] in a study of nonunique 
solutions in mixed convection flow within a porous media to comprehensively inspect and delineate these solutions. The author 
discovered that the first solution exhibits stability, whereas the second solution demonstrates instability. Following this, Weidman 
et al. [23] conducted a similar investigation to evaluate the reliability of the solutions as the transpiration parameter was varied. The 
findings are consistent with [22], affirming the viability and physical robustness of the first solution, while indicating the instability of 
the second solution. Since then, researcher has applied stability analysis to study the nonunique solutions of fluid flow specifically 
across shrinking/stretching sheet, where the solutions duality occurred because of the effect of several parameters such as suction, 
shrinking, and mixed convection parameters [24]. 

Convection is a heat transmission method assisted by fluid movement, involving heat transfer via the movement of fluid particles 
from a higher temperature location to one of lower temperature. Convection exists in two forms: free convection and forced con
vection. When the influences of forced flow from free convection and buoyant force from forced convection combine, the phenomenon 
is known as mixed convection, and it contributes to the total heat transfer phenomena. Solar energy systems, nuclear reactors, heat 
transfer devices, thermal regulation systems for electronics, and many other engineering and industrial industries rely heavily on 
mixed convection. Ishak et al. [25] explored the problem of stagnation region of a vertical stretched sheet using mixed convection 
micropolar fluid flow. It was observed that for the case of opposing flow, within a specific range of the buoyancy parameter, dual 
solutions were exhibited. Mixed convection stagnation point flow in Powell-Eyring fluid over a vertical permeable stretch
ing/shrinking sheet possessed dual solutions and stability analysis was performed to identify the physically reliable solution [26]. 
Meanwhile, Jamaludin et al. [27] inspected the behaviour of the mixed convection flow of Cross fluid within the stagnation region past 
a vertical permeable shrinking sheet and executed stability analysis on the dual solutions discovered in their study. Siddiqi et al. [28] 
did a study on mixed convection flow in Casson fluid within the stagnation area past a stretching surface. The study involved both 
analytical and numerical analyses, focusing on the changes in film thickness and unsteadiness parameter. Swain et al. [24] investigated 
the mixed convection stagnation-point flow of a non-Newtonian third-grade fluid across a vertical permeable stretching/shrinking 
sheet. They utilised numerical methods to analyse the flow and conducted stability analysis to evaluate the presence of dual solutions. 
Lanjwani et al. [29] inspected the radiation and magnetic effects on mixed convection flow over an exponential stretching/shrinking 
sheet in Cassin nanofluid. They also performed stability analysis to assess the stability of the multiple solutions. 

The importance of magnetohydrodynamic (MHD) flow lies in its applicability across diverse domains and its relevance in various 
scientific and engineering disciplines including petroleum, heating system, electrostatic mechanisms, power production, metallurgy, 
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and electromagnetic pumps in aerospace and chemical processing [30]. In some industrial processes, MHD is used for controlling and 
manipulating the flow of conductive fluids, which can enhance heat transfer and mixing efficiency [31]. Consequently, a great number 
of researchers have taken an interest in this topic to investigate the influences of MHD on the heat transmission and fluid flow dynamics 
within a stagnation region. Nadeem et al. [32] discussed a comparative analysis focusing on different models of nanofluids. The study 
specifically explored unsteady oscillatory stagnation point flow of nanofluids, considering the combined effect of magnetic, Brownian 
motion and thermophoresis. They discovered that the flow velocity increases as the magnetic parameter increases along with the 
nanoparticle volume fraction. Additionally, Saleem et al. [33] inspected the heat and mass transfer in MHD Jeffrey fluid flow induced 
by the rotating cone under the influence of chemical reaction and heat sink/source. A related study conducted by Jamaludin et al. [34] 
investigated the effect of heat source/sink effect on MHD mixed convection hybrid nanofluid flow in the stagnation region over a sheet 
that can stretch and shrink vertically. It is clarified that opposing and assisting flows both exhibit dual solutions. It has been observed 
that an increase in the magnetic parameter is associated with a corresponding rise in the velocity profile and a fall in the temperature 
profile. In a related study, Md Ali et al. [35] looked at the two possible outcomes of MHD mixed convection stagnation point flow over a 
sheet that is stretching vertically, considering the effects of thermal radiation in the case of a thick fluid. Their research revealed that 
dual solutions only occur when there is opposing flow, whereas for assisting flow, there is only one solution. Moreover, a rise in the 
magnetic parameter is associated with a decline in the velocity profile. Meanwhile, Shah et al. [36] explored the similar problem but 
considering a vertically permeable shrinking sheet. For a specific combination of shrinking and suction parameters, dual solutions have 
been identified. Moreover, it was shown that the flow characteristics exhibit a reduction when the magnetic parameter increases. 
Besides that, MHD effect on mixed convection of a micropolar hybrid nanofluid within stagnation region over a vertical stretch
ing/shrinking sheet, taking into account the influence of convective boundary also has been considered [37]. They found two solutions 
for the flow problem studied. Moreover, with an augmentation in the magnetic parameter, the velocity profile experiences a rise, 
whereas the temperature profile undergoes a fall. 

In real-world applications, the no-slip condition cannot be assumed universally. In certain scenarios, slip conditions, including 
velocity slip, must be taken into account in fluid flow problems to accurately represent the behaviour of the fluid. Velocity slip refers to 

Fig. 1. Flow geometry for (a) stretching case and (b) shrinking case.  
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the phenomenon in which the fluid in a close distance to a solid surface has a distinct velocity that differs from that of the surface. The 
velocity slip condition is highly relevant in technological applications. For example, the presence of velocity slip in the fluid signif
icantly contributes to the improvement of smoothness in prosthetic heart valves and interior cavities [38]. According to Zainal et al. 
[39], when a slip is introduced to the interface between a fluid and a solid surface, it creates distinct flow characteristics and the forces 
acting on the fluid compared to scenarios where no-slip conditions prevail. In their study, Abu Bakar et al. [40] specifically examined 
the impact of velocity slip on the flow dynamics of a hybrid nanofluid across a shrinking sheet in a stagnation area. Their results 
demonstrated that a higher velocity slip corresponds to an elevated heat transfer rate. Abbas et al. [13] discovered that the increase in 
velocity slip causes the temperature profile of the nanofluid to climb. Saleem et al. [41] conducted a study that explored the combined 
effect of slips and radiation in the context of mixed convective power law fluid flow on a non-linear moving surface. 

Thermal stratification occurs in flow fields when there is a temperature difference. It is characterized by the variable ambient 
temperature, with the understanding that ambient temperature is not assumed to be constant [42]. Understanding thermal stratifi
cation is crucial in diverse disciplines such as environmental science, ecology, and engineering, since it impacts the dispersion of heat, 
nutrients, and dissolved gases in water bodies and controls the movement of air masses in the atmosphere [43]. Since the presence of 
thermal stratification can lead to convection processes within the fluid [44], numerous studies have explored the effect of thermal 
stratification combined with mixed convection on fluid flows. Besthapu et al. [45] examined the mixed convection flow of thermally 
stratified MHD nanofluid across a sheet that was being stretched exponentially. They discovered the heat transfer rate is decreasing as 
the thermal stratification parameter rises. Meanwhile, thermal stratification impact on MHD mixed convection of stagnation point flow 
of nanofluid across a stretching sheet was studied by Mahmood et al. [46]. From the study, an observation revealed that raising the 
thermal stratification value resulted in higher gradients of nanofluid velocity and temperature. Currently, only a small number of 
research have looked at the flow properties of a thermally stratified ternary hybrid nanofluid. Rafique et al. [47] investigated how 
temperature stratification impacts the MHD ternary hybrid nanofluid flow over a disc that is stretching and shrinking, without the 
mixed convection influence. They found that a correlation exists between the growth of the thermal stratification value and the 
elevation in the temperature of the ternary hybrid nanofluid. 

As far as the authors know, there are no published studies that look at the mixed convection flow at the stagnation point involving 
thermally stratified ternary hybrid nanofluid across a vertical stretching/shrinking surface. Other effects such as magnetohydrody
namics, velocity slip and suction also considered in this study. Building upon the findings from the experiment conducted by Xuan et al. 
[48], this study employed a ternary hybrid nanofluid (Al2O3–Cu–TiO2/water), which has been demonstrated to exhibit superior 
thermal properties. Moreover, a distinctive aspect of this current study is the identification of dual solutions in both assisting and 
opposing flow scenarios. Subsequently, stability analysis is performed to determine the physical reliability of each solution. 

2. Mathematical model 

A stagnation flow of thermally stratified ternary hybrid nanofluid over a vertical stretching/shrinking surface is considered. The 
flow configuration is described in Fig. 1. The surface is shrinking/stretching with linear velocity, uw(x) = ax/L and the free stream 
velocity is ue(x) = bx/L where b is positive constant and L is the characteristic length of the surface. Also, the vertical surface is 
assumed to have a permeable structure, enabling the occurrence of a suction effect. The magnetohydrodynamics (MHD) effect is 
produced when a constant intensity of magnetic field, B0 is applied perpendicular to the vertical sheet. Meanwhile, thermal stratifi
cation is a phenomenon that is taken into consideration when there is a variation in temperature either at the surface or at a distance 
from the surface. Thermal buoyancy force is assumed in this study to address the thermal stratification phenomenon [45,49]. The 
linear stratified surrounding temperature is T∞(x) = T0 + A(x /L) where T0 and A is the initial surrounding temperature and constant 
that varied to the alter the thermal stratification strength, respectively. The variable wall temperature is Tw(x) = T0 + B(x /L) where B 
is a constant. The plate undergoes heating through the convection process, driven by the temperature disparity between the wall and 
the surrounding temperature. When dealing with a heated surface, it is presumed that Tw(x) > T∞(x), whereas for a cooled surface 
(opposing flow), it is presumed Tw(x) < T∞(x). With all of these assumptions, the equations that govern the situation are: 

∂u
∂x

+
∂v
∂y

= 0, (1)  

u
∂u
∂x

+ v
∂u
∂y

= ue
∂ue

∂x
+

μthnf

ρthnf

∂2u
∂y2 +

σthnf

ρthnf
B2

0(ue − u) +
g(ρβ)thnf (T − T∞)

ρthnf
, (2)  

u
∂T
∂x

+ v
∂T
∂y

=
1

(
ρCp

)

thnf

(

kthnf
∂2T
∂y2

)

, (3) 

subject to: 

u(x, 0)= uw(x) + K
∂u
∂y
, v(x, 0) = v0 = − S

̅̅̅̅̅
bν
L

√

, T(x, 0) = Tw(x) at y = 0, (4) 

u(x, y)→ue(x),T(x, y)→T∞(x) as y→∞. 
The velocity components in x− and y− directions are denoted as u and v, respectively, T is the temperature of ternary hybrid 

nanofluid, K is the velocity slip factor and the permeable surface allows the suction effect with velocity v0 = − S
̅̅̅̅
bν
L

√

along the x−
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direction. 
Table 1presented the mathematical correlations for the thermophysical properties between ternary hybrid nanofluid and hybrid 

nanofluid. The terms μ, ρ, k, ρCp, βT and σ represent viscosity, density, thermal conductivity, heat capacity, thermal expansion, and 
electrical conductivity, respectively. Additionally, it is worth mentioning that the subscripts thnf , hnf , nf , f , s1, s2, and s3 represent 
ternary hybrid nanofluid, hybrid nanofluid, nanofluid, base fluid, first, second and third nanoparticles, respectively. The corre
sponding symbol values for alumina (Al2O3), copper (Cu), and titania (TiO2) are denoted as φ1,φ2 and φ3, respectively. Meanwhile, 
Table 2 provides the values of thermophysical properties for Al2O3, Cu, TiO2 and water as base fluid. 

By reducing Eqs. (1)–(4) to ordinary differential equations via the similarity transformation, one can obtain solutions for them. 
Introducing the set of dimensionless variables used in this work [49]: 

u= ue(x)f ′(η), v = −

̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ue(x)νf

x

√

f (η), θ(η) = T − T∞(x)
Tw(x) − T0

, η = y

̅̅̅̅̅̅̅̅̅̅
ue(x)
xνf

√

, (5)  

Eqs. (1)–(4) are reduced to: 

μthnf

/
μf

ρthnf

/
ρf

f‴ + ff″ − f ′2 + 1+A1λθ+
σthnf

/
σf

ρthnf

/
ρf

M(1 − f ′)= 0, (6)  

1
Pr

kthnf
/

kf
(
ρCp

)

thnf

/(
ρCp

)

f

θ″ + f θ′ − (θ+ δ)f ′ = 0, (7)  

subject to boundary conditions: 

f (0)= S, f ′(0) = c + ℇf″(0), θ(0) = 1 − δ, (8)  

f′(η)→1,θ(η)→0 as η→∞ 

where Pr is the Prandtl number, S is the wall mass suction parameter (S > 0), M =
σf B2

0L
ρf b is the magnetic parameter, ℇ = K

̅̅̅̅̅
b

νf L

√
is the 

Table 1 
The thermophysical properties of hybrid nanofluid and ternary hybrid nanofluid [50,51].  

Property Ternary hybrid nanofluid Hybrid nanofluid 

Dynamic viscosity μthnf =
μnf

(1 − φ1)
2.5

(1 − φ2)
2.5

(1 − φ3)
2.5. μhnf =

μnf

(1 − φ1)
2.5

(1 − φ2)
2.5. 

Density ρthnf = (1 − φ3){(1 − φ2)[(1 − φ1)ρf + φ1ρs1 ] + φ2ρs2}+ φ3ρs3 ρhnf = (1 − φ2)[(1 − φ1)ρf + φ1ρs1] + φ2ρs2 

Thermal conductivity kthnf

khnf
=

ks3 + 2khnf − 2φ3(khnf − ks3)

ks3 + 2khnf + φ3(khnf − ks3)
, 

khnf

knf
=

ks2 + 2knf − 2φ2(knf − ks2)

ks2 + 2knf + φ2(knf − ks2)
, 

knf

kf
=

ks1 + 2kf − 2φ1(kf − ks1)

ks1 + 2kf + φ1(kf − ks1)
. 

khnf

knf
=

ks2 + 2knf − 2φ2(knf − ks2)

ks2 + 2knf + φ2(knf − ks2)
, 

knf

kf
=

ks1 + 2kf − 2φ1(kf − ks1)

ks1 + 2kf + φ1(kf − ks1)
. 

Heat capacity (ρcp)thnf = (1 − φ3){(1 − φ2)[(1 − φ1)(ρcp)f + φ1(ρcp)s1] + φ2(ρcp)s2}+

φ3(ρcp)s3 

(ρcp)thnf = (1 − φ2)[(1 − φ1)(ρcp)f + φ1(ρcp)s1 +

φ2(ρcp)s2]

Electrical 
conductivity 

σthnf

σhnf
=

σs3 + 2σhnf − 2φ3(σhnf − σs3)

σs3 + 2σhnf + φ3(σhnf − σs3)
, 

σhnf

σnf
=

σs2 + 2σnf − 2φ2(σnf − σs2)

σs2 + 2σnf + φ2(σnf − σs2)
, 

σnf

σf
=

σs1 + 2σf − 2φ1(σf − 1)
σ2 + 2σf + φ1(σf − σ2)

. 

σhnf

σnf
=

σs2 + 2σnf − 2φ2(σnf − σs2)

σs2 + 2σnf + φ2(σnf − σs2)
, 

σnf

σf
=

σs1 + 2σf − 2φ1(σf − 1)
σ2 + 2σf + φ1(σf − σ2)

.  

Table 2 
Thermophysical properties values [47,49,52].  

Properties Al2O3 Cu TiO2 Water 

ρ(kg /m3) 3970 8933 4250 997.1 
Cp(J /kgK) 765 385 686.2 4179 
k(W /mK) 40 400 8.9538 0.613 
σ(s /m) 35 × 106 59.6 × 106 2.6× 106 5.5 × 10− 6 

βT(K− 1) 0.85 × 10− 5 1.67 × 10− 5 0.9 × 10− 5 21 × 10− 5 

Prandtl Number, Pr – – – 6.2  
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velocity slip parameter, δ = A
B is the thermal stratification parameter, and c = a

b is the velocity ratio parameter (c > 0 for stretching 
sheet, c < 0 for shrinking sheet), Meanwhile λ = Gr/Re2

x is the mixed convection (buoyancy) parameter where λ < 0 refers to opposing 
flow, λ > 0 refers to assisting flow and λ = 0 for the forced convection flow where Gr = g(βT)f (Tw(x) − T0)x3/ν2

f is the Grashof number, 

A1 =
(1− φ3){(1− φ2)[(1− φ1)ρf+φ1(ρβT)s1/(βT)f ]+φ2(ρβT)s2/(βT)f }+φ3(ρβT)s3/(βT )f

(1− φ3){(1− φ2)[(1− φ1)ρf+φ1ρs1 ]+φ2ρs2}+φ3ρs3 
and Rex = xue(x)/νf is the local Reynolds number. 

The skin friction coefficient and the local Nusselt number denote as 

Cf =
τw

ρf u2
e(x)

,Nux =
xqw

kf (Tw(x) − T0)
, (9)  

with τw is the surface shear stress and qw is the surface heat flux given by 

τw = μthnf

(
∂u
∂y

)

y=0
, qw = − kthnf

(
∂T
∂y

)

y=0
, (10) 

By applying (5) and (10) into (9), the physical quantities of interest, which are the reduced skin friction coefficient, and the heat 
transfer rate are obtained: 

Re1/2
x Cf =

μthnf

μf
f ″(0),Re− 1\/2

x Nux = −
kthnf

kf
θ′(0) (11)  

3. Stability analysis 

The property of ordinary differential equations to admit multiple solutions, often called dual solutions, which include both the first 
and second solutions, is widely recognised. It is not possible to experimentally identify these multiple solutions [53]. Because of this, 
multiple solution identification makes use of mathematical analysis. After the identification of multiple solutions, it is critical to 
conduct a stability test to determine their stability and instability [22,23]. Stability analysis encompasses the examination of irregular 
flows, characterized by time-dependent flow states. The objective of this approach is to introduce a disturbance into the 
time-independent flow, and the stable solution is recognised as the one that varies in time with the least amount of error. 

To initiate the stability analysis, it is necessary to consider the unsteady formulation of Eqs. (2) and (3). 

∂u
∂t

+ u
∂u
∂x

+ v
∂u
∂y

= ue
∂ue

∂x
+

μthnf

ρthnf

∂2u
∂y2 +

σthnf

ρthnf
B2

0(ue − u) +
g(ρβ)thnf (T − T∞)

ρthnf
, (12)  

∂T
∂t

+ u
∂T
∂x

+ v
∂T
∂y

=
1

(
ρCp

)

thnf

(

kthnf
∂2T
∂y2

)

, (13) 

Then, the dimensionless time variable, denoted as Γ and a new set of dimensionless variables in term of η and Γ are introduced as 
follows: 

u= ue(x)f ′(η,Γ), v = −

̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ue(x)νf

x

√

f (η,Γ)

θ(η,Γ)= T − T∞(x)
Tw(x) − T0

, η = y

̅̅̅̅̅̅̅̅̅̅
ue(x)
xνf

√

,Γ =
b
L

t (14) 

The dimensionless variables in (14) are utilised in Eqs. (12) and (13). Hence, the following system of equations are obtained: 

μthnf
/

μf

ρthnf
/

ρf

∂3f
∂η3 + f

∂2f
∂η2 −

(
∂f
∂η

)2

+ 1+Aλθ −
∂2f

∂η∂Γ
+

σthnf
/

σf

ρthnf
/

ρf
M
(

1 −
∂f
∂η

)

= 0, (15)  

1
Pr

kthnf
/

kf
(
ρCp

)

thnf

/(
ρCp

)

f

∂2θ
∂η2 + f

∂θ
∂η − (θ+ δ)

∂f
∂η −

∂θ
∂Γ

= 0, (16) 

along with the boundary conditions: 

f (0,Γ)=S,
∂f
∂η (0,Γ) = c + ℇ ∂2f

∂η2 (0,Γ), θ(0, Γ) = 1 − δ  

∂f
∂η (η,Γ)→ 1, θ(η,Γ)→ 0, as η→∞ (17) 

Next, the following perturbation functions are utilised to assess the stability of the dual solutions [54]: 

f (η,Γ)= f0(η) + e− γΓF(η), θ(η,Γ) = θ0(η) + e− γΓG(η), (18) 
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with assumption f0(η) = f(η) and θ0(η) = θ(η) are the solutions for the steady state similarity equations (6) and (7) constrained by 
the boundary conditions (8). While F(η) and G(η) are assumed to be relatively small towards f0(η) and θ0(η). Additionally, γ is the 
unknown eigenvalue parameter, introduced to quantify the rate at which the disturbance to the steady flow similarity equations either 
grows or decays. Implementing (18), Eqs. (15) and (16) and the boundary conditions (17) become 

μthnf
/

μf

ρthnf
/

ρf
F‴ + f0F″ −

(σthnf
/

σf

ρthnf
/

ρf
M − 2f ′

0 + γ
)

F′ + f ″
0F +AλG= 0, (19)  

1
Pr

kthnf
/

kf
(
ρCp

)

thnf

/(
ρCp

)

f

G″ +Fθ′
0 + f0G′ − (θ − δ)F′ −

(
f ′
0 − γ

)
G= 0, (20)  

with the boundary conditions: 

F(0)= 0,F′(0) − ℇF″(0) = 0,G(0) = 0  

F′(η)→ 0,G(η)→ 0, as η→∞ (21)  

Rather than directly use F′(η)→0, we choose to relax this condition by replacing it with F″(0) = 1, allowing us to address the 
eigenvalue problem. Consequently, new boundary conditions for Eq. (21) are formulated: 

F(0)= 0,F′(0) − ℇF″(0) = 0,F″(0) = 1,G(0) = 0  

G(η)→ 0, as η→∞ (22) 

When the eigenvalue problem is solved using the bvp4c solver, it is possible to obtain an endless number of eigenvalues. The 
negative eigenvalue represents the early rise of disturbance, which indicates an unstable flow over time. On the other hand, a positive 
eigenvalue indicates that the disturbance decreases over time, indicating a stable flow. 

4. Results and discussion 

The mathematical model that builds up from Eqs. (6) and (7), are actively solved using the bvp4c solver in MATLAB software while 
adhering to the specified boundary conditions (8). This numerical solver is widely employed in mathematics and engineering for 
solving boundary value problems (BVPs) associated with ordinary differential equations. This solver uses a finite difference method 
that employs the three-stage Lobatto IIIa formula with 4th order accuracy. In this study, solutions are sought at both the upper and 
lower limits by establishing a boundary layer thickness denoted as η∞ at 15, which is sufficient to satisfy the far-field boundary 
conditions in an asymptotic manner. Meanwhile a tolerance threshold 10− 10 is implemented to regulate the solver’s precision and 
determine when it converged to a satisfactory solution. The current problem may have dual solutions, therefore the bvp4c solver 
requires initial guesses. These initial guesses are chosen through a trial-and-error process and are iteratively refined if solver 
convergence is not achieved. Finding the first solution is straightforward, even when bvp4c is provided with a weak initial guess. 
However, obtaining a suitable initial guess for the second solution poses a challenge. In this case, a continuation method is used to 
overcome this challenge [55]. As the existence of dual solutions is anticipated, a thorough stability analysis is conducted to assess the 
stability of the obtained solutions. 

This study involves the synthesis of a ternary hybrid nanofluid by dispersing φ1 (Al2O3) and φ2 (Cu) nanoparticles into water as the 
base fluid. Subsequently, φ3 (TiO2) is introduced as the third nanoparticle, with varying volume fractions. It is important to note that in 

Table 3 
f’’(0) when S = M = δ = ℇ = c = 0 and λ = 1 for viscous fluid (φ1 = φ2 = φ3 = 0)

Pr Rostami et al. [57] (bvp4c) Khashi’ie et al. [49] (bvp4c) Mahmood et al. [46] (shooting method & RKF) Present results (bvp4c)  

1st Solution 2nd Solution 1st Solution 2nd Solution 1st Solution 2nd Solution 1st Solution 2nd Solution 
0.7 1.7063 1.2344 1.7063 1.2387 1.72608 – 1.706323 1.238728 
1 1.6754 1.1296 1.6754 1.1332 1.71179 – 1.675437 1.133292 
7 1.5179 0.5815 1.5179 0.5824 1.57524 – 1.517913 0.582401  

Table 4 
− θ(0) when S = M = δ = ℇ = c = 0 and λ = 1 for viscous fluid (φ1 = φ2 = φ3 = 0)

Pr Rostami et al. [57] (bvp4c) Khashi’ie et al. [49] (bvp4c) Mahmood et al. [46] (shooting method & RKF) Present results (bvp4c)  

1st Solution 2nd Solution 1st Solution 2nd Solution 1st Solution 2nd Solution 1st Solution 2nd Solution 
0.7 0.7641 1.0235 0.7641 1.0226 1.68677 – 0.764063 1.022631 
1 0.8708 1.1706 0.8708 1.1691 1.69536 – 0.870779 1.169126 
7 1.7224 2.2203 1.7224 2.2192 1.86382 – 1.722382 2.219294  
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this study, φ1 and φ2 are fixed at 2% while 2% ≤ φ3 ≤ 6% for the third nanoparticle. According to Oztop and Abu Nada [56], Prandtl 
number for water as the base fluid is Pr = 6.2, which is used for the entire study. This study seeks to offer a succinct analysis of the 
impact of various parameters such as the velocity slip ℇ, magnetic M, stretching/shrinking c, mixed convection λ, suction S, and 
volumetric concentration of nanoparticles φ3, have on fluid flow profiles, heat transfer rate, and skin friction coefficient. To achieve 
this objective, the selection of parameter values relies on insights from prior studies and a trial-and-error approach, thereby ensuring 
the presence of dual solutions. 

Tables 3 and 4 depict the values of f’’(0) and − θ(0) for regular viscous fluid when all parameters are zero except λ = 1. The 
previous authors employed various methods to obtain these values, and it is evident from the tables that the results obtained from this 
study align exceptionally well. This consistency validates the accuracy of the numerical approach employed, thereby establishing the 
obtained results as accurate and reliable. 

4.1. Effect of volume fraction φ3 

Figs. 2 and 3 depict the influence of the volume fraction of nanoparticles along with mixed convection parameter on Re1/2
x Cf and 

Re− 1/2
x Nux. Fig. 2 depicts that increasing value of φ3 led to the small increase of skin friction coefficient values for the first solution. 

Furthermore, the second solution involves augmenting the values of φ3 causes a lessening of skin friction coefficient values. In a 
physical sense, elevating the volume fraction of nanoparticles results in improved fluid viscosity performance, heightened surface 
shear stress, and an augmentation of local skin friction. Moreover, the magnitude of |λc| demonstrates an increase with a rise in the 
volume fraction φ3, indicating that increasing φ3 postpones the boundary layer detachment. Meanwhile, Fig. 3 depicts the inclination 
of thermal transfer efficiency along with the increasing value of φ3 for the first solution. Yet, regarding the second solution, thermal 
transfer efficiency decreases under opposing flow conditions and increases under assisting flow conditions. Physically, enhancing φ3 
leads to a higher concentration of solid nanoparticles in the fluid, subsequently enhancing thermal transmission. As a result, the 
Nusselt number has also been augmented. This discovery aligns with a prior study conducted by Sohut et al. [37]. Furthermore, this 
discovery indicates that increased volume concentration can boost the heat transfer of ternary hybrid nanofluid. 

Fig. 2. Changes in skin friction against mixed convection parameter for various values of φ3.  

Fig. 3. Changes in Nusselt number against mixed convection parameter for various values of φ3.  

F.N. Jamrus et al.                                                                                                                                                                                                      



Case Studies in Thermal Engineering 55 (2024) 104161

10

Next, Figs. 4–7 illustrate the impact of volume fraction φ3 on flow profiles for both a stretching and shrinking sheet. In Figs. 4 and 6, 
discernible trend is noted: as φ3 increases, the velocity profiles in the first solution experience a slight decrease, while in the second 
solution, the decrease is more pronounced. From a physical standpoint, an elevated quantity of solid nanoparticles leads to a rise in the 
fluid’s viscosity. With an increase in viscosity, the resistance also experiences a greater surge. As a consequence, the fluid flow is 
slowed. Simultaneously, in relation to temperature distributions, the fluid temperature rises in the first solution whereas in the second 
solution, it decreases. Augmenting the volume fraction of solid nanoparticles may generate additional energy, thereby enhancing the 
temperature profile. 

Fig. 4. Velocity profile for various values of φ3 in the case of stretching flow.  

Fig. 5. Temperature profile for various values of φ3 in the case of stretching flow.  
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4.2. Effect of the magnetic parameter 

Figs. 8 and 9 show the variation in Re1/2
x Cf and Re− 1/2

x Nux as the magnetic parameter is varied. Skin friction and heat transfer 
coefficients show an upward trend in the first solution with the rise of the magnetic parameter. However, for the second solution, these 
physical quantities exhibit the opposite behaviour. The occurrence of these phenomena can be attributed to the Lorentz force, which 
generates a drag force capable of potentially modifying surface heat transfer and skin friction. Furthermore, the figures illustrate that 
the critical values of λ for the following values of M = 0, 0.2, 0.4 and 0.6 are λc = − 19.2120, − 19.9154, − 20.6063, − 21.2882, 
respectively. From a physical view, the solution range of λ is expanding. As a result, augmenting the magnetic parameter value may 
potentially postpone the separation of the boundary layer. 

Fig. 6. Velocity profile for various values of φ3 in the case of shrinking flow.  

Fig. 7. Temperature profile for various values of φ3 in the case of shrinking flow.  
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Meanwhile, the impact of the magnetic parameter on the fluid profiles when ℇ = 0.1, S = 0.5, λ = 1, δ = 0.01, c = 0.5 and Pr = 6.2 
is illustrated in Figs. 10 and 11. The escalation of the Lorentz force is driven by an elevation in the magnetic parameter, leading to 
heightened momentum within the boundary layer. Consequently, the observed phenomenon induces an increase in the flow velocity at 
the surface. Specifically, it implies that adjusting the magnetic parameter can potentially prevent the occurrence of turbulent flow in 
the fluid. This result aligns with what is illustrated in Fig. 8. The increase of magnetic parameter gives the reduction in fluid tem
perature for the first solution and decrease for the second solution, as seen in Fig. 11. Also, the thermal boundary layer become thinner 
and the increase in the surface temperature gradient are found to be influenced by the Lorentz force. Physically, when a magnetic field 
engages with an electrically conductive nanofluid results in a drag force referred to as the Lorentz force. 

4.3. Effect of velocity slip parameter ℇ 
Fig. 12 illustrates skin friction coefficient values in the negative range when λ < − 6.6289 in the case of an opposing direction. 

Meanwhile, at λ = − 6.6289, the skin friction is zero, where it means at this point occurs no slip condition. Further, for λ > − 6.6289, 
it is found that presence of velocity slip has opposed the stretching effect, then positive values of skin friction coefficients reduce. From 
a physical perspective, the velocity slip within the boundary layer serves to mitigate the friction between the surface and the fluid, 
thereby leading to a decrease in surface shear stress. In contrast, Fig. 13 shows that the inclusion of velocity slip parameter enhance the 
rate of heat transmission. Additionally, from both figures, we can see that an increase in the velocity slip parameter, it speeds up the 
separation of the boundary layer. In simpler terms, changes in this parameter make the boundary layer separate more quickly. 

Further, impacts of velocity slip on the flow profiles when S = 0.5, λ = 1, δ = 0.01,M = 0.2, c = 0.5 and Pr = 6.2 are shown in 
Figs. 14 and 15. Looking at Fig. 14, the velocity slip parameter has a notable impact on both the thickness of the momentum boundary 
layer and the shape of the velocity profile. The boundary layer thickness decreases, hence, the fluid velocity is increasing. Fig. 15 
illustrates the reduction in temperature becoming less significant as the velocity slip parameter increases. In term of thermal boundary 
layer, one can observe that the velocity slip parameter gives only small reduction in its thickness. 

Fig. 8. Changes in skin friction against mixed convection parameter for some values of M.  

Fig. 9. Changes in Nusselt number against mixed convection parameter for some values of M.  
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4.4. Effect of the suction parameter S 

The increase in the suction parameter value has an impact on the acceleration of the suction velocity on the permeable surface, 
subsequently leading to a greater volume of nanofluid being drawn into the plate. Therefore, the suction effect becomes more pro
nounced with an increasing suction parameter value. Figs. 16 and 17 illustrate how the suction parameter affect Re1/2

x Cf and 
Re− 1/2

x Nux. The figures reveal the skin friction and thermal transfer coefficients incline for the first solution when the suction parameter 
is strengthened. However, the pattern shows otherwise for the second solution. Physically, the suction effect results in a larger volume 
of ternary hybrid nanofluid being drawn to the surface, leading to the thinning of the boundary layer. Consequently, the increase in 
fluid velocity causes both the skin friction coefficient and heat transfer rate to rise. Observe that in these figures, the values of |λc| rise 

Fig. 10. Velocity profile for some values of M.  

Fig. 11. Temperature profile for some values of M.  
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with the escalation of the suction values, suggesting that suction parameter can widen the range of dual solutions occurrence. 
Therefore, suction parameter also can serve as a controlling factor for either delaying or accelerating the boundary layer detachment. 
Additionally, these findings are aligned with the remarkable work by Jamaludin et al. [58]. 

4.5. Effect of the thermal stratification parameter δ 

Figs. 18 and 19 illustrate how skin friction and heat transfer rate are affected by the thermal stratification parameter. Increasing 
thermal stratification parameter expands the solution range of the problem, as indicated by the rising values of |λc| in both figures. 
Moreover, thermal stratification parameter can delay the boundary layer detachment. Additionally, the impact of thermal stratifi
cation on surface shear stress is apparent, resulting in an increase in the skin friction coefficient values for the first solution. Rate of heat 
transmission also increase alongside the thermal stratification parameter in the first solution. When the thermal stratification 
parameter increases, a temperature difference emerges between the surface and the surrounding environment. This temperature 
gradient initiates the heat convection process, where heat transfers from colder to hotter regions. Consequently, with a higher thermal 
stratification value, convection occurs more efficiently, leading to an increased heat transfer rate. 

The smallest eigenvalues γ for different values of λ with ℇ = 0.1, S = 0.5, δ = 0.01,M = 0.2, c = 0.5 and Pr = 6.2 are illustrated in 
Fig. 20. Utilizing the definition provided by Eq. (18), negative eigenvalues correspond to early rise of disturbance, indicating long-term 
flow instability. Conversely, positive eigenvalues signify a reduction in disturbance over time, characterizing a stable state. Hence, 
evidently that the first solution exhibits a positive value for γ, whereas the second solution demonstrates a negative γ. Simultaneously, 
noting that the eigenvalue approaches zero for both the first and second solutions as the value approaches the critical value λc = −

19.9154. This discovery indicates that there is a transition in the eigenvalues at the bifurcation point when they change from positive 
(indicating stability) to negative (indicating instability). This finding supports the conclusions drawn from the stability analysis 
performed in this study, indicating that the first solution is probably stable than the second solution. 

Fig. 12. Changes in skin friction for some values of ℇ.  

Fig. 13. Changes in Nusselt number for some values of ℇ.  
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5. Conclusion 

The mixed convection stagnation point flow of a thermally stratified Al2O3–Cu–TiO2/water ternary hybrid nanofluid over a vertical 
stretching/shrinking sheet is numerically assessed in this study. The analysis considers the occurrence of a magnetic field, velocity slip, 
and suction. The study yielded several noteworthy discoveries.  

• The numerical findings demonstrated a significant increase in heat transfer rate approximately 1.74% as the concentration of TiO2 
is raised from 2% to 6%. Additionally, the escalation in nanoparticle volume fraction amplifies fluid viscosity and shear stress at the 
surface, ultimately contributing to an augmented skin friction approximately over 7.42%. 

Fig. 14. Velocity profile for some values of ℇ.  

Fig. 15. Temperature profile for some values of ℇ.  
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• Compared to the flow scenario without magnetic effect, the Nusselt number demonstrates a marginal increase approximately 
0.07% when M = 0.2, 0.14% when M = 0.4, and 0.21% when M = 0.6 in both assisting and opposing flow cases.  

• As suction strength is elevated from 0.3 to 0.7, a noteworthy augmentation of 41.96% is observed in the heat transfer rate. This 
observation indicates that even with a relatively low suction strength, heat transfer rate is enhanced significantly. 

Fig. 16. Changes in skin friction for some values of S.  

Fig. 17. Changes in Nusselt number for some values of S.  

Fig. 18. Changes in skin friction for some values of δ.  
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• The parameters of magnetism, suction, and volume fraction play a critical role in delaying the boundary layer detachment, 
providing a method to regulate and postpone the onset of turbulence in the boundary layer.  

• Dual solutions emerge in assisting and opposing flow zones.  
• The stability analysis indicated that the stability of the first solution confirmed and exhibits physical robustness. 
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Fig. 19. Changes in Nusselt number for some values of δ.  

Fig. 20. Smallest eigenvalues towards mixed convection parameter.  
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