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Abstract 

This study presents a comprehensive numerical investigation into the 
Joule heating effect on ternary nanofluid flow and heat transfer over a 
permeable cylinder. The nanofluid consists of copper, alumina, and 
titania nanoparticles suspended in a water base fluid. Key physical 
parameters, including magnetic field strength and suction, are 
incorporated into the model to assess their effects on the flow and 
thermal performance. The governing partial differential equations are 
transformed into ordinary differential equations via similarity 
transformation and solved using the bvp4c solver. The results are 
validated against previously published studies, showing excellent 
agreement. The analysis reveals that Joule heating significantly 
impacts the temperature distribution within the boundary layer, 
increasing its thickness. However, its influence on the skin friction 
coefficient and overall flow behavior remains minimal. These findings 
provide valuable insights into optimizing heat transfer and fluid flow 
in systems that utilize ternary nanofluids, with potential applications in 
advanced cooling technologies and industrial heat management 
systems. 

1. Introduction 

Hybrid nanofluids represent an advanced class of nanofluids, created by 
dispersing two (hybrid) or three (ternary) types of nanoparticles within a base 
fluid. Numerous recent studies have explored the applications, benefits, and 
limitations of hybrid and ternary nanofluids, as well as their thermophysical 
characteristics (see Refs. [1-5]). Following this foundational work, a wide 
range of researchers have focused on the numerical analysis of hybrid 
nanofluid flow and heat transfer across different surfaces and conditions, 
utilizing the property correlations proposed by Devi and Devi [6] and Takabi 
and Salehi [7]. Recently, the flow of ternary hybrid nanofluids—fluids 
containing three distinct nanoparticles—has been extensively studied through 
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numerical analysis, particularly under the influence of various physical 
factors such as magnetic fields, velocity and thermal slips, heat absorption 
and generation, suction, among others. Jamrus et al. [8] discovered that 
increasing the volumetric concentration of titania in a copper-alumina-
titania/water nanofluid model significantly enhanced the heat transfer rate. 
However, their study focused on stagnation point flow under mixed 
convection conditions. In another study, Jamrus et al. [9] explored a basic 
model and identified numerical dual solutions for the Hiemenz flow of 
ternary hybrid nanofluids over a stretching/shrinking sheet. They found that 
the ternary hybrid nanofluid (Cu-Al2O3-TiO2) exhibited higher skin friction 
and heat transfer coefficients compared to the binary hybrid nanofluid (Cu-
Al2O3). Wahid et al. [10] found that a 4% increase in the suction parameter 
significantly extended the critical value, thereby delaying the boundary layer 
separation process. 

These prior studies have motivated the authors to further expand the 
research by exploring (a) the existence of dual solutions and conducting 
stability analysis, and (b) examining the flow and heat transfer performance 
with varying parameter values. Consequently, this work focuses on the flow 
and heat transfer behavior of MHD ternary nanofluids (Cu-Al2O3-TiO2) over 
a shrinking/stretching cylinder, incorporating the effects of velocity slip and 
suction. Suction, in particular, plays a crucial role in stabilizing the reverse 
flow originating from the shrinking surface. The partial differential equations 
(PDEs) governing the system are converted into ordinary differential 
equations (ODEs) using the similarity transformation method. These 
transformed equations are then solved using the bvp4c solver. For validation, 
the numerical results are compared against previously published data under 
specific conditions. This study is both significant and valuable for future 
benchmarking, and the authors are confident that it offers potential for 
further extensions in subsequent research. 

2. Mathematical Formulation 

Consider a steady-state scenario involving the flow of a ternary hybrid 
nanofluid with heat transfer around a permeable cylinder of radius a as 
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depicted in Figure 1. The cylindrical coordinate system is chosen such that 
the x-axis runs along the cylinder’s axis, while the r-axis represents the 
vertical direction and the flow occurs at .0≥r  The velocity profile of the 
shrinking cylinder is described by ( ),xUwλ  where ( ) LxuxUw 0=  and 0u  

is a constant. The ambient temperature is uniform, ∞T  while the variable 

temperature along the wall follows ( ) ,2
0 LxTTTw += ∞  where 0T  is the 

characteristic temperature. 

 

Figure 1. The physical model. 

The governing partial differential equations (PDEs) which modeled the 
above physical flow are [8, 11]: 

0,u v
x r
∂ ∂+ =
∂ ∂

 (1) 

22 0
2

1 ,thnf thnf

thnf thnf

Bu u u uu v ux r r rr

μ σ⎛ ⎞∂ ∂ ∂ ∂+ = + −⎜ ⎟∂ ∂ ρ ∂ ρ∂⎝ ⎠
 (2) 

22 0 2
2

1
( ) ( ,)

thnf thnf

p thnf p thnf

k BT T T Tu v ux r C r r Cr

σ⎛ ⎞∂ ∂ ∂ ∂+ = + +⎜ ⎟∂ ∂ ρ ∂ ρ∂⎝ ⎠
 (3) 

subject to the boundary conditions (BCs) [8, 11]: 

, ,   ,     , at w w wu U v v T T r a= λ = = =  

0, ,    as  .T T ru ∞→ → → ∞  (4) 
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In this model, u and v represent the velocity components along the x-axis 
and y-axis, respectively. The parameter λ  governs the surface condition, 
where a negative value of λ  indicates shrinking, a positive value 
corresponds to stretching, and 0=λ  reflects a stationary surface. Table 1 
details the thermophysical characteristics of both the hybrid and ternary 
hybrid nanofluids. The concentrations of alumina, copper, and titania are 
denoted as 21, φφ  and ,3φ  respectively. The physical properties of the 

nanoparticles and base fluid are presented in Table 2. The appropriate 
similarity variables that satisfy the continuity equation (1) are as follows:  

( ) ( ) ( )
2 200 0, , , .2

f

f w

uu xf uaf T Tr au vL r L a L T T
∞

∞

ν′ η η −−= = − η = θ η =
ν −

 (5) 

This setup ensures that the continuity equation is fulfilled while 
facilitating the analysis of the system. This process leverages the similarity 
transformation, which reduces the complexity of the system and simplifies 
the governing PDEs into a set of ordinary differential equations (ODEs). 
These ODEs are more manageable and allow for numerical or analytical 
solutions under appropriate boundary conditions, as demonstrated in 
previous studies [8, 11]. By substituting equation (5) into equations (1)-(4), 
the equations are reduced to: 

( )[ ] 21 2 2 0,thnf f thnf f

thnf f thnf f
f f ff f Mf

μ μ σ
′′′ ′′ ′′+ ηγ + γ + − ′ − ′ =

ρ ρ ρ
σ

ρ
 (6) 

( ) ( ) ( )[ ]1 1 2 2 2Pr
thnf f

p pthnf f

k k
f fC C

′′ ′ ′ ′+ γη θ + γθ + θ − θ
ρ ρ

 

( ) ( )
2 0,thnf f

p pthnf f
EcMf

C C
σ σ

+ ′ =
ρ ρ

 (7) 

( ) ( ) ( ) ,10,0,0 =θλ=′= fSf   

( ) ( ) .as0,0 ∞→η→ηθ→η′f  (8) 

The parameters in equations (6)-(8) are defined as the magnetic parameter 

( )2
0 0 ,f f uM LB= σ ρ  Prandtl number ( ( ) )ffp kCμ=Pr  and Eckert number 
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( ( ) ( )( ))2 .p fw wT xE Tc U C ∞= −  The key physical quantities of interest are the 

skin friction coefficient and the rate of heat transfer at the surface, which 
help evaluate the behavior of the flow and heat transfer around the cylinder 
and are essential in characterizing the performance of the system. They can 
be expressed as follows [11]: 

( ) ( )1 2 1 20 , 0 ,thnf thnf
x f x x

f f

k
Re C f Re Nu k

−μ
′′= = − θ′

μ
 (9) 

where ( )x w fRe U x x= ν  (local Reynolds number). 

Table 1. Correlations of ternary hybrid nanofluid 
Properties Hybrid Nanofluid (hnf) and Ternary Hybrid Nanofluid (thnf) 

Density ( ){( ) [( ) ] }3 2 1 1 1 2 2 3 31 1 1thnf f s s sρ = − φ − φ − φ ρ + φ ρ + φ ρ + φ ρ  
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2
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Table 2. Thermophysical properties for Cu, H2O and Al2O3 
Physical properties Cu 32OAl  2TiO  Water 

( )3mkgρ  8933 3970 4250 997.1 

( )kgKJpC  385 765 686.2 4179 

( )mKWk  400 40 8.9538 0.6130 

( )msσ  
6106.59 ×  61035 ×  6106.2 ×  6105.5 ×  

3. Results and Discussion 

The numerical solutions for the reduced ODEs from the prior section 
were solved using Matlab’s bvp4c function. The computed results, displayed 
in the accompanying figures and tables, show the heat transfer and skin 
friction coefficients for the ternary copper-alumina-titania nanofluid flow 
under selected conditions. As demonstrated in Table 3, the obtained data 
agrees well with previous research, validating the current model’s 
effectiveness. This consistency indicates the model’s potential for generating 
additional results in tables and figures across various parameter ranges. 

Table 3. Model validation of ( )0f ′′  with limitations ,1=λ  ,2.6Pr =  
032 ====γ=φ=φ SEcM  and various 1φ  

 ( )0f ′′  

1φ  Present Waini et al. [12] Jamrus et al. [13] 

0.05 -1.00538 -1.00538 -1.00538 
0.10 -0.99877 -0.99877 -0.99877 
0.15 -0.98184 -0.98184 -0.98185 
0.20 -0.95592 -0.95592 -0.95593 

Figure 2 demonstrates the emergence of boundary layer separation 
within the shrinking (opposing) flow region when the Eckert numbers (Ec) 
are varied. The analysis shows that increasing Eckert number does not delay 
the onset of boundary layer separation (not affecting the separation point). In 
this work, the obtained separation point/critical value/endpoint is 

0375.1−=λc  and same for all Eckert numbers ( ).02.0,01.0,0=Ec  As 

illustrated in Figure 2, an increase in Ec leads to a reduction in the heat 
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transfer rate. Physically, when the Ec increases, it signifies that a greater 
proportion of the kinetic energy in the flow is converted into internal energy 
(heat) due to viscous dissipation. This dissipation heats the fluid within the 
boundary layer, which reduces the temperature gradient between the surface 
of the shrinking cylinder and the fluid. Since heat transfer is driven by the 
temperature gradient, a reduced gradient leads to a lower rate of heat transfer 
from the cylinder’s surface to the surrounding fluid. In the context of a 
shrinking cylinder, where the flow is already adverse and prone to 
separation, the additional heating caused by viscous dissipation (as 
represented by the Ec) further reduces the cooling effect. This results in less 
efficient heat removal from the surface, and thus, the overall heat transfer 
rate declines. The increasing Ec reduces the heat transfer rate because higher 
viscous dissipation reduces the temperature gradient driving the thermal 
energy exchange between the surface and the surrounding fluid. 

 
Figure 2. Effect of Eckert number (Joule heating) on the heat transfer rate. 

4. Conclusions 

This study presents a comprehensive numerical investigation of the Joule 
heating effect on ternary nanofluid flow and heat transfer over a permeable 
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cylinder. Using a combination of copper, alumina, and titania nanoparticles 
dispersed in water, the analysis explored key physical parameters, including 
the effects of magnetic fields, velocity slip, and suction on the flow behavior 
and thermal performance. The main findings of the study indicate that: 

Joule heating impact. The inclusion of Joule heating significantly 
affects the temperature distribution in the boundary layer, leading to an 
increase in the thermal boundary layer thickness. However, its effect on the 
overall flow behavior and skin friction is minimal. 

Suction and permeability. The application of suction over the 
permeable cylinder effectively stabilizes the boundary layer and delays the 
onset of separation. Higher suction values result in an enhanced heat transfer 
rate and improved flow stability. 

This study adds valuable insights into the behavior of ternary nanofluids 
in complex flow and heat transfer scenarios. The findings have implications 
for the design of cooling systems and industrial applications where precise 
thermal management is required. Future research could further explore the 
effect of additional physical parameters such as non-uniform magnetic fields, 
higher nanoparticle concentrations, or more advanced thermal boundary 
conditions to optimize nanofluid performance in real-world applications. 
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