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ARTICLE INFO ABSTRACT

Keywords: The use of hybrid nanofluids in practical applications is pivotal for enhanced heat transfer efficiency especially
Ternary hybrid nanofluid for electronics cooling, and manufacturing processes. This study delves into numerically investigating the un-
Shrinking

steady water-based (alumina+copper-+titanium dioxide) ternary hybrid nanofluid flow over a permeable biaxial
shrinking sheet, considering the influence of thermal radiation. The model, initially formulated as partial dif-
ferential equations (PDEs), is adeptly transformed into ordinary differential equations (ODEs) via established
similarity transformations. Subsequently, a numerical solution employing the finite difference scheme in bvp4c
MATLAB unravels the behaviors of crucial physical quantities—across various parameter configurations.
Remarkably, this study reveals the presence of two potential solutions, among which only one exhibits physical
stability. Notably, the findings underscore the efficacy of enlarging the boundary suction parameter and
diminishing thermal radiation for augmenting heat transfer within the specified conditions of ternary hybrid
nanofluid. A noteworthy finding of this study reveals that an increase in the boundary suction parameter by 4%
leads to a remarkable 9% delay in the boundary layer separation of the ternary hybrid nanofluid, thus main-
taining the laminar phase flow. This study offers crucial guidance and insights for researchers and practitioners
delving into the mathematical or experimental aspects of ternary hybrid nanofluid dynamics.

Thermal radiation
Unsteady flow

substitute for conventional heat transfer fluids used in diverse applica-
tions such as technological processes, pharmaceutical operations, fuel
cells, microelectronics, drug delivery systems, automobile coolants,
nuclear reactor cooling, and thermal storage [1,2]. An in-depth analysis
of the preparation, stability, thermophysical properties, and environ-
mental effects of ternary hybrid nanofluid can be seen in the review
paper by Adun et al. [3].

In the context of ternary hybrid nanofluid, based on previous studies,
Elnaqeeb et al. [4] analyzed the suction effect on ternary hybrid nano-
fluid flow with varied nanoparticle geometries and densities in a rect-
angular closed area. A higher heat transfer rate was obtained with
heavy-density nanoparticles. Some experimental studies were also
conducted to understand the rheological properties of ternary hybrid
nanofluid in various applications, see [5-7]. Then, Bilal et al. [8] per-
formed a numerical investigation on ternary hybrid nanofluid flow with
various shapes such as planes, sheets, cones, and wedges, with the

1. Introduction

A hybrid nanofluid constitutes a composite amalgamation
comprising two discrete nanoparticles dispersed within a base fluid. The
combination of dissimilar nanoparticles integrates various material
properties to reduce the drawback of a single suspension nanofluid.
Hence, it forms an exceptionally proficient heat transfer agent with
notably enhanced thermophysical attributes compared to both tradi-
tional fluids and nanofluids. Recently, a novel ternary hybrid nanofluid
has been developed, incorporating the dissemination of three diverse
nanoparticles within a base fluid. This innovative fluid is anticipated to
demonstrate heightened thermophysical properties, surpassing those
observed in both hybrid nanofluids and single nanofluids. Various
experimental and theoretical studies have been performed to understand
the flow and thermal properties of this fluid, as well as its potential as a
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Nomenclatures

Cp,Cyy  Skin friction coefficients

f.g Dimensionless momentum function
k* Mean absorption constant

King Thermal conductivity of ternary hybrid nanofluid
Nu, Local Nusselt number

Pr Prandtl number

Rd Radiation parameter

Rey,Re, Local Reynolds numbers

S(>0) Suction parameter

t Time

T Temperature

Ty Sheet temperature

Te Far-field temperature

U Far-field velocity

u,v,w Velocities along x,y, z-axes

Uy, Vi Sheet velocities

Wy Mass flux velocity

X,Y,2 Cartesian coordinates

Greek Symbols

p Unsteadiness parameter

y Eigenvalue

n Dimensionless variable

7 Dimensionless temperature function

A(<0)  Shrinking parameter

Hehng Dynamic viscosity of ternary hybrid nanofluid
Pilnf Density of ternary hybrid nanofluid

(pCp)mny Heat capacitance of ternary hybrid nanofluid
c* Stefan-Boltzmann constant

T Dimensionless time variable

¢ Nanoparticle volume fraction

Subscripts

thnf Ternary hybrid nanofluid

hnf Hybrid nanofluid

nf Nanofluid

f Base fluid

1 Alumina nanoparticle

2 Copper nanoparticle

3 Titanium dioxide nanoparticle

inclusion of a magnetic field. During their research, it was observed that
the propagation rates of velocity and energy over the cone exceeded
those seen over the wedge and plate. Mahmood et al. [9] studied the
stagnation-point ternary hybrid nanofluid flow over a convective
stretch/shrink cylinder, revealing a notably heightened heat transfer
rate compared to both the hybrid nanofluid and nanofluid. This finding
aligned with similar results provided by Manjunatha et al. [10] and
Mahmood et al. [11] in their respective examinations of ternary hybrid
nanofluid flow over stretch/shrink surface. Nandi and Vajravelu [12]
found that an increased Weissenberg number in the Carreau ternary
hybrid nanofluid flow over a stretch sheet reduced the velocity profile.
Zeeshan et al. [13] studied the flow of Casson ternary hybrid nanofluid
over a shrinkable sheet subjected to radiation. Their findings show that
augmenting the concentration and radiation parameters led to an
elevation of the temperature profile. Recently, Riaz et al. [14], Nagaraja
et al. [15], Mumtaz et al. [16], and Jan et al. [17] analyzed the flow of
ternary hybrid nanofluid across a stretch sheet with various flow
conditions.

Thermal radiation is one of the three modes of heat transmission that
operates independently of the intervening medium. Unlike conduction
and convection, which rely on the transfer of energy through a physical
medium, thermal radiation occurs through electromagnetic waves [18].
Thermal radiation is the emission of electromagnetic radiation from a
material, driven by its temperature, and the characteristics of the radi-
ation are determined by the heat of the material [19]. The distribution of
temperatures in various applications, especially those involving disso-
ciating fluids and chemical reactions like space vehicle re-entry, astro-
physical flows, electrical power generation, optoelectronics technology,
spectroscopy, and solar power technology, can be altered by thermal
radiation [20,21]. This parameter has been considered widely by re-
searchers in modeling the heat transfer in boundary layer flow. For
example, Mishra et al. [22] investigated the rotational nanofluid flow
over an elongating sheet with thermal radiation. Pal and Mandal [23]
studied the hybrid nanofluid flow over a shrinkable surface with Ohmic
heating and radiation effect. The radiation effect has also been consid-
ered by Algahtani et al. [24] in their study on electrically conducting a
spinning flow of hybrid nanofluid across two parallel surfaces, and they
concluded that the increment of radiation could enhance the tempera-
ture distribution of the fluid. The same conclusion also has been drawn
by Swain et al. [25] on the fluid flow problem regarding the radiative
flow of Maxwell fluid over a permeable stretching surface with a heat
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source/sink. Later, Alharbi et al. [26] studied the stagnation point flow
of hybrid nanofluid flow passing over a rotating sphere subjected to
thermophoretic diffusion with the inclusion of thermal radiation. The
heat transfer rate of their model is seen to improve with the increment of
thermal radiation. Recently, Hamad et al. [27] also found out that the
temperature profile is elevated with the inclusion of radiation effect in
their study on third-grade fluid flow across an inclined stretching sheet
with Lorentz force. For overall, it is noticed that the inclusion of thermal
radiation is generally aid in increasing the temperature distribution of
the fluid flow model even when the models exhibit some variation.
Incorporating thermal radiation into fluid flow models is essential to
achieve precise and authentic temperature predictions, especially in
situations involving high temperatures or combustion. This inclusion
facilitates a more comprehensive portrayal of the underlying physical
phenomena in the heat transfer process.

A biaxially stretchable surface within boundary layer flow involves a
surface that extends in two perpendicular directions simultaneously. In
fluid mechanics, a critical aspect involves examining the reaction of
fluids to stretching or deformation on surfaces. This concept helps
analyze alterations in boundary layer thickness, velocity profiles, and
shear stresses due to such stretching, holding significant importance in
disciplines such as material science and aerodynamics. The utilization of
biaxially stretching and shrinking sheets is widespread in industrial
applications, encompassing packaging films, heat shrink labels, syn-
thetic fibers, and stretchable materials in the automotive and medical
sectors. Historically, Wang [28] carried out an investigation focusing on
the three-dimensional (3D) flow of fluid over a biaxially stretchable
surface, wherein exact similarity solutions derived from the
Navier-Stokes equations were presented. Later, the flow of nanofluid
and hybrid nanofluid over biaxial stretch/shrink surface was examined
by other researchers. Mahanthesh et al. [29] reported the numerical
solution for nanofluid flow over a biaxial stretch surface with a magnetic
effect and variable surface heat flux. Then, the radiative Maxwell
nanofluid flow over a biaxial porous stretch surface was studied by
Ramesh et al. [30] with a heat source/sink. Next, Ahmad et al. [31]
considered the magnetic effect on nanofluid flow over a biaxial stretch
surface within a porous media. Additional investigations concerning
nanofluid flow over a biaxially stretchable surface have also been un-
dertaken as in [32-36]. Meanwhile, Grosan and Pop [37] analyzed the
nanofluid flow past a biaxial stretch/shrink sheet and dual solutions
were discovered when the sheet was shrunk in the horizontal direction.
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Khashi’ie et al. [38] discussed the nanofluid flow over a biaxial
shrinkable sheet. It was concluded that suction is needed to generate the
solution for the opposing flow case. Research on hybrid nanofluid flow
over a biaxially stretchable/shrinkable sheet has been explored in
studies conducted by various researchers, including Waini et al. [39],
Zainal et al. [40], and Yasir et al. [41]. Yahaya et al. [42] recently
presented the heat transfer optimization for radiative hybrid nanofluid
flow past permeable biaxial stretch/shrink surface and it was found that
the suction parameter impacts the heat transfer rate positively. Besides
that, the flow of ternary hybrid nanofluid over a biaxial stretch sheet has
been studied by Manjunatha et al. [43]. The study also accounted for
convective boundary conditions and velocity slip. Recently, the Casson
ternary hybrid nanofluid flow over a biaxial stretch sheet with magnetic
field, radiation, viscous dissipation, and heat source/sink was examined
by Choudhary et al. [44].

From these earlier investigations, there is a severe scarcity of
research dedicated to examining the behavior of ternary hybrid nano-
fluids over biaxially shrinking sheets, particularly when focusing on the
unsteady flow dynamics, especially in the case of alumina-copper-
titanium dioxide ternary hybrid nanofluids. Therefore, this current
study intends to model and solve the unsteady flow of ternary hybrid
nanofluid over a permeable biaxially shrinkable sheet with thermal ra-
diation. This study is based on prior research by Wang [45], Khashi’ie
et al. [38], and Yahaya et al. [42] which is improved to the unsteady
flow case with the consideration of ternary hybrid nanofluid. It should
be noted that these mentioned previous studies do not consider the
unsteady flow of ternary hybrid nanofluid but instead just the steady
flow of classical fluid, single nanofluid, and hybrid nanofluid. For the
model formulation, the introduction of the governing PDEs and
boundary conditions for the flow problem will be followed by the
application of appropriate similarity transformations which convert the
equations into nonlinear ODEs. Ultimately, the ODEs are solved
numerically in MATLAB to compute the numerical solution of interest.
All tabulated and illustrated solutions are analyzed and discussed.

1.1. Novelty of the study

The novelties of the present study are as follows:

This study delves into optimizing heat transfer performance of
ternary hybrid nanofluid through manipulation of suction and
thermal radiation parameters.

Provides guidance on achieving maximum heat transfer efficiency
while controlling boundary layer separation in ternary hybrid
nanofluids.

Highlight the impact of thermal radiation and suction on unsteady
ternary hybrid nanofluid flow over a permeable biaxial shrinking
sheet specifically in terms of skin friction, heat transfer rate, velocity,
and temperature.

T
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Fig. 1. Coordinated physical model.
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1.2. Research questions

At the end of this study, some of the research questions that we aim
to answer are as follows:

e How can boundary suction parameters and thermal radiation be
effectively utilized to optimize heat transfer in ternary hybrid
nanofluid?

What is the influence of alterations in suction parameters on local
skin friction, boundary layer separation, velocity, and temperature of
the ternary hybrid nanofluid?

e How does thermal radiation impact the temperature distribution
within the ternary hybrid nanofluid system?

Does the thermal radiation affect the boundary layer separation
process of the ternary hybrid nanofluid?

. Mathematical modeling

To model and solve the unsteady 3D boundary layer flow of a ternary
hybrid nanofluid across a permeable biaxial shrinking sheet influenced
by thermal radiation is the goal of the present study. The sheet lies on the
x, y-plane, with (x,y,z) serving as Cartesian coordinates, where the
z-axis stands normal to the x,y-plane, while flow resides within z > 0
(see Fig. 1). The sheet shrunk both in the x,y directions while main-
taining a stationary point of origin. Further assumptions are detailed as
follows:

e The velocities of the sheet are u,(x,t) = ax/(1 —ct) and vy, (y,t) =
ay/(1 — ct), respective to x- and y-directions, with constant a(> 0)
and time t.

e The variable mass flux velocity is wy,(t) where w,(t) <0 is for

suction.

The sheet maintains a constant temperature of T,, while the tem-

perature in the far field remains T.,.

The thermal radiation parameter is given by 160" T2 /3k* where o*

and k* are the Stefan-Boltzmann constant and mean absorption

constant, respectively.

e To enhance thermal properties, three distinct nano-
particles—alumina, copper, and titanium dioxide—are taken into
account, each diluted within the base fluid water.

From the aforementioned assumptions, we can express the boundary
layer equations, as below (see Wang [45]; Devi and Devi [46]; Yahaya
et al. [42];):

ou 0Jv ow

44+ =0 1

ox 6y+ 0z ’ )
ou ou ou ou Uy u

It T St S . iy 2

6t+u6x+v8y+waz Py 3 (2)
ov v v OV Moy v

a T ey T 0Ty 0 ®
ow ow ow oW My ’w

E"!‘Ma“rva—y‘i’wa—z—pmnf a—zz, (4)
CUSRPLL PSNLL WL I S ~+166*T2° o7 (5)
a o oy T o T (pey), T e ) o

subject to the boundary conditions [38,47]:
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t<0:u=v=w=0,T =T, foranyux,y,z,

VW(y)/l_
1—ct

uw(x)ﬂ: ax Av=
l—ct 1—ct

u=u,~U,v=v,-0,T->T, asz—o0.

4 Aw=w,, T=T,atz=0,

t>0:u=
=V 1—ct””

©

Within these equations, (u,v,w) represent the velocities aligned with
(x, y, z)-axes, while T signifying the temperature of the hybrid nano-
fluids. Additionally, U denotes the far field velocity of the ternary hybrid
nanofluid, and A(< 0) stands for the shrinking parameter. The thermo-
physical properties of the ternary hybrid nanofluid are delineated in
Table 1, encompassing parameters such as yy,,, representing dynamic
ViSCOsity; pyys, denoting density; kuyy, indicating thermal conductivity;
and (pCp) gyy» signifying the heat capacitance of the hybrid nanofluid.

Here, ¢ is the nanoparticle volume fraction while the suffix thnf, hnf,
nf, and f are for the ternary hybrid nanofluid, hybrid nanofluid, nano-
fluid, and the base fluid, while the suffixes 1, 2, and 3 refer to alumina,
copper, and titanium dioxide. The thermophysical properties of each
nanoparticle and the base fluid, which are outlined in Table 2, adhere to
the conservation principles of mass and energy, forming correlations
rooted in physical assumptions.

Similar to Wang [45], it is appropriate to present the subsequent
similarity variables:

an

)+ URn) ], v =12 g ), w == [ 72 1)+ 8(n))
T—T, - a
H(W)ZTW 1A ey
@]
and also,
L
wy (1) = o 8)

The prime notation signifies differentiation concerning 5. Mean-
while, S denotes the constant mass flux velocity, such that S > 0 is for
suction.

Upon satisfaction of the continuity Eq. (1) by the similarity variables
(7), the act of substituting (7) into Eqs. (2)-(6) results in the following
ODEs:

thny a o o/ ! 1 A
(l“hf//"f)f F(to)f _fz_ﬂ(f+—;1f):0 ©
pfhnf/pf 2
ﬂthnf / /’tf " . " 2 / 1 "
(—)g +(f+g)s" —¢ #J’(g +—ng) =0, 10)
Pumf/ﬂf 2
(’uﬂmf/ﬂf>h”+(f“rg)hlfl’lf/*ﬂ(h#»ll’]h,) :07 11
pthnf//)f 2

Table 1
Thermophysical properties of ternary hybrid nanofluid [10].
Properties Formulations
Dynamic Hy
viscosity Mg = 37— PP (1= )25 (1 — y)°
Density Pihnf = gl - {1 - ¢2 (@ - ¢3)Pf + ¢3ps3] + papa} + b1py
Heat (PCo)ams = (1 — p1){(1 = $2)[(1 — h3)py + h3(pCp)3] +
capacitance D2(pCp)a} + b1 (pCp)y
k1 + 2kpnp — 2601 (kpny — k1)
kg = X kpns Where
Ry 2K+ (g — K1) Y
Thermal ko + 2knr — 2005 (kny — k2) B
conductivity hnf = s + 2knf + oo (kng — k2) x kny and ke =

ks + 2ks — 243 (ks — k3)

x k
ks + 2k; + y (ks —k3) 7
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Table 2
Physical and thermal characteristics of the base fluid and nanoparticles [48,49].

Properties Water Alumina Copper Titanium dioxide
p(kg/m?) 997.1 3970 8933 4250
Cp(1/kgK) 4179 765 385 686.2
k(W/mK) 0.613 40 400 8.9538
Pr 6.2 NA NA NA
@ NA 1% 1% 1%
1 1 kime 4 1
ﬁ7< Zf+§Rd)0”+(f+g)9'—§/3779’:0, 12)
(rCy) thnf / (rGy) N
subject to the boundary conditions
£(0) = 5. £(0) = 4 8(0) =0, g(0) = 4 h(0) =0, 6(0) = 1, 13
f'()=0, &'(n)—0, h(n)—1, 6()—0 as n—co,

where, f is the unsteadiness parameter, Pr is the Prandtl number, and Rd
is the radiation parameter, which is defined as [42,47]:

(”Cﬁ ) i3

K 14

The physical quantities of practical interest are the skin friction co-
efficients Cy (along x-axis), Cp (along x-axis), and the local Nusselt
number Nu,[42]:

Ch — iy ((3_14) Co— Hinng (ﬂ)
fx pfuwz (x) 0z 170-, oy P V2 (x) 0z 1707
(15)
N x o 166772\ (0T
Uy = inf =5
k(Tw —To) \ ™ 7 3k 02/
By utilizing Eqs. (7) and (15), we derive the following:
RetC, =" [110) 4 Z0) ] Rl =20,
A A (16)
—1/2 kthnf
Re,"*Nu, = 3 + 3Rd d(0),

where Reyx = u,(x)x/vs and Re, = w,(y)y/vs are the local Reynolds
numbers.

3. Analytical solution for two-dimensional case

For the two-dimensional case, g(n) = 0, with ¢; = ¢y =¢3=0
(classical viscous fluid) and g = 0 (steady flow), Eq. (9) along with the
boundary conditions (13) for f(r) reduce to the following boundary
value problem:

fw + ﬁ‘u f

0
f(0) =S, f(0) =

N a7
)

and has the following exact analytical solution (see Rosca and Pop [50]
and Wahid et al. [51])

f(n) = S+2(1 —e) such that

A
(s+4) >0
a

Hence, by substitution to boundary value problem (17), it gives

Fm)=0as n—oo,

(18)

?—Sa—1=0, 19)
and then
:%(s+ \/52+4z), (20)
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so that

1 1 Ky 4 0% 0 1 00 29
J10 = i U iz e L) A L U

ke 3 on 2
Thus, we obtain from Eq. (20), as anticipated, i, < — S?/4, where =0,
Ac <0 is the critical value of A < 0, for which the boundary value (26)
problem (17) has physically realizable solutions in practice. We observe
that when 4 = 1 (stretching sheet), « = 1and S = 0, it results in from Eq. subject to the boundary conditions
(21) thatf (0) = — 1, which agrees with the solution obtained by Crane

[52] for the first time. f(O’T) = S’ f/(()"[) = g/(07 T) = /17 g(ovf) = h(07 T) = 07 9(07 T) = 17 }

f(n,7) =g n,7) = 6(n,7)=0, h(,7)—1 as n—>co.

4. Flow stability (27)

Following this, we introduce the subsequent exponential perturba-
The numerical solution for ODEs in Egs. (9)-(13) in MATLAB utiliz- tion functions (Weidman et al. [53]; Grosan and Pop [37]; Wahid et al.
ing the bvp4c solver involves providing an initial guess, which may [471):
result in different solutions for the same problem. This occurrence,

known as the existence of multiple solutions, is common in flow prob- / ((’7’ 7) if(’(”) + ei/;F (51(77 %,

lems involving shrinkable surfaces and has been observed in previous i (Z" g _ iogzg Ii ey (Z’ 2’ (28)
. . . . . . 1s . ) — o )

studies [37,39,42], particularly in flow over biaxial or bidirectional 0(n,7) = 0o(n) + ¢ 01, 7),

stretch/shrink surfaces. In pursuit of a comparable stability analysis, we

embrace the subsequent similarity variables [42,47]: with fy, g0, ho and 6y as the steady flow solution that are relatively large

1 of ay dg compared to F(n,7),G(n,7),H(n,7) and Q(n,7), and y is the eigenvalue
“1_a {M% (n,7) + Uh(’?ﬂ')} V= —a 077 (n,7), that need to be solved. Applying Eq. (28) to Egs. (23)-(27), and letting
v =0 so that F(y, ) = Fo(n), G(n,7) = Go(n), H(n,7) = Ho(n) and Q(n,
W=y 7o) + 8.7, (22) ) = Qo(n), produces:
— Ci
T-T a at /",;m[//'lf " " " _ Iel ! l " !
0(n,7) = © p=z r= —= | Fo" +fo" (Fo+Go) + Fo"(fo+g0) —2Fofo — B Fo +2'7F0 +rFy
’ T, —T, ve(1 —ct)’ 1—ct prhref/pf
=0,
with 7 as dimensionless time variable. (29)
Substituting Eq. (22) into Egs. (2)-(5), one should get
3 Hoitns | By " " " o ’ 1 "
”zhn//ﬂf m_f+v+g)ﬁ_ a_f Z_ﬂ 0—f+£1’]ﬁ —(1+ﬂ’1’) azf (%)GO +go (F0+G0)+G0 (ﬁ)‘Fgo)*ZGogo 7ﬂ(G0 +5ﬂG0>
Puns/Py) OF o \on on 2" o anor Piu | Py
=0, + )/G0’: 07
(23) (30)
subject to the boundary conditions
””—/”f H"+ h'(Fy + Go) + Ho'(fy + 80) — (Fo'ho + fo'Ho) — B Ho + lnHo’ +yHy =0
P thng / Pr ’ 2 7 (D
1 1 (kthnf 4 ) " ! (g 1 !
e +=Rd ) Q0" + 60y'(Fo + Go) + Qo' (fo + &0) — = nQ0' +vQy =0,
Pr (pcﬁ)thnf/(pcl’)f ke 3 2 (32)
Waus /17 P Fg (0" (g 1 Fg\ o' Fo(0) = Go(0) = Fy'(0) = Gy'(0) = Ho(0) = Qo(0) =0, } 33)
(;;M To)ar T Gy) PG T ar) T ) Gnae Fo'(n) = Go'(7) = Ho(n) = Qo((n) = Oasy—oo.
=0, To solve this eigenvalue problem, a modification in the boundary

(24) conditions (33) is needed as suggested by Harris et al. [54], such that we
alter Fy'(c0)—0 to become F,"(0) = 1. This alteration facilitates the nu-
(ﬂm; ’ /i f> aih (e oh N o s (h N 1 ah) (14 p0) oh _o, merical coTnputation of y when employing the bvp4F solver in I\./I.A”l."LAB.
Py / p; on? o o or To ascertain the stability of the solution, we examine the positivity or
(25) negativity of the generated smallest eigenvalues (y; <7, <7s...). A
positive smallest eigenvalue indicates solution stability, whereas a

negative value denotes instability.

2}1()11
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5. Numerical procedure (bvp4c)

The well-established MATLAB boundary value problem solver called
bvp4c, with a 1071° tolerance error is employed to attain a numerical
solution for the systems of nonlinear ordinary differential equations
(ODEs) presented in Egs. (9)-(12), considering the specified boundary
conditions (13). However, a prerequisite for this process involved
reducing the system of ODEs, along with the boundary conditions, into a
set of first-order ordinary differential equations through the introduc-
tion of new variables such that

f - y(l)vf//: y(z)vf””: y(3)7
e
0= y(9)79' =y(10),

so that Egs. (9)-(13) transformed to
(ﬂrrm// ﬂf)
P thnf / P, f
<.urhnf / ﬂf)
/)thnf/ Pr

<:ulhnf//"f>
plhnf/pf

)y @))3) 3@ 2) (s +am(3) ) |,
K (o3
[0 +5(6) +5516)+8(5)+3006) )|

|~ 0+ 4@ +5(50) + ) )

1 1
- gy |~ D@0 +yy(0)]
= ( Ihnf+ Rd)
Pr (pcl’)thnf/ (pC,,)_ ke 3
(35)
And, the boundary conditions from Eq. (13) become
ya(l) - S7 ya(z) _/17 ya(4)= ya(s) - lv ya(7)7 ya(g) - 17} (36)

Variable declaration ‘

i Initialization

Domain discretization

Call bvp4c

1st order differential equation system
‘\ with boundary conditions

’ Guess function ‘

Solution evaluation |
using Deval function

.

v

Generate numerical |

Fig. 2. Bvp4c procedure flowchart.
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where a and b refers to the condition when # = 0 and 5> (17, = 15).
Following this transformation, the next step involved providing initial
guesses for these new variables to facilitate the numerical solution
process. The suitable initial guesses are important to generate the
possible numerical solutions that asymptotically converge and satisfy
the boundary condition. In this case, since we are interested in seeing
whether the system can generate more than one solution, therefore, we
provide two initial guesses to generate two non-unique numerical so-
lutions. The flow chart of the general procedure in bvp4c is displayed in
Fig. 2.

6. Results and discussion

The numerical investigation of the ODEs stated in Egs. (9)-(12)
subject to Eq. (13) stands as a pivotal aspect of this study. Employing a
finite difference scheme within bvp4c solver (MATLAB), we elucidated
the dynamics of the ternary hybrid nanofluid system by scrutinizing
various physical quantities. Specifically, our focus delved into pivotal
parameters, notably suction, thermal radiation, and the shrinking ca-
pacity, under a constant state of unsteadiness within a 1:1:1 vol fraction
of alumina, copper, and titanium dioxide water-based ternary hybrid
nanofluid composition. It is important to highlight that the chosen range
of parameter values in this study is determined by their appropriateness
for generating numerical solutions, and this selection is informed by
references from existing studies.

The derived output from this numerical model was observed through
key physical markers such as the local skin friction f”(0),H'(0),g"(0), local
Nusselt number — ¢(0), and the profiles of velocity f'(n), h(1),g (1) and
temperature (i). Prior to the generation of these outputs, our model
underwent a meticulous validation process. This validation comprised a
thorough comparison between our numerical outputs and those derived
from a comparable model. The corroborative results, outlined in Ta-
bles 3 and 4, clearly validate the correlation between our numerical
solutions and the prior study. This validation process thus serves as a
robust substantiation, firmly establishing the credibility and reliability
of both our model and the employed numerical procedures.

The impact of several S on f'(0),g"(0),h'(0) and —&(0) when
A<A<—-03,p=-1landRd=1s shown in Figs. 3-5, respectively.
Two solutions emerge, denoted as the first solution and the second so-
lution, both of which display opposite patterns of impact towards each
other for the case of '(0),g"(0),H'(0), but not for — ¢'(0). As the suction
parameter S at the boundary shifts from 2.3 to 2.5, interesting patterns
emerge in the distribution of f’(0),g"(0) for the first solution. Surpris-
ingly, the second solution exhibits the reverse trend. Meanwhile, the
distribution of H'(0) in the first solution decreases as S increases, while
the second solution mirrors the reverse pattern. Yet, the distribution of
—0(0) shows a positive trend in both solutions as S increases within the
ternary hybrid nanofluids system. Physically, the increment in suction
could control the boundary layer by preventing thermal separation and
reducing thermal resistance thus optimizing conditions for enhancing
the heat transfer performance. Further, these findings also shed light on
the control of boundary layer separation by manipulating S. Increasing S
appears to delay the separation process, as depicted in the figures while
decreasing S accelerates the separation. The application of these insights
heavily depends on specific contexts. This is substantiated physically, as
an escalation in the suction parameter indicates a greater extraction of
fluid from the boundary layer. This mechanism adeptly regulates
boundary layer thickness and alleviates adverse pressure gradients,
thereby forestalling the initiation of turbulent flow and maintaining the
laminar flow. Consideration of laminar flow conditions is crucial in heat
exchangers, microchannel heat exchangers, fluidized bed heat transfer,
and electronics cooling to ensure efficient and uniform heat transfer
processes.

Fig. 6 displays the impact of several Rd on —¢'(0) when 4, <1 < —
0.3, f=—-1 and S = 2.5. Two solutions derived from these findings
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Table 3
Comparison of results when f(0) =1,and S = = ¢; 53 = 0.
Present Wang [45]
g0) =4 . p , , p ,
£0) g'(0) h(0) f'(0) g'(0) H(0)
0 -1.000000057 0.000000000 0.367882385 -1.0000 0.0000 0.3681
0.2 -1.039495196 -0.148736917 0.443395992 -1.0395 -0.1487 0.4435
0.4 -1.075788107 -0.349208657 0.507445110 -1.0758 -0.3492 0.5076
0.5 -1.093095018 -0.465204846 0.536714024 -1.0931 -0.4652 0.5368
Table 4 500 T T T
Comparison of results when f(0) =1,Pr =Rd =1,S = = ¢, 53 =0. /
(0) 450 / B
g0 =+ Present Wang [45] !
resen ang [45
400 / )\01 = '07636 -
0.25 -0.665926193 -0.66593 /
0.5 -0.735332013 -0.73533 Aco ~ -0.8342
0.75 -0.796470695 -0.79647 350 1 =.0.9079 |
Ac3 '
300 b
16l ——Firstsolution — — _Second solution | % 250 - 1
14l AC'] =-0.7636 | 200 F 4
Aoy = "0.8342 I S=23,24,25
c2 150 gl Ac2g A |
12+ AC3 = ‘09079 ¢ cl
100 4
S T 50 - _ , .
o — First solution — — _Second solution
§ 0.8r 0 ! . ! . . .
i -1 -0.9 -0.8 -0.7 -0.6 -0.5 -0.4 -0.3
06 A
voL o $=23,24,25 . . /
vV Fig. 4. Impact of suction on h'(0).
04 vV g
AN
\ \
0.2 r VN A 1 T ‘ T T T T
NN N . . .
NN —First solution — — —Second solution
0 . . AN N N s , 647 ]
-1 -0.9 -0.8 -0.7 -0.6 -0.5 -0.4 -0.3
A
. : ) / 62 [
Fig. 3. Impact of suction on f’(0),g"(0).
consistently exhibit a negative effect on —¢(0) as Rd increases.
Intriguingly, in the context of the fluid flow system, manipulating Rd 61
fails to exert control over boundary layer separation, evidenced by the §
S

consistent critical point despite variations in Rd values. Generally,
thermal radiation has minimal to no impact on the separation of the 58
boundary layer process because it primarily affects the temperature
profile rather than the velocity-driven dynamics leading to separation.
Additionally, it is worth highlighting that Rd does not exert an influence
on the skin friction as it lacks mathematical correlation with the mo-
mentum equations and might not be physically impacting the skin
friction.

The impacts of S and Rd on the profiles of f'(17),g'(n), h(n) and 6(n) are 54 -
shown in Figs. 7-10, respectively. An increase in S leads to an
augmented distribution profile of f'(7),g'(7) concurrently reducing the
momentum boundary layer thickness (first solution), while exhibiting
an opposite trend for the second solution. Furthermore, in the context of A
h(n), the first solution experiences a reduction as S increases, contrasting Fig. 5. Impact of suction on — ¢/(0).
with the behavior observed in the second solution. Notably, both solu-
tions demonstrate a negative impact on () as Sincreases, while the

56
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esl — First solution — — _Second solution

Rd=1,2,3

Fig. 6. Impact of thermal radiation on — ¢(0).

01 T T T
— First solution — — —Second solution

A=-05, 3=-1, Rd=1

0 1 2 3 4 5 6
n

Fig. 7. Impact of suction on f'(1),g(n)-

thickness of the thermal boundary layer diminishes with S increments.
For the impact of Rd, Fig. 10 illustrates that the increment in Rd am-
plifies 6(y7) and correspondingly increases the thickness of the thermal
boundary layer (for both solutions). However, the impact of Rdon f'(),
g(n),h(n) remains unavailable, primarily due to the mathematical and
possibly physical insensitivity of Rd toward the velocity fluid flow sys-
tem. It is vital to state that these observations regarding the impact of S
and Rd on the profiles are presented under specific conditions where the
shrinking parameter remains fixed at —0.5, and the unsteadiness
parameter maintains a deceleration constant of —1.

Nevertheless, although our model generates two solutions, it is
imperative to highlight that only the first solution is stable after we have
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Fig. 9. Impact of suction on 6(r).

gone through the stability analysis. The findings in Table 5 corroborate
this analysis: the first solution manifests positive y;, affirming its sta-
bility. Conversely, the second solution exhibits the negative y,, estab-
lishing its instability. It is also observable from Table 5 that y; -0 as
A—2.. In the first solution, +y;—0 indicates decay in perturbations,
signifying stability. Conversely, in the second solution,
71 —~0Oindicates growth in perturbations, signifying instability. This sta-
bility finding also aligns with existing studies, as supported by [39,42].
However, though the second solution is not stable, we still report it for
future reference.
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1 T T T T T
— First solution — — —Second solution

A=-05 g=-1, S=25

3 4 5 6
n
Fig. 10. Impact of thermal radiation on 6(1).
Table 5
Tabulation of smallest eigenvalues for several 1 when p = — 1,Rd =1,S =2.5.
71
A
First solution Second solution
-0.9 0.2341 -0.2211
-0.907 0.0811 -0.0795
-0.9079 0.0246 -0.0244
7. Conclusion

The present numerical exploration investigating the intricate inter-
play of unsteady flow and heat transfer phenomena over a permeable
biaxial shrinking sheet immersed in a ternary hybrid nanofluid, ac-
counting for thermal radiation effects, has unraveled significant in-
sights. The initial formulation of the model as PDEs, transformed adeptly
into ODEs via established similarity transformations, enabled a
comprehensive numerical analysis using the finite difference scheme
facilitated by the bvp4c solver in MATLAB. A notable outcome of this
analysis was the revelation of two potential solutions, of which only one
exhibited physical stability. The key findings can be concluded as below:

e Augmenting the suction parameter enhances the local skin friction in
both x and y directions.

e A remarkable 9% delay in the boundary layer separation of the

ternary hybrid nanofluid is achieved by incrementing the suction

parameter by 4%.

Thermal radiation showed no significant impact on boundary layer

separation.

Increased suction correlates with higher velocities in both x and y

directions, while extra suction reduces system temperature.

Elevated thermal radiation notably raises the temperature within the

ternary hybrid nanofluid system.

Enlarging the boundary suction parameter and reducing thermal

radiation show promise in augmenting heat transfer within specified

conditions of ternary hybrid nanofluids.

Yet, it is crucial to note that the current findings might not
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universally apply to all system configurations. Therefore, it is encour-
aged to further advance this work by exploring diverse geometries and
parameter impositions, either through numerical investigations or
experimental validations, for future research. Such efforts hold the
promise of enriching our comprehension and refining the model, offer-
ing invaluable insights applicable to diverse practical scenarios in
thermal management and engineering.
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