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This study is carried out to scrutinize the Hiemenz flow for ternary hybrid nanofluid flow across a stretching/shrinking sheet. This
study aims to inspect the impacts of variations in the stretching/shrinking parameter and the volume fraction of nanoparticles on
key aspects of the ternary hybrid nanofluid flow, specifically the skin friction, Nusselt number (which relates to heat transfer),
velocity profiles, and the temperature profiles. The flow equations transform into a system of ordinary differential equations
(ODE:s) using a similarity transformation. Subsequently, the system is numerically solved using the MATLAB software’s 4th-order
accuracy boundary value problem solver, known as “bvp4c”. Numeric findings reveal that skin friction values exhibit variations
based on the magnitude of the stretching/shrinking parameter. Moreover, in the specific context of the flow problem being studied,
the heat conduction efficiency of the hybrid (ternary) nanofluid surpasses that of the hybrid nanofluid. The system yields two
distinct solutions within a specific shrinking/stretching parameter interval. Through an examination of the temporal stability of the
solutions, it was determined that only one remained stable over an extended period. Remember that these current findings hold

solely for the combination of copper, alumina, and titania.

1. Introduction

Recently, researchers in fluid dynamics have emphasized
exploring the properties of stagnation point flow. The fluid
flow around the region positioned at the front end of a blunt-
nosed object is commonly referred to as stagnation point flow.
The phenomena mentioned above can be observed on any
solid entity that is submerged in a fluid medium. In the stag-
nation region, the highest pressure results from force buildup
due to halted flow, accompanied by rapid heat transfer and
significant accumulation of particles or substances from the
fluid, making it a critical location. The researchers have been

attracted by the varied array of applications of stagnation
point flow, including the process of extrusion, the polymer
industry, and concerns linked to aerodynamics [1, 2]. The
investigation of stagnation point flow is also crucial to under-
stand physiological fluid dynamics, such as the way blood
clots form artificial organs [3, 4]. The phenomenon of stagna-
tion point flow over a stretching/shrinking sheet is commonly
observed in the real-world application of the plastic extrusion.
Extrusion is a manufacturing method that uses pressure to
propel a material through a die, forming a consistent and
uninterrupted profile. Throughout this procedure, the fluid
dynamics experts utilize the velocity and temperature profile,
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skin friction, and heat transfer rate to guarantee the final
products’ quality. Hiemenz [5] was among the pioneering
researchers investigating stagnation point flow, and later,
the problem was extended to the axisymmetric flow case
[6]. Then, Mahapatra and Gupta [7] discovered the impact
of heat transmission on the stagnation point flow past a plate
that is stretched radially. Afterward, Wang [8] extended the
idea to the axisymmetric stagnation point flow over a shrink-
ing sheet, and the author’s research highlights under the case
of shrinking sheet, dual solutions occur in a particular shrink-
ing parameter range. Following that, numerous captivating
studies were conducted exploring the Hiemenz flow under
the same boundary conditions, comprising a variety of physi-
cal parameters [9-12].

Water, ethylene glycol, ethanol, and glycerin play a crucial
role in heating and cooling, power generation, and chemical
processes. Nevertheless, as mentioned earlier, the heat trans-
fer process is hindered due to the limited heat transfer of
conventional fluids. Therefore, a new fluid type referred to
as nanofluid was created by Choi and Eastman [13] to over-
come the limitations of conventional fluids. Nanofluids con-
sist of a kind of nanoparticle ranging in size from 1 to 100 nm
that are dispersed in the base fluid. They have demonstrated
that using nanofluids can improve thermal properties and
enhance heat transport rates. Additionally, several relevant
sources discussing the application of nanofluids to enhance
heat transfer can be found in the investigations conducted by
Mehobbiand Rashidi [14-16]. Later, researchers shifted their
attention toward hybrid nanofluids, which are mixtures of
nanoparticles from two distinct categories with the base fluid.
These extended nanofluids demonstrated commendable heat
conductivity characteristics and can boost the heat transfer
rate in comparison to single nanofluids [12, 17-20].

The need for enhanced thermal conductivity and heat
transmission has driven the development of ternary hybrid
nanofluids, known as stable mixtures of three distinct varieties
of nanoparticles in a base fluid, offering enhanced properties
compared to single and hybrid nanofluids. This new extended
nanofluid can help optimize heat transmission in various
engineering and industrial settings [21]. Ramadhan et al.
[22] dispersed Al,O3 (alumina), TiO, (titania), and SiO, (sil-
ica) in ethylene glycol to create a ternary hybrid nanofluid. In
their experimental work, the authors found that ternary
hybrid nanofluid possessed the best effective thermal conduc-
tivity when the concentration volume was 0.3% compared to
0.05%—0.2%. At the same time, Sundar et al. [23] suspended
GO (graphene oxide), Fe304 (iron oxide), and TiO, nano-
particles in ethylene glycol to make ternary hybrid nanofluid.
Their findings indicated that the system thermal efficacy of
ternary hybrid nanofluids has increased to 14.32%. Besides,
Animasaun et al. [24] evaluated the stagnation point flow
concerning a stretching sheet involving ternary hybrid nano-
fluid Ag-AlL,Os—Al/water (argentum—alumina—aluminium/
water). The results revealed that increasing the Biot number
between 0.1 and 3.0 increases the heat transfer rate of ternary
hybrid nanofluids in situations involving heat generation/
absorption. Gupta and Rana [25] examined the 3-D stagna-
tion point flow of Ag—Al,0; Al/water over a rotating and
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stretching disk. The research concluded that the ternary
hybrid nanofluid possesses an enhanced heat conductivity
compared to water, leading to an increased heat transfer rate.

The excellent thermophysical characteristics and rheo-
logical behavior of the Al,O3;—Cu-TiO,/water (alumina—cop-
per—titania/water) ternary nanofluid were observed in an
experiment done by Xuan et al. [26]. According to the
authors in [25], when large Cu nanoparticles are present in
a fluid, there is a notable physical separation or distance
between these particles and the surrounding water mole-
cules. This gap contributes to a high level of thermal contact
resistance, which can hinder efficient heat transfer. When
smaller sized Al,0; and TiO, nanoparticles are introduced
into the fluid, they fill in the gaps between the larger Cu
nanoparticles. This action reduces the interparticle space
and, as a result, improves the fluid’s thermal properties.

As far as the authors know, no reported studies discuss
stagnation point flow utilizing ALO5—CuTiO,/water as a ternary
hybrid nanofluid. Hence, drawing inspiration from [25], we
analyzed the heat transfer characteristics of the ternary hybrid
nanofluid (ALO5—Cu-TiO,/water) in the context of stagnation
point flow over a stretching/shrinking sheet. Additionally, this
study may offer insights to engineers and researchers on strate-
gies to increase or decrease heat transfer rates by controlling the
parameters’ values. Besides, the authors are concerned that this
flow problem will produce more than one solution; hence, a
stability analysis is conducted to determine the long-run stability
of the solutions. Skin friction and Nusselt number comparison
analyses are also conducted between ternary hybrid nanofluid
and hybrid nanofluid.

2. Problem Formulation

This research focuses on examining the Hiemenz flow of a
ternary hybrid AlL,O;—Cu-TiO,/water nanofluid over a
stretching/shrinking sheet. Here, the flow overview is dem-
onstrated in Figure 1.

The free stream and surface velocities are taken as u,(x)
= ax, and u,, (x) = bx, respectively, with a and b are consid-
ered as constants. The ambient temperature T, and the wall
temperature T, also considered as constant.

Mathematically, the equations govern the flow problem
are as follows [27]:

w0, .
ox dy
ou ou du,  Hihnf 0*u
Yox ay e Ptinf O @
OT  oT  kpy 0T
U—— v — = 3
ox Oy (pCP)thnf 9 ®)

subject to

=u,(x),v=0,T=T,aty=0
U= u,(x), T— Ty asy - 0.
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FiGure 1: Flow overview: (a) stretching sheet and (b) shrinking sheet.

TasLE 1: Thermophysical properties with respect to ternary hybrid nanofluid as well as hybrid nanofluid [28, 29].

Property

Hybrid nanofluid

Ternary hybrid nanofluid

Dynamic viscosity

— Hof
Hinf = g (g™

— Hnf
Pihnf = =) (1= 2 (1= )55

Phnf

Pthnf =

(1= 3){(1 = ¢2)[(1 = ¢1)py

Density =1 -¢)[(1 = d1)ps + h1pm]
T o iﬁ;ﬁ:;} + 2P}
(PCp)hanr = (1 - ¢3){(1
(g = (1= B2)[(1 = $1)(0Cy); _ ﬁfgﬁ(ﬁcp)

Heat capacity +¢1(pCy) 1] +¢1(pC,) f]
+ $2(0Gy),, + b (/’Ci):;}
+ ¢3 (/)Cp)n3

k ks + 2k = 2603 (K = Ki3)

thitf ™ Koy + 2K + b3 King = Kz

_ kup + 2k = 24y (ki = ki)
Kinf =T 2y T 3 oy — o) X (k)
Thermal conductivity where
_k + 2k = 20 (k — k)
k=% 2 o =%y ¥ (k)

where
_ka + 2k - 240 (kf = ku1)
knf =% e T iy~ F) (k)
where
_ K + 2k = 205 (kyp = Ki2)
kh"f ~ k + 2k + o (kip — ko) X (k"f)

Here, (u, v) resembles the velocity component along the
(x, y)-axis while T refers to the temperature. Meanwhile, the
thermophysical properties with respect to hybrid nanofluid
and ternary hybrid nanofluid are displayed in Tables 1 and 2
indicates the thermophysical properties of nanoparticles as
well as water. The thermal conductivity, dynamic viscosity,
density, as well as the heat capacity is symbolized as k, u, p,
and (pC,), respectively. It is essential to mention that sub-
scripts nf, f, hnf as well as thnf resembles the nanofluid, base
fluid, hybrid nanofluid and ternary hybrid nanofluid, accord-
ingly. Moreover, Al,O5 (subscript n1), Cu (subscript n2), and
TiO, (subscripts n3) are the nanoparticles used in this

research work and their volume fractions are depicted by
@1. @, as well as @3, accordingly.

Then, a set of dimensionless variables are introduced as
follows [30]:

1/2
T-T., a
w = (avy) 2, 0(n) =7 7 1= (Z) s (5)

with vr denotes the base fluid kinematic viscosity, while y
represents the stream function. By defining u = dy/dy and
v= — dy/ox yields:
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TasLe 2: Thermophysical properties with respect to nanoparticles and water [29].

Property Al O, Cu TiO, Water

C,(Jkg™' K™) 765 385 686.5 4,179

plkgm™) 3,970 8,933 4,250 997.1

k(Wm K1) 40 400 8.9538 0.613

Prandtl number 6.2

u=axf'(n), v = -(ay) S () (6)

By utilizing similarity variables in Equations (5) and (6),
Equations (1)—(3) reduce and are expressed in the following
form:

ﬂthnf/ﬂf 1" 1 2

L T+ 1 -2 =0, 7
pthnf/pff ff f ( )
1 Kipng /

——————0"+f0 =0. 8
Pr (pCP)thnf/ (pcp)f ®

Subsequently, the initial and boundary conditions in
Equation (4) experience a transformation in yielding the
expressions given below:

£(0) = 0.£'(0) = 2.6(0) = Latn =0,
F/(n) = 1,6(n7) — 0 as n — oo,

©)

in which 2="2 refers to the parameter of shrinking/stretch-
ing. The negative values of A represent the case of shrinking,
while the stretching case is represented by A possesses posi-
tive values, and 4 =0 specifies the nonmoving surface.

Meanwhile, Pr in Equation (8) is the Prandtl number that
is defined as follows:

(10)

The coefficient of skin friction C; and the local Nusselt
number Nu, resemble the crucial physical quantities in con-
sideration which are defined as follows [27]:

Hinnf (0u> thhnf <8T>
Cr= — Nuy=—cr——— | — .
/ pfug dy y=0 * kf(Tw - Too) dy y=0

(11)

The shear stress 7, as well as the heat flux q,, at the
surface are expressed as follows:

3} aT
Tw = Hihn _u s Qu = _kthn B . (12)
/ ay y=0 / dy y=0

By implementing Equations (5) and (12) into
Equation (11), gives:

n, - k i
Rel2Cp =HM0 p1(0), Re; PN, = =L 9/(0),  (13)
I ke

where the local Reynolds number is given by Re, = u.x/v;.

3. Stability Analysis

Based on the results obtained, Equations (7)—(9) allow the
appearance of the dual solutions. Therefore, by applying the
discovery from Merkin [31] and Weidman et al. [32] about
the stability of the solutions, long-term stability and depend-
ability of the solution can be determined. To do this, the case
of unsteady flow of the boundary value problem Equations (2)
and (3) is considered and a new dimensionless time variable 7,
is introduced.

ou ou ou du,  Hinf O*u

E—&-ua—lﬂ/@—uea chnfa—)/z’ (14)
O, oT oT _ kuy &T 5
ot ox I (pC,) i oy*’ (

Then, a new set of dimensionless variables is introduced
as follows:

T-T,

V= (ayf)l/zxf(’?s 7),0(n.7) = T T n= (avf)l/z

y, T=at.

(16)

Substituting (16) into Equations (14) and (15), the con-
verted differential equations are attained.

w/u Pf P ARG
ﬂthf/ﬂf_£+f_f2+l_<_f) S T
Pihnf/ Pf ON n on ooz

1 kag/ks P60 00 00

L T A =0. (18)

pr (pcp)thnf/ (/’Cp)f ot on ot
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While the boundary conditions can be written as follows:

0% 00— _
f(0,7) 70’0_;7(0’1) =1,0(0,7) =1,

(19)

0
%(n,f)ﬁl,ﬁ(n,‘r)%Oasn—»oo.

Next, the exponential perturbation functions are intro-
duced to as follows [32]:

f(n,7) =fo(n) + e *F(n),

001, 7) = Bo() + e“G(1). (20)

with steady flow solution of f =fy(n) and 6 =6,(y) while
F(n) as well as G(n7) are relatively small in comparison with
fo(n) and 0y(n) while ¢ is the unknown eigenvalue. Substi-
tuting Equation (20) into Equations (17)—(19) gives:

'LMF”’ +f0F” -|-fOF—2f0/F/+8F/:O’ (21)
Pihnf | Pf
1 Kipng / K '
1l i gEeeomo, ()
Pr(pCy) g/ (PCp)

subject to the boundary conditions:

F(0) =0, F'(0) = 0,G(0) =0,

F'() = 0.G(n) > 0 as n — oc. (23)

According to Khashi’ie et al. [33], there is no eigenvalues
€ can be generated from homogenous boundary conditions.
As we can see, Equation (23) is a set of homogenous bound-
ary conditions. Hence, to overcome this problem, nonhomo-
genous boundary must be considered as a way of attaining
the eigenvalues €. As suggested by Harris et al. [34], the
boundary condition F'(5)—0 is relaxed and replaced by
F’(0) =1, without loss of generalization. The new set of
boundary conditions to be considered in this problem is as
follows:

F(0)=0,F(0)=0,F" =1,G(0) =0,

G(n) = 0as 5 — cc. (24)

In the meantime, when the eigenvalue problems (21) and
(22) subjected to boundary conditions in Equation (24) are
solved, an infinite series of eigenvalues &, <e, <e;... can be
obtained. The stability of a solution’s flow is determined by
the positivity of the smallest eigenvalue ¢, indicating an ini-
tial decay of perturbation. Conversely, if € is negative, signi-
tying an initial growth of perturbation, the flow is considered
unstable.

4. Results and Discussion

The solutions to the mathematical model, as outlined in
Equations (7) and (8), subject to the specified boundary con-
ditions in Equation (9), were accomplished by employing a
bvp4c solver in the MATLAB software, and the details are
explained in Shampine et al. [35]. This solver occupies a
finite difference method that employs the three-stage Lobatto
IIIa formula with 4-th order accuracy. Beside generating the
values of physical quantities for fixed values of parameters,
this solver can do the reverse, where it can be used to find the
values of the parameters by fixing the values of physical
quantities of interest.

We explored the impact of the stretching/shrinking
parameter and volume fraction on skin friction, heat trans-
fer, velocity, and temperature profiles. The values were
selected through a combination of referencing existing liter-
ature and trial-and-error approaches due to the presence of
dual solutions. As indicated in Table 2, a Prandtl number
value of 6.2 was employed, representing water as the base
fluid at a temperature of 25°C following Oztop and Abu-
Nada [36]. Therefore, in this study, the parameter Pr is
held constant at 6.2, while the parameters ¢ are systemati-
cally adjusted within the range of 0.01-0.05, and the param-
eters 1 are modified within the range of —1.2465 to 2.

The ternary hybrid nanofluid flow, which contains alu-
mina, copper, and titania in water, is considered. The volume
fractions of alumina, copper, and titania used in this study
are 0.01, 0.03, and 0.05, respectively. The volume fraction of
each nanoparticle is evenly distributed at 1/3 to form the
ternary hybrid nanofluid, as per the experiment carried out
by Ramadhan et al. [22]. Investigating non-unique solutions
to the equations governing the current problem is another
focus of this work. Additionally, comparison results between
the hybrid nanofluid and the ternary hybrid nanofluid are
conducted. To ascertain the veracity of the present study
results for various values of 1 when ¢, =@, =¢;=0 are
compared with the previous studies, as depicted in Table 3.

The values of Rel ch toward A when ¢, =@, =¢; =
0.01,0.03 and 0.05 are depicted in Figure 2. Here is an
apparent trend of increasing skin friction values as the vol-
ume fractions of nanoparticles increase within a specified
range of —0.65<A<1. The viscosity of a fluid tends to
increase as the volume fractions of solid nanoparticles inside
it increase. An elevated viscosity leads to a rise in flow resis-
tance and an increase in skin friction at the interface between
the fluid and the surface. Besides, it also can be seen from
Figure 2, the skin friction decreases when 4>1 and no skin
friction when A= 1. Figure 2 also demonstrates the presence
of non-unique solutions for the shrinking sheet case in tern-
ary hybrid nanofluid is ranging between —1.2465<1< —
0.9, where 1. = —1.2465 serves as the critical value distin-
guishing the first and second solutions. Simultaneously, this
problem attains a unique solution when A> —1.2465.
Figure 3 illustrates the observed trend of the Nusselt number
exhibiting an increase when the volume fractions are pro-
gressively elevated. The Nusselt number is employed to char-
acterize the convective heat transport of a fluid. The
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Taste 3: f”(0) at various 2 when ¢, =@, =¢;=0.
A Wang [8] Bachok et al. [37] Waini et al. [27] Present results
2 —1.88731 —1.887307 —1.887307 —1.887307
1.5 * * * —0.873941
1 0 0 0 0
0.5 0.71330 0.713295 0.713295 0.713295
0.25 * * * 1.000054
0 1.232588 1.232588 1.232588 1.232588
—0.25 * * * 1.402241
-0.5 1.49567 1.49567 1.49567 1.495670
1.328817
-1 1.32882 1.328817 1.328817 0.00000]
_115 1.08223 1.082231 1.082231 1.082231
: [0.116702] [0.116702] [0.116702] [0.116702]
_12 . 0.932473 0.932473 0.9324730
: [0.233650] [0.233650] [0.233645]
0.584281 0.584281 0.5842810
—1.246> 055430 [0.554297] [0.554296] [0.554296]

Note. * Not reported. [ ] Second solution.

3
2+ ¢1=¢y=¢3=0.01
$1=¢,=¢3=0.03
. $1=¢,=¢3=0.05
O“'\
~<\"‘N>< 0r
=4
_1 L
y
,2 L
_3 1 L L
-2 -1 0 1 2
A

—— First solution
- - - Second solution

FIGURE 2: Variations of skin friction coefficient for distinct ¢.

escalating volume fractions observed in the stretching/
shrinking sheet scenario led to the increased presence of
nanoparticles within the same fluid volume, which can
enhance the fluid’s heat conduction properties due to more
particles being available to carry heat energy. Therefore, this
phenomenon can potentially increase the rate of heat trans-
fer or the Nusselt number of the fluid.

Figure 4 depicts the velocity profile that elucidates the
thinning momentum boundary layer as ¢;,¢,;, and ¢;
increase. Thus, the ternary hybrid nanofluid’s velocity gra-
dients increase. This result correlates with the growing pat-
tern of the skin friction coefficient (Figure 2), as it is known
that an upsurge in fluid velocity corresponds to the increased
surface shear stress. The temperature profile of ternary
hybrid nanofluid when ¢, ¢,, and ¢; vary from 0.01 to
0.05 is depicted in Figure 5. Physically, it is evident that as

“Ni
u
X

$1=¢,=¢3=0.01
$1=¢,=¢3=0.03
$1=¢y=¢3=0.05

X

Re

A, =-12465

-2 -1 0 1 2

—— First solution
—-- Second solution

FIGURE 3: Variations of local Nusselt number for different ¢.

@1, ¢, and @; increase, the temperature gradient of the tern-
ary hybrid nanofluid increases, leading to an enhancement in
the fluid’s convective properties. This outcome is consistent
with the conclusion depicted in Figure 3, where an augmen-
tation in convective characteristics leads to an upward trend
in the rate of heat transfer in the fluid.

The skin friction and the Nusselt number with respect to a
hybrid nanofluid (¢, = ¢, = 0.05) and ternary hybrid nanofluid
(¢, = @, = 3 = 0.05) past a shrinking/stretching sheet with the
critical point, 4, = — 1.2465 are shown in Figures 6 and 7, respec-
tively. We can see that both nanofluids possess same critical point,
suggesting that certain parameters or conditions are influencing
the behavior of both types of nanofluids in a similar manner. The
incorporation of ¢ indicates the development of a ternary hybrid
nanofluid, Al,O3~Cu-TiO,/water, derived from the hybrid
ALOs—Cu/water nanofluid. This addition boosts the Rel/ ch
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values when the sheet begins to shrink, as depicted in Figure 6.
The reduction in sheet size leads to a diminished surface area,
causing an elevation in surface shear stress. While, when ¢; is
introduced, the ternary ALO; Cu-TiO,/water hybrid nanofluid
become denser in comparison to hybrid Al,O; Cu/water nano-
fluid, which finally causes the ternary hybrid nanofluid flow veloc-
ity to reduce, as depicted in Figure 8.

In Figure 7, trend of the heat transfer rate, Re;"/*Nu,
showing an increasing pattern. This outcome validates the
hypothesis that, when ¢; is added, the nanoparticle density
can be optimized to enhance the nanofluid heat transfer rate.
Hence, ternary hybrid nanofluids evidently demonstrate a
superior thermal conductivity rate in comparison to the
hybrid nanofluids. Figure 9 depicts the temperature profile,
which illustrates the variations in temperature as the hybrid
AlL,O;—Cu/water nanofluid transforms into the ternary
hybrid Al,O;—Cu-TiO,/water nanofluid. As the temperature
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FIGURE 6: Variants of skin friction coefficient with respect to ternary
hybrid nanofluid and hybrid nanofluid against A.
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FiGure 7: Variants of local nusselt number with respect to ternary
hybrid nanofluid and hybrid nanofluid against 4.

increases, ternary hybrid nanofluid thermal conductivity
rises, which may be due to the increase energy conveyed
by the rise in nanoparticle fraction of volume over the state
of shrinking/stretching sheets. Additionally, it is evident
from Figures 4, 5, 8 and 9 that the far-field boundary criteria
in Equation (9) were met asymptotically. As emphasized by
Ishak [38] it is imperative that velocity and temperature
profiles adhere to the specified boundary conditions. This
ensures the validation of numerical results as accurate and
reliable.

Lastly, the variations of eigenvalue against shrinking/
stretching parameter for the ternary hybrid nanofluid
(¢ =@, =3 =0.05) are presented in Figure 10. From the
figure, the sign of smallest eigenvalue ¢ for the first solution is
positive, signifies the stability characteristics of the solutions.
Meanwhile, the values of smallest eigenvalue ¢ for the second
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solution ia negative, indicates the second solution long-term
instability.

5. Conclusion

The work on the Hiemenz flow with respect to ternary
hybrid nanofluid flow over a stretching/shrinking sheet
was concluded. The following insights have been attained:

(i) Within a specific range of shrinking intensity which
is —1.2465<A< —0.90, the dual solutions exist
while a unique solution exists for 4> —0.90. The
separation between first and second solutions hap-
pened at . = — 1.2465 for all volume fraction values
considered.

(ii) The stability analysis verified the long-term stability
of the first solution, while the second solution was
identified as unstable.

(iii) As the nanoparticle volume fraction of ternary
hybrid nanofluid Al,O;—Cu-TiO,/water increases,
the heat transmission rate rises substantially.

(iv) Based on the findings in comparative analysis, it can
be inferred that ternary hybrid nanofluids possess an
enhanced heat transfer rate compared to hybrid
nanofluids.
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