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ABSTRACT

This study offers a numerical investigation of steady MHD flow and heat transfer characteristics of
hybrid nanofluids past a permeable stretching/shrinking wedge. The study considers the effect of suction
as well as an internal heat source. Similarity transformations are applied to convert the governing partial
differential equations into a system of ordinary differential equations and solved numerically using
MATLAB?’s bvp4c function. The results reveal the existence of dual solutions for suction and shrinking
parameters over certain ranges. Besides, the study also illustrates that increasing both the suction
parameter and the wedge angle resulted in a higher Nusselt number which implies an enhancement in the
heat transfer rate.
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ABSTRAK

Kajian ini menawarkan penyelidikan berangka mengenai aliran malar MHD dan ciri pemindahan haba
nanobendalir hibrid pada permukaan baji meregang/mengecut. Kajian ini mempertimbangkan kesan
sedutan serta sumber haba dalaman. Penjelmaan keserupaan digunakan untuk menukarkan persamaan
pembezaan separa yang kemudian dijelmakan kepada sistem persamaan pembezaan biasa dan
diselesaikan secara kaedah berangka melalui aplikasi fungsi bvp4c dalam MATLAB. Hasil kajian
menunjukkan wujud penyelesaian dual bagi parameter sedutan dan pengecutan dalam julat tertentu.
Selain itu, kajian ini juga menggambarkan bahawa dengan meningkatkan kedua-dua parameter sedutan
dan sudut baji, nombor Nusselt akan menjadi lebih tinggi, seterusnya menunjukkan peningkatan dalam
kadar pemindahan haba.

Kata kunci: sedutan; sudut baji; permukaan mengecut; nanobendalir hibrid; MHD

1. Introduction

The pursuit of enhanced heat transfer efficiency has led to the study and development of
significant hybrid nanofluids. A nanofluid generally comprises of a base fluid containing
suspended nanoparticles. These fluids are expected to offer greater heat transfer rate than the
conventional fluids. The early efforts were focused on more single component-based
nanofluids which basically improved the heat transfer (Yu et al. (2008); Kakag &
Pramuanjaroenkij (2009); Nazari et al. (2018)). However, the advancements were rather
modest, and subsequently attention was directed to hybrid nanofluids, composed of two or
more distinct nanoparticles to achieve the highly desired dual effect of improved thermal
conductivity and heat transfer. The range of possible nanoparticles i.e. metallic —copper (Cu),
aluminium (Al) (Smrity & Yin (2024)), metal oxides -alumina (Al.Os), titanium oxide (TiOz)
(Zainal et al. (2024)), or carbon-based — carbon nanotubes (CNTs), graphene (Jin et al.
(2021)) is very important because they possess the characteristics that are necessary for such
applications. The used of hybrid nanofluid in real-application has been recognised in thermal
management. Potential applications, such as cooling technologies for electronic devices,
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enhancement of energy efficiency in heat exchangers, and biomedical applications like
targeted drug delivery and hyperthermia treatment has been studied by Tanveer et al. (2025).

In addition, whether a two-step or one-step approach is employed to synthesize the
nanoparticles is very important in deciding the stability and effectiveness of the nanofluid.
According to Sidik et al. (2017), for optimum effectiveness, the homogeneity of the
nanofluid, and stability over time should be ensured as agglomeration reduces efficacy.
Diverse techniques have been employed to improve stability, such as using surfactants or
functionalizing nanoparticles (Guerrini ef al. (2018)). Moreover, the transfer of heat through
hybrid nanofluids has been well documented within several different shapes and flow
configurations, as well as combinations of various nanoparticles regarding their thermal
performance in stretching/shrinking surfaces. Researchers often use numerical techniques to
solve the governing equations that make up the momentum and energy equations with
appropriate boundary conditions. Such studies can be found in Abbasi and Farooq (2020),
Khan et al. (2022), and Kolsi et al. (2024).

The inclusion of a magnetic field or magnetohydrodynamic (MHD) further adds to the
richness of the flow dynamic and heat transfer. A magnetic field adds Lorentz forces which
modifies the velocity and temperature distribution of the fluid. MHD can be simplified as the
study of movement of fluids that can conduct electricity inside a magnetic field. The
interaction between the motion of fluid and the electromagnetic fields can influence heat and
mass transfer mechanisms. Works such as Hartmann and Lazarus (1937) illustrated how a
magnetic field could alter the flow of fluids. Later Heiser and Shercliff (1965); Moreau
(1990) advanced the understanding of the governing equations of MHD flow and boundary
conditions to analyze the possibilities of using magnetic fields to control and improve the heat
exchanges in the systems with fluids. Many researchers have concentrated on the effect of
MHD on heat transfer processes using hybrid nanofluids over stretching/shrinking surfaces
(Mabhariq et al. (2024); Qureshi et al. (2021)). These researches emphasize the combined
effect of nanoparticle concentration and stretching/shrinking rate on the enhancement of heat
transfer with the existence of MHD. The findings often show that a properly applied magnetic
field can increase heat transfer from hybrid nanofluids even more.

The role of suction effects in hybrid nanofluids boundary layer flow is noted as a novel
phenomenon in heat transfer. It is observed that an extensive literature exists on the boundary
layer flow of nanofluids with suction but a thorough study is needed on the region including
hybrid nanofluids. A suction/injection effect had previously been investigated in studies that
were mainly concerned with the boundary layer flows of single-phase fluids (Rohni et al.
(2012); Pandey & Kumar (2016)). These studies establish the basic principles of suction's role
in controlling boundary layer thickness, drag forces, and heat transfer rates. Suction enhances
the heat transfer by removing the fluid that is close to the surface resulting into thinner
boundary layers; which helps in attaining better heat transfer by preventing bulge in the
boundary layer. The significance of this effect becomes even more pronounced in the case of
unfavorable pressure gradients or high heat transfer coefficients at the surface.

The suite of wedge-shaped surfaces also adds a degree of geometric complexity to the
flow dynamics and thermal characteristics. Sakiadis (1961) and Crane (1970) were the
pioneer scholars who laid the groundwork for understanding the development of a boundary
layer in stretching surfaces. More recent works have begun to expand on such studies to
include the problems that wedge geometries present. MHD effects and hybrid nanofluids over
stretching or shrinking wedges interact under the influence of surface geometry, distribution
of nanoparticles, thermal radiation and external forces. For example, the suction or injection
at the wedge surface influences the boundary layer's structure, affecting the heat transfer rate.
Such systems have been investigated by Ishak et al. (2007), Atalik and S6nmezler (2011) and
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Ghosh and Mukhopadhyay (2022) numerically, who observed that under different boundary
conditions, the use of nanofluids and magnetic fields improves heat transfer in the systems.

According to the previously stated literature, a gap of study exists in the comprehensive
understanding of the optimal combination of nanoparticle types, wedge angle parameters and
suction strengths for maximizing heat transfer in hybrid nanofluids. Further research is
needed to explore the effects of the parameters as mentioned above, including the
concentration of nanoparticles, the suction impact, and the surface geometry, on the boundary
layer behaviour and heat transfer performance. This important discovery could further our
understanding of this field of study because of the high practical interest in the flow behaviour
of the wedge-shaped boundary layer. Moreover, a deeper understanding of these complex
interactions is vital for the successful implementation of hybrid nanofluids in advanced heat
transfer applications.

2. Mathematical Model

Figure 1 illustrates a steady hybrid alumina-copper nanofluids (Al,O; —Cu/H,O) with suction
and magnetic impact past a stretching/ shrinking wedge. The free-stream velocity is assumed
tobe u, =U_x" and the velocity as the wedge surface is stretched or shrunk is referred to as
u,(x)=Ux", where U, <0 and U, >0 denote as shrinking wedge and the stretching wedge,
respectively and U_ is a positive constant. B(x) is introduced as a magnetic field towards
y— axis where B(x)=B*x'"""* (B* is the applied magnetics field strength). The wedge
angle is represented by 9= ,b’/ (2— /3) where [ is Hartree pressure gradient. The value of
4 is established within 0<9<1 representing wedge problem. The fluid's ambient
temperature can be represented as 7, and the temperature of the stretching/shrinking
wedge is 7. Each of the temperatures is assumed to remain constant. This study assumes
that the size of the nanoparticles is uniform.

(a) (b)
Figure 1: (a) Shrinking wedge and (b) stretching wedge coordinate system

Based on the assumptions made earlier, we can express the mathematical representation as
(Tiwari & Das (2007); Awaludin et al. (2018)):

ou Oov
—+—=0, (1)
ox Oy
2
w Oy Oy B Py OU g2 Tr ), 2)

ox oy T odx Pnf o’ Phnf
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or or kyy 0O'T 0,
v = 3 +
Ox ay ('0 CI’ )/mf 6)/ (’0 Cl’ )hnf

(T, -T). 3)

where

u=u,x),v=v,(x),I'=T,6 at y=0,
()0 =02 “

u—)uw(x), T—)Tw(x), as y— o,

u and v is a component of the velocity along x— and y— directions, respectively, the

velocity of the wall mass transfer is presented as v, (x) , and the heat absorption/generation

variable is Q,=Qu, x"“" with constant Q". Table 1 illustrates the thermophysical

characteristics of fluid systems, as detailed by Oztop and Abu-Nada (2008), whereas the
hybrid nanofluids correlation coefficient is shown in Table 2, according to Raza et al. (2016).

Next, the following variables of similarity were adopted (Sparrow et al. (1963));

1 (9+1) 1 (9-1) T-T

v=(U, x> (m). n=(U.fv, x> v 00n)= - (5)
thus,
(9-1)
T _?(U v s (6)

where S is the mass flux parameter with S >0 for suction and S<O0 for injection,
meanwhile v, is the kinematic viscosity of fluid. Next, with the help of similarity
transformations presented in the relations (5) and (6), the boundary value problem defined by

Egs. (2), (3), and (4) is systematically transformed into the following ordinary differential
equations as follows

ﬂhnf //u/ m 1+ 9 " ”2 O-hﬂ/ /Gf ’

el AL fr+9(1- )+ ——LM(1-f")=0, (7
Piy | Py 2 ( ) Puy | Py ( )
1 Ky [k g 18 g 1
L 16+ HO=0, (8)
Pr (pcp)hn//(pcl’ )f 2 ('OCP )}mf/(pcp)/’
7(0)=8, /'(0)=4, 6(0)=1, ©

f'(m)—1, 6(n)—0,

where the magnetic coefficient is presented by M =0 B *2 / p,U,, , the Prandtl number is

Pr=v, /af and the parameter which describes stretching or shrinking in the wedge is
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described as A=U / U, . The parameter of absorption or generation of heat is denoted by

H=0'/(rC,),.

Table 1: The fluid thermophysical properties (Oztop & Abu-Nada 2008)

Characteristic p(kg/m3) k(W/mK) C, (J/kgK)
H>O 997.1 0.613 4179
ALO; 3970 40 765
Cu 8933 400 385

Table 2: The correlation coefficient (Raza et al. 2016)

Properties Alumina-Copper/Water
Thermal capacity ( oC, )W = ¢ ( pC, )Sl +, ( pC, )Sz + (1 ~ B )( pC, )/
Thermal expansion ﬁimf - (1 - ¢1mf )ﬂ/ = ¢]ﬂsl + ¢2ﬂs2
Thermal conductivity
kS + ¢ kS
M + 2kf +2 (¢lksl +ok, ) - 2¢hn/k/
kh_,,f _ ¢hnf

k.

hnf

where ¢W =@ +9,

Dynamic viscosi 25
y ty ﬂhnf_:ﬂ/_/(1_¢,mf)

DenSIty phnf = ¢1p,rl +¢2p52 +(1 _¢hnf )pf

The quantities of interest in this case are the local Nusselt number

xk,
Nu, =$[—8—Tj , and the skin friction coefficient C, = Hing Z[G_MJ :
kf(Tw—Tw) oy -0 Topu, oy -0

Employing the above-mentioned information we finally derive

k .
R C, 22 17(0), Re,” =2 g(0) 10)
Hy f

where Re, =u, (x)x/vf .

3. Results and Discussion

This section thoroughly discussed the findings obtained from the numerical approach. The
computational efficiency of the numerical solution is assessed by evaluating the solver
performance and computational cost. The bvp4c solver in MATLAB is used to solve the
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transformed boundary layer equations, efficiently. The average computational time varied
between 0.5 and 1.2 seconds per iteration, depending on parameter values such as the suction,
S and wedge angle, 9 parameter. Higher values of S generally required more computational
resources due to stronger boundary layer effects. The numerical results obtained are
consistent with previous studies, confirming the reliability of the solver. Table 3 compares the
dependability of the outcomes with those of Ishak et al. (2007) and Waini et al. (2020). The
current findings align well with prior research. As a result, we are certain that the
mathematical model that has been proposed is capable of accurately predicting the dynamic
fluid flow behaviour for the purpose of this particular study.

Table 3: Results generation of " (0) with various S when M =H=9=¢ =¢,=0

S Current result Waini et al. (2020) Ishak et al. (2007)
0.00 1.232589 1.232588 1.2326
1.00 1.889313 1.889314 1.8893

—1.00 0.756577 0.756575 0.7566

Figure 2 depicts the effect of skin friction coefficient denoted by f "(0) in relation to

shrinking/stretching parameter A as suction parameter, S (S:2.00,2.10,2.15) improves.

The curves are solutions to boundary layer equations where the solid lines are referred to as
“first solution” while the dashed lines are referred to as “second solution”. This observation
would indicate that the flow experiences a bifurcation region. Higher values of S correspond
to stronger suction at the surface. From Figure 2, the graph trend of the skin friction
coefficient f ”(O) is rised as S increases. It can be concluded that increasing the suction
leads to an increase in the skin friction. Given boundary layer flow, as suction increases, the
boundary layer thickness decreases. A decrease in boundary layer thickness reduces the
capacity of fluid to transfer thereby exerting less shear stress at the surface which in turn leads
to an increase in skin friction coefficient. The existence of multiple solutions perhaps implies
the phenomenon of different boundary layer flow structures that can exist for the same set of
conditions and could be associated with the transition of the flow between laminar and
turbulent flow states or with other effects of stability. The dashed curves (second solution)
may indicate of unstable flow regimes which are seldom found in practice.

Figure 3 shows the effect of suction on the heat transfer, described by —6'(0) in a

boundary layer flow. The graph depicts the relation between —9'(0) and S. As presented in
the graphs, it can be noted that with an increase in the value of S from 2.00, 2.10 to 2.15,
there is a corresponding increase in the graph trend of —6”(0). This implies that increased
suction enhances heat transfer at the boundary layer of the shrinking wedge. The reason can
be said to be due to the existence of thermal boundary layer. Suction not only enhances the
thermal boundary layer but also transfers fluid from it, hence reducing its thickness. The heat

flow is then enhanced as a greater amount of thermal energy is provided due to the increased
difference in temperature between the cold and warm surfaces caused by the reduction in the

thermal boundary layer thickness (high —9'(0) ). In short, the addition of suction parameter

enhances the effectiveness of the heat transfer from the surface.
At a constant value of 4 =-2.4, different suction parameters S yield different velocity

profiles f '(77) as shown in Figure 4. The 7 axis, represents the dimensionless distance

normal to the surface. An increase in the suction parameter S moves the velocity f '(77)
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closer to the wall. In other words, the effect of S on the fluid is stronger, forcing the fluid at
the surface to have a lower velocity. The fluid's momentum near the wall is reduced because
of suction, which draws fluid away from the surface. This results in a thinner boundary layer
and lower velocities closer to the surface. Moreover, the velocity profiles approach their
asymptotic value progressively as the suction increases, and the thickness of the boundary
layer is evidently reduced. Figure 5 demonstrates the temperature distributions 0(77)

corresponding to different S when A is kept constant at A =—2.4. The behavior of the
temperature profiles appears to be more intricate than the velocity profiles. The augmenting
values of § resulting in lower temperature profile in the boundary layer flow, where the
curves decline as S enhances. This is consistent with the previously stated phenomenon of
thermal boundary layer thinning where it has been observed that a thinner thermal boundary

layer increases the rate of heat transfer from the surface to the free stream and thus lowers the
temperature next to the surface.

4.0
é = ¢, =001,
M=0158=01H =008
30 + .
=2 A
S~ A
2.0
—First Solution - --Second Solution
1.0 f f
-3.0 -2.0 1 -1.0 0.0

Figure 2: Variation of f”(0) with several values of S

8.0
¢ =¢, =001,
M=01589=01H=0.08
6.0 +
—_
< §=2.00.2.10.2.15
S _ A =—2.4140
A A, =-2.5132
4 . N
4.0 AR A=-26154
Pl
Y
Y
Y
Y
o
Vo —First Solution - --Second Solution
2.0 —- ; :
-3.0 -2.0 -1.0 0.0
A

Figure 3: Variation of —9'(0) with several values of S
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—First Solution - --Second Solution
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n

Figure 4: Variation of f’ '(77) with several values of S

—First Solution - --Second Solution

0.6

§=2.00,2.10,2.15
# =g, =0.01, A=-2.4
M =0.15,9=0.1,H =0.08

n

Figure 5: Variation of §(#) with several values of §

Figure 6 shows how the wedge angle represented by parameter 9 affects the skin friction
coefficient, f ”(O). The parameter ¢ is directly proportional to £, where a higher value of

4 corresponds to a larger wedge angle. As the wedge angle increases (indicated by
increasing values of $=0.10,0.15,0.20), the skin friction coefficient f "(O) also increases

with respect to A . This means a larger wedge angle leads to a higher skin friction coefficient.
The physical explanation lies in the boundary layer behavior. A larger wedge angle implies a
more rapid increase in the external flow velocity along the wedge surface. This leads to a
thicker boundary layer and a steeper velocity gradient near the surface. A steeper velocity
gradient translates to a greater shear stress at the surface, which is directly proportional to the
skin friction coefficient.

Figure 7 demonstrates the effect ¢ on the heat transfer rate, —9’(0). As & increases,

—9’(0) also increases towards A . This means a larger wedge angle results in enhanced heat

transfer at the surface. This behavior is related to the boundary layer thickness and the
temperature gradient near the surface. A larger wedge angle leads to a higher external flow
velocity and a thinner thermal boundary layer. A thinner thermal boundary layer means a
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steeper temperature gradient at the surface, resulting in a higher heat transfer rate. This is
similar to the impact of suction on heat transfer, except that the underlying mechanism is a
change in external flow conditions caused by the wedge angle rather than surface mass
transfer. The presence of both solution branches supports this characteristic, even if the
second solution branch does not represent a physically feasible flow.

4.0
¢ =¢,=0.0L
M =0.15,5S=2.0,H =0.08
3.0 +
— y)
P 9=0.10,0.15,0.20
~ 5 4y ==2.4140
A, = =2.4790
2.0 + WAy =-2.5379
—First Solution - --Second Solution
1.0 } -
-3.0 -2.0 -1.0 0.0
A

Figure 6: Variation of ”(0) with several values of &

7.0
¢ =¢, =001,
M=01558=20.H=0.08
5.0 +
—~
= $=0.10,0.15,0.20
> ‘e A =-2.4140
! : iy ==2.4790
3.0 T AR 2 =-25379
AT
[N}
. :E
[
it —First Solution - --Second Solution
[
1.0 — f :
-3.0 -2.0 -1.0 0.0
A

Figure 7: Variation of —¢'(0) with several values of 9

4. Conclusions

The findings reveal both suction and wedge angle significantly influence boundary layer flow
characteristics. Increased suction reduces skin friction due to boundary layer thinning but
enhances heat transfer based on a steeper temperature gradient. Concurrently, it decreases
both velocity and temperature near the surface. Conversely, a larger wedge angle increases
both skin friction and heat transfer. This is because the thermal boundary layer diminishes and
the momentum boundary layer thickens, hence increasing shear stress as a result. The
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persistent existence of multiple solutions over various parameters emphasises the flow's
complexity and the possibility of flow instabilities, yet overall trends remain similar
regardless of the solution branch.

Although this study provides valuable insights into the behavior of hybrid nanofluids,
certain assumptions and limitations should be acknowledged. First, the hybrid nanofluid's
thermophysical properties, such as nanoparticle size and thermal conductivity, are expected to
be uniform, however aggregation and temperature dependency can change them. Second,
while the numerical results have been confirmed against earlier studies, experimental
validation is not included in this work to confirm the findings. In addition, this study focuses
on steady-state conditions, neglecting transient effects that may arise in practical applications.
to improve hybrid nanofluids' engineering and industrial applications, further studies should
include experimental validation, analyse unsteady flow behaviours, and extend the model to
more complex geometries.
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