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Abstract 

This numerical study highlights the sensitivity analysis of the ternary 
copper-alumina-titania/water hybrid nanofluid flow over a permeable 
cylinder under the influence of magnetic field (MHD), curvature 
parameter and velocity slip. The governing boundary layer and energy 
equations are simplified and numerically solved using the bvp4c solver 
available in Matlab. Meanwhile, the response surface methodology 
(RSM) and sensitivity analysis are employed using Minitab software 
to assess the contribution and significance of these physical factors on 
the selected responses, namely, heat transfer and skin friction 
coefficients. The findings indicate that velocity slip (factor C) has the 
most dominant influence on heat transfer enhancement, while  
curvature (factor B) is the primary determinant of the skin friction 
coefficient. Moreover, interaction effects, particularly BC 
(combination of curvature and velocity slip factors) and AC 
(combination of magnetic parameter and velocity slip factors), 
significantly impact the flow behaviour, emphasizing the importance 
of considering coupled parameter interactions for optimizing system 
performance. The results highlight the practical implications of these 
findings in heat exchangers, industrial cooling systems, and thermal 
management technologies, where precise control of flow and heat 
transfer is crucial. 

1. Introduction 

A nanofluid can be produced by dispersing metallic or non-metallic 
nanoparticles or nanofibers with a typical size of less than 100 nm in a base 
liquid. With the increasing demand for technological advancements, 
optimizing heat transfer efficiency has emerged as a crucial area of research, 
driving the development and exploration of hybrid nanofluids. Numerous 
studies, including those by Sheremet et al. [1-3], Babazadeh et al. [4], Zhang 
et al. [5], Devi and Devi [6-8], Takabi and Salehi [9], along with several 
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comprehensive review articles [10-14], have extensively examined hybrid 
nanofluids across diverse thermal and fluid flow conditions. Ternary hybrid 
nanofluids, which incorporate three different types of nanoparticles, offer 
enhanced control over thermal conductivity, viscosity, and stability, further 
extending the advantages of hybrid nanofluids. Jamrus et al. [15] investigated 
a copper-alumina-titania/water ternary nanofluid and observed that 
increasing titania concentration led to an improvement in heat transfer rate. A 
fundamental Hiemenz flow model for ternary hybrid nanofluids past a 
stretching/shrinking sheet was further explored by Jamrus et al. [16], where 
they compared the skin friction and heat transfer coefficients of hybrid (Cu-
Al2O3) and ternary hybrid (Cu-Al2O3-TiO2) nanofluids. Their results 
indicated that the ternary hybrid nanofluid exhibited superior skin friction 
and heat transfer characteristics compared to its hybrid counterpart. Very 
recently, Hussein et al. [17, 18] studied the MHD flow of ternary nanofluid 
(copper-alumina-titania/water) past a permeable cylinder with velocity slip 
and Joule heating effect, correspondingly. 

Beyond numerical computation, experimental design provides significant 
advantages in analyzing complex fluid flow phenomena involving multiple 
interacting parameters. In fluid dynamics research, Mehmood et al. [19] 
explored the application of RSM and ANOVA in studies involving rotating 
disks, while several other studies [20-22] successfully utilized these 
techniques to optimize heat transfer efficiency and flow stability in various 
fluid systems. This study is designed to achieve two primary objectives. 
First, it aims to generate comprehensive numerical solutions for the 
governing model, ensuring that all possible solution branches are captured. 
Second, it employs RSM and statistical analysis to gain a deeper 
understanding of fluid flow characteristics and response behaviours. To 
achieve these goals, the governing partial differential equations are converted 
into a system of ordinary differential equations (ODEs) through similarity 
transformation. The statistical analysis is carried out using Minitab 
software’s general linear model fit, while the central composite design 
(CCD) approach in RSM is applied to determine an optimized dataset for 
evaluation. 
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2. Mathematical Formulation 

The steady-state flow of ternary hybrid nanofluid, consisting of copper-
alumina-titania nanoparticles dispersed in water, along with heat transfer 
around a permeable cylindrical structure of radius a, is illustrated in Hussein 
et al. [17]. The fluid motion is restricted to ,0≥r  and the azimuthal 
coordinate ϕ  is defined transversely, with 0=ϕ∂∂  ensuring axial 
symmetry. The velocity profile of the shrinking cylinder is expressed in a 
specific functional form ( ) ,slipUxUw +λ  where ( ) ,0 LxuxUw =  while the 

velocity slip condition is introduced as a governing parameter with =slipU  

.0 ruA ∂∂  The surrounding fluid maintains a constant temperature of ∞T  
whereas the surface temperature of the cylinder follows a variable 

distribution given by a predefined function ( ) ,2
0 LxTTTw += ∞  where the 

characteristic temperature and constant parameters are denoted as 0T  and m, 
accordingly. 

By incorporating the boundary layer approximations and adopting the 
Tiwari and Das [23] model to characterize the ternary hybrid nanofluid, the 
governing physical system is represented through a set of partial differential 
equations (PDEs) as outlined in Hussein et al. [17, 18]. These equations 
describe the momentum and thermal transport mechanisms within the fluid 
domain, considering the interactions between copper, alumina, and titania 
nanoparticles suspended in the base fluid (water). The formulation accounts 
for the effects of viscosity, thermal conductivity, and nanoparticle volume 
fraction, ensuring a comprehensive mathematical representation of the fluid 
behavior around the permeable shrinking cylinder. 

Continuity equation: 
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Energy equation: 
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Here, u and v represent the velocity components along the x- and r-
directions, respectively. The stretching/shrinking parameter λ  determines the 
nature of the cylinder’s motion, where a negative value corresponds to a 
shrinking surface, a positive value indicates stretching, and a zero value 
represents an immobile surface. The thermophysical properties of ternary 
hybrid nanofluid can be found in Hussein et al. [17, 18]. The parameters ,1φ  

2φ  and 3φ  denote the volume fractions of alumina, copper, and titania 

nanoparticles, respectively. Specific cases of the nanofluid composition can 
be obtained by adjusting these volume fractions: setting 03 =φ  results in a 

copper-alumina/water nanofluid, 031 =φ=φ  corresponds to a copper-water 

nanofluid, 032 =φ=φ  leads to an alumina-water nanofluid, and 

021 =φ=φ  describes a titania-water nanofluid. The thermophysical 

properties of the individual nanoparticles and the base fluid are summarized 
in Table 1. 

The appropriate similarity transformations that satisfy the continuity 
equation (1) for the steady flow of a ternary hybrid nanofluid over a 
permeable shrinking/stretching cylinder are typically introduced to reduce 
the governing PDEs into a set of ODEs. A common form of similarity 
variables for this type of flow problem is: 
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Table 1. Thermophysical properties of the selected particles 
Physical properties Al2O3 Cu TiO2 Water 

pC (J/kgK) 765 385 686.2 4179 

ρ (kg/m3) 3970 8933 4250 997.1 

k (W/mK) 40 400 8.9538 0.6130 

σ  (s/m) 35 × 106 59.6 × 106 2.6 × 106 5.5 × 10–6 

Meanwhile, the mass flux velocity in equation (4) is represented by 

,0 SL
u

r
av f

w
ν

−=  where 0>S  denotes the suction parameter. After 

applying the similarity transformation, the fundamental equations presented 
in equations (2) and (3), along with the boundary conditions specified in 
equation (5), are transformed into a reduced system of ODEs. This reduction 
simplifies the governing equations, facilitating their numerical within the 
framework of the ternary hybrid nanofluid model. 
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( ) ( ) ( ) ( ) ,10,00,0 =θ′′+λ=′= fKfSf  

( ) ( ) .0,0 →∞θ→∞′f  (8) 

In this formulation, 2
0auLfν=γ  represents the curvature parameter, 

where 0=γ  corresponds to the case of a stretching/shrinking flat plate. The 

dimensionless parameter ( ) ffp kCPr μ=  denotes the Prandtl number, 

which characterizes the relative influence of momentum and thermal 

diffusivities. The term ff cBM ρσ= 2
0  signifies the magnetic parameter, 

indicating the impact of an applied magnetic field on the fluid flow. 
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Additionally, fLuAK ν= 00  denotes the velocity slip parameter, which 

accounts for the slip condition at the boundary. The skin friction coefficient 
and the local Nusselt number are the dimensionless quantities which provide 
insight into the fluid flow characteristics and thermal performance of the 
ternary hybrid nanofluid over the permeable shrinking /stretching cylinder 
and given by (see Hussein et al. [17, 18]): 

( ) ( ),0,0 2121 θ′−=′′
μ
μ

= −

f

thnf
xx

f

thnf
fx k

k
NuRefCRe  (9) 

where fwx xURe ν=  is the local Reynolds number. 

3. Response Surface Methodology and Sensitivity Analysis 

This section provides a detailed discussion on the computational findings 
obtained by solving equations (6)-(8) utilizing MATLAB’s bvp4c solver. 
The evaluation emphasizes the influence of multiple physical parameters 
associated with the formulated model, where parameter values are adopted 
from the previous research conducted by Hussein et al. [17] such that 

,1.3=S  2.6=Pr  and .01.0321 =φ=φ=φ  Since present work is a 

continuation work by Hussein et al. [17], only the findings from response 
surface and sensitivity analysis are highlighted. Statistical analysis is 
employed to pinpoint the factors that significantly enhance these responses. 
Table 2 presents the RSM using the central composite design, which involves 
20 experimental trials across three variables. The magnetic, couple stress, 
and suction parameters are referred to as factors A, B, and C, respectively, 
such that low (–1), medium (0), and high (+1) levels reflect their different 
magnitudes. The numerical solutions in Table 3 are computed from the 
MATLAB’s bvp4c solver. Meanwhile, a general response surface equation 
(see equation (10)) contains the intercept ( ),0r  as well as the mix interaction 

( ),,, CABCAB rrr  linear ( )CBA rrr ,,  and quadratic ( )222 ,,
CBA
rrr  effects. 
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These coefficients are obtained from the response surface analysis. 

BCrCArABrCrBrArry BCCAABCBA ++++++= 0  

.222
222 ε++++ CrBrAr

CBA
 (10) 

Table 2. Experimental design with RSM 
Real Coded   

Run 
M γ K A B C 

Skin Friction 

Coefficient 

Heat Transfer 
Coefficient 

1 0.1 0 0.1 1 -1 1 5.516665964 16.699281945 

2 0.05 0.05 0.05 0 0 0 5.258150874 16.830213545 

3 0 0 0.1 -1 -1 1 5.321248084 16.684022458 

4 0 0.05 0.05 -1 0 0 5.162216080 16.822854049 

5 0.05 0.05 0.1 0 0 1 5.298319062 16.662318040 

6 0.1 0.05 0.05 1 0 0 5.347752901 16.837018614 

7 0.05 0.1 0.05 0 1 0 5.151607970 16.803842236 

8 0 0.1 0 -1 1 -1 4.999573160 16.944157580 

9 0.05 0.05 0.05 0 0 0 5.258150874 16.830213545 

10 0.05 0 0.05 0 -1 0 5.346566125 16.854235320 

11 0.05 0.05 0.05 0 0 0 5.258150874 16.830213545 

12 0.05 0.05 0 0 0 -1 5.170899480 16.973080115 

13 0.1 0.1 0 1 1 -1 5.178543967 16.957599541 

14 0 0 0 -1 -1 -1 5.168049778 16.988587381 

15 0.05 0.05 0.05 0 0 0 5.258150874 16.830213545 

16 0 0.1 0.1 -1 1 1 4.963526676 16.612924417 

17 0.1 0 0 1 -1 -1 5.306680377 16.998250687 

18 0.05 0.05 0.05 0 0 0 5.258150874 16.830213545 

19 0.1 0.1 0.1 1 1 1 5.279539661 16.640310441 

20 0.05 0.05 0.05 0 0 0 5.258150874 16.830213545 

Figures 1 and 2 show the Pareto charts of standardized effects illustrating 
the impact of factors A (magnetic parameter), B (curvature parameter), and C 
(velocity slip parameter) on skin friction coefficient and heat transfer rate, 
respectively. The threshold line (red dashed line at 2.23 in Figures 1 and at 
2.2 in Figure 2) indicates statistical significance at .05.0=α  Any factor that 
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exceeds this threshold implies a significant impact on the responses. Based 
on Figure 1, the dominant factor influencing the skin friction coefficient is 
factor B, showing the highest standardized effect, followed by factors A and 
C, respectively. In addition, factor B has the highest influence, suggesting 
that the changes in this factor will result in the most substantial variations in 
the skin friction coefficient. Unlike the skin friction coefficient, the heat 
transfer rate in Figure 2 is most significantly influenced by parameter C, with 
an extremely high standardized effect compared to other factors. Physically, 
velocity slip (factor C) has the most significant effect on reducing/affecting 
heat transfer rate because it weakens fluid-wall interaction, thickens the 
thermal boundary layer, and lowers convective heat transport efficiency. 
Since heat transfer depends on how well thermal energy moves from the 
surface into the fluid, any disruption caused by slip leads to a noticeable 
reduction in heat transfer performance. 

 

Figure 1. Impact of the evaluated parameters using statistical data analysis 
on skin friction coefficient. 
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Figure 2. Impact of the evaluated parameters using statistical data analysis 
on heat transfer rate. 

The models for the responses are given by the regression equations 

CBAy 05556.010864.010146.025897.5frictionskin +−+=  

222 02560.001112.000522.0 CBA −−−  

,03728.002423.002012.0 BCACAB −++  (11) 

CBAy 156282.0026554.0007992.08303.16transferheat −−+=  

222 012735.0001395.0000497.0 CBA −−−  

.005624.0002443.0001988.0 BCACAB −++  (12) 

The sensitivity analysis is formulated by partially differentiating the 
response function from equations (11) and (12), resulting in the sensitivity 
functions expressed in equations (13) and (14). 

( )
,02423.002012.001044.010146.0frictionskin CBAA

y
+++=

∂
∂
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( )
,03728.002012.002224.010864.0frictionskin CABB
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 (13) 

( )
,002443.0001988.0000994.0007992.0transferheat CBAA
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( )
,005624.0001988.000279.0026554.0transferheat CABB

y
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∂
∂

 

( )
.005624.0002443.002547.0156282.0transferheat BACC

y
−+−=

∂
∂

 (14) 

Table 3. Analysis of variance (ANOVA) for skin friction 
Source DF Adj SS Adj MS F-value P-value 

A 1 0.102935 0.102935 692.92 0.000 

B 1 0.118031 0.118031 794.54 0.000 

C 1 0.030864 0.030864 207.76 0.000 

AA 1 0.000075 0.000075 0.50 0.494 

BB 1 0.000340 0.000340 2.29 0.161 

CC 1 0.001802 0.001802 12.13 0.006 

AB 1 0.003238 0.003238 21.79 0.001 

AC 1 0.004696 0.004696 31.61 0.000 

BC 1 0.011118 0.011118 74.84 0.000 

Error 10 0.001486 0.000149   

Lack-of-Fit 5 0.001486 0.000297 * * 

Pure Error 5 0.000000 0.000000   

Total 19 0.279255    

The ANOVA results in Table 3 indicate that parameters A, B, and C, 
along with their interaction effects, are statistically significant ( ),01.0<p  

demonstrating their substantial influence on skin friction variation. 
Conversely, the non-significant terms (AA and BB), with high p-values, 
contribute negligibly and can be omitted from further analysis. These 
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findings align with the Pareto charts in Figure 1, where factor B (curvature 
parameter) exerts the strongest influence on skin friction, with factors A and 
C also playing significant roles. To further enhance sensitivity analysis, 
factor A can be held constant, allowing a more detailed examination of how 
B and C, along with their interactions, impact skin friction behavior. There is 
a significant interaction between factors B and C in influencing skin friction 
(Response 1) as shown in Figure 3. In the upper section of the plot, it is 
observed that for factor B at levels -1 and 1, skin friction increases as factor 
C increases from -1 to 1. However, when factor B is at level 0, the response 
remains nearly constant across different levels of factor C, indicating that 
factor B significantly impacts how factor C affects skin friction. In the lower 
section, the variation in skin friction with respect to factor B, broken down 
by factor C, shows that skin friction decreases as factor B increases from -1 
to 1, particularly when factor C is at levels -1 and 1. This highlights that 
factor B has a pronounced effect on skin friction at these levels of factor C, 
whereas the effect is less significant when factor C is at 0. The non-parallel 
lines across the different levels of factors B and C suggest a clear interaction 
between these two factors. Their combined effects on skin friction are not 
simply additive, and the pattern varies significantly depending on the levels 
of each factor. This interaction is most evident when factor C is at -1 or 1, 
underscoring the importance of considering both factors together in 
sensitivity analysis and optimization processes. 

Table 4. Analysis of variance for heat transfer 
Source DF Adj SS Adj MS F-value P-value 

A 1 0.000639 0.000639 363.38 0.000 

B 1 0.007051 0.007051 4012.10 0.000 

C 1 0.244240 0.244240 138968.52 0.000 

AA 1 0.000001 0.000001 0.39 0.548 

BB 1 0.000005 0.000005 3.04 0.112 

CC 1 0.000446 0.000446 253.75 0.000 

AB 1 0.000032 0.000032 17.99 0.002 

AC 1 0.000048 0.000048 27.16 0.000 

BC 1 0.000253 0.000253 143.95 0.000 
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Error 10 0.000018 0.000002   

Lack-of-Fit 5 0.000018 0.000004 * * 

Pure Error 5 0.000000 0.000000   

Total 19 0.253250    

 

Figure 3. Sensitivity analysis of A, B and C to skin friction. 

Based on the ANOVA results in Table 4, it is shown that factors A, B, C, 
and their interactions ( )CCBCACAB ,,,  are statistically significant 

( )01.0<p  and contribute to the variation in heat transfer. Factor C has the 

most significant influence, as evidenced by its very high F-value (138968.52) 
and a p-value of 0.000. Factors A and B also significantly affect the response, 
with p-values of 0.000 and 0.000, respectively, though their influence is 
smaller compared to factor C. Non-significant terms like AA ( )548.0=p  

and BB ( )112.0=p  can be excluded from further analysis. The model 

explains the variation in heat transfer well, as indicated by the small error 
term relative to the total variation (Error SS = 0.000018). This suggests a 
good fit of the model to the data. The interaction between factors B and C 
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( )CB ∗  has a particularly strong influence ( ),000.0=p  suggesting that the 

combined effect of these two factors plays a significant role in determining 
heat transfer. For further sensitivity analysis, factors A and C can be explored 
more closely, with factor B held constant to isolate the effects of A and C on 
the response. Based on the analysis of Figure 4, it is evident that there is a 
significant interaction between factors A and C in influencing heat transfer 
(Response 2). In the upper section of the plot, for factor A at levels -1 and 1, 
heat transfer decreases as factor C increases from -1 to 1. However, when 
factor A is at level 0, the response remains constant across different levels of 
factor C, indicating that factor A has minimal impact on heat transfer at this 
level of factor C. In the lower section of the plot, the variation in heat transfer 
with respect to factor A, broken down by factor C, shows that heat transfer 
decreases as factor A increases from -1 to 1 when factor C is at -1. When 
factor C is at 0, there is no significant change in heat transfer across different 
levels of factor A. However, when factor C is at 1, heat transfer increases as 
factor A increases, suggesting that factor A has a positive effect on heat 
transfer at this level of factor C. The non-parallel lines across the different 
levels of factors A and C highlight a significant interaction between these 
factors, indicating that their combined effects on heat transfer are not simply 
additive. This interaction is most pronounced when factor C is at levels -1 or 
1, where the effect of factor A on heat transfer is more noticeable. When 
factor C is at 0, the effect of factor A is minimal, suggesting that factor A’s 
impact is sensitive to the levels of factor C. Therefore, it is important to 
consider both factors A and C together in sensitivity analysis, as their 
combined effects on heat transfer are more complex than their individual 
impacts. Further investigation into the interaction between these factors, 
particularly at the extreme levels of factor C, could provide valuable insights 
for optimizing heat transfer. 
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Figure 4. Sensitivity analysis of A, B and C to heat transfer. 

4. Conclusions 

This study presents a comprehensive analysis of ternary hybrid nanofluid 
flow over a permeable cylinder, investigating the effects of magnetic field, 
curvature, and velocity slip on skin friction and heat transfer characteristics. 
The findings indicate that velocity slip parameter (factor C) has the most 
significant impact on heat transfer enhancement, as it directly influences the 
thermal boundary layer structure and energy dissipation at the surface. 
Meanwhile, curvature parameter (factor B) is identified as the dominant 
factor in determining the skin friction coefficient, highlighting its role in 
shaping flow resistance and boundary layer characteristics. The ANOVA 
results further confirm that interaction effects, particularly BC and AC, 
contribute significantly to variations in the response variables, suggesting 
that optimizing these parameters can lead to improved flow stability and heat 
transfer efficiency. 
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