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Radiation data often exhibit complex structures and patterns, posing significant challenges for statistical
modeling and analysis. Traditional models may fail to capture the underlying relationships and behaviors of
radiation data, leading to inaccurate predictions and risk assessments. This paper introduces the New Beta Prime-
Generalized (NBP-G) family of distributions and applies it to develop a new model called the NBP-Weibull
distribution. The NBP-Weibull distribution offers enhanced distributional flexibility, capable of representing a
wide range of density shapes, including sharply right-skewed and near-symmetric forms. Additionally, the NBP-
Weibull model accommodates various types of increasing hazard rate patterns, including those that increase
rapidly after an initial flat period, making it crucial for robust reliability and risk assessment applications in
radiation engineering. Some desirable statistical properties of the NBP-G family, including moments, the
moment-generating function, Rényi and Tsallis entropies, the stress-strength function, and order statistics, are
derived. The parameters of the NBP-G family are estimated using the maximum likelihood estimation method. A
Monte Carlo simulation study is conducted to evaluate the performance of the MLE method. The NBP-Weibull
model is applied to three radiation datasets, and its performance is evaluated using goodness-of-fit criteria.
The results show the NBP-G family provides improved fit under selected criteria for modeling complex data
patterns. This research highlights the NBP-Weibull model's effectiveness in modeling radiation data and its
potential for accurate predictions and insights in this field.

capture the underlying patterns and behaviors of such data, including
non-standard shapes, skewness, and heavy tails, which are common

1. Introduction

The analysis of lifetime data is a vital aspect of various fields,
including medical science, engineering, and reliability studies, where
the accurate modeling of complex phenomena is essential for informed
decision-making, risk assessment, and predictive analytics (Elgarhy
et al., 2025). Radiation data, in particular, pose significant challenges
due to their inherent complexity, variability, and uncertainty, which
may arise from various sources, including measurement errors, sampling
biases, and underlying physical processes. Recent studies have high-
lighted the need for novel statistical distributions that can effectively
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characteristics of radiation data (Sun et al., 2026,/03; Liu et al., 2026,/03;
Luo & Luo, 2026/03; Feng et al., 2026). The development of such
models is critical for ensuring the accuracy and reliability of predictions,
which can have significant consequences in fields such as nuclear en-
gineering, medicine, and environmental science (Althobaiti et al., 2025;
Suleiman et al., 2025a, 2025b). As a result, there is a growing demand
for innovative statistical approaches that can provide a better under-
standing of radiation data and improve our ability to analyze and predict
complex phenomena (Huang & Ali, 2026; Tung et al., 2026; Zhang et al.,
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2026).

Radiation data often arise from complex physical and biological
processes, where variability is influenced by factors such as exposure
intensity, material heterogeneity, and environmental conditions. These
processes frequently produce data with non-standard statistical char-
acteristics, including skewness, heavy tails, and evolving hazard rates.
Traditional models are often inadequate in capturing these features
simultaneously, leading to inaccurate risk assessment and prediction
(Suleiman et al., 2025c¢). This motivates the development of more flex-
ible statistical models that can better represent the underlying mecha-
nisms of radiation-related phenomena and improve analytical accuracy
in practical applications (Ishaq et al., 2023; Yu et al., 2024).

The complexity of radiation data can be attributed to various factors,
including the type of radiation, the material being irradiated, and the
experimental conditions. These factors can lead to a wide range of data
distributions, from simple to complex, and can exhibit various shapes,
such as skewness, multimodality, and heavy tails (AlTwijri et al., 2026).
Traditional statistical models, such as the Weibull distribution, may not
always provide the best fit for such complex data and may lead to
inaccurate predictions and conclusions (Basu & Ng, 2025; Gong et al.,
2025; Rahmouni & Ziedan, 2025; Tu et al., 2025). Therefore, there is a
need for more flexible and robust statistical models that can capture the
underlying patterns and behaviors of radiation data. Such models can
provide a more accurate understanding of the data, improve predictive
analytics, and inform decision-making in various fields (Panitanarak
et al., 2025a; Semary et al., 2025a).

In recent years, researchers have proposed various statistical distri-
butions and models to analyze biomedical and radiation data, including
generalizations of classical distributions, such as the Weibull distribu-
tion, which has enhanced the accuracy of predictions (Ishaq et al., 2025;
Panitanarak, Ishagq, et al., 2025; Colak et al., 2023). For instance, Huo
et al. (Huo et al., 2026/03) developed the Log-Lévy distribution and
applied it to radiation data. Similarly, Al-Nefaie (Al-Nefaie, 2023/03)
introduced the Kavya-Manoharan log-logistic distribution and applied it
to biomedical data. Furthermore, Kamal et al. (Kamal et al., 2023)
proposed the generalized exponential-Weibull model and explored its
application in COVID-19 patient survival times and mortality rate
datasets. A comprehensive review of related studies can be found in
(Ahmed et al., 2026; Alsaab, 2024; Alsulami & Alghamdi, 2025; Gasper
et al., 2025; Gillariose et al., 2025; Hashem et al., 2024; Imran et al.,
2024; Khan & Ruidas, 2025; Klakattawi, 2022; Lu et al., 2023; Semary
et al., 2025b; Suleiman et al., 2025d; Wu et al., 2023) and the references
cited therein. These models have shown promise in capturing the
complexity of radiation data, but further research is needed to develop
more robust and flexible models that can accommodate the unique
characteristics of radiation data.

Classical statistical models, such as the Weibull, exponential, and
gamma distributions, are widely used to model biomedical and radiation
phenomena due to their foundational properties (Adepoju et al., 2025;
Osi et al., 2025). The two-parameter Weibull distribution is particularly
common and efficient for analyzing radiation data, but its versatility
becomes significantly constrained when dealing with highly complex
data exhibiting extreme characteristics. Such data, often characterized
by pronounced skewness and heavy or fat tails, deviate significantly
from the assumptions of classical distributions (Abd Elgawad et al.,
2025). Furthermore, many physical processes, including failure rates in
irradiated materials or disease risks, display non-monotonic hazard
rates, which the standard two-parameter Weibull model cannot
accommodate (Noori et al., 2025). To address these limitations, this
study aims to develop a new statistical model, the New Beta Prime
Generalized (NBP-G) family of distributions, which can effectively
capture the complexity of radiation data. The NBP-G family is based on
the Beta Prime (BP) distribution, a univariate model recognized for its
efficacy in fitting skewed data across various scientific domains,
including engineering and medical science. Specifically, we will utilize
the NBP-G family to develop a new distribution called the NBP-Weibull
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distribution, which offers enhanced distributional flexibility and can
represent a wide range of density shapes, including sharply right-skewed
and near-symmetric forms. The NBP-Weibull model also accommodates
various types of increasing hazard rate patterns, making it suitable for
robust reliability and risk assessment applications in radiation engi-
neering. We will apply the NBP-Weibull model to radiation data and
evaluate its performance using various metrics, including
goodness-of-fit tests and predictive accuracy. The probability density
function (PDF) of the BP distribution with shape parameters is provided
as follows:

The probability density function (PDF) of the BP distribution with
shape parameters a, > 0 is provided as follows:

xa—l

m(x; a, ) :W7

x>0; a,p>0, 1)

a—1

where B(a, ) = / i do represents the BP (Beta of the Second

) 1 +o)”
Kind) function. The corresponding cumulative distribution function
(CDF) is presented as follows:

Bx(a>ﬂ)

M(x;a,p) = B(a. )

7X>O; aaﬂ>0~, (2)

a—1
dw is the incomplete BP function.

X
where By(a, ) = 0/(1 )
Alzaatreh et al. (Alzaatreh et al., 2013) presented the T-X method, a
comprehensive approach to generate new classes of continuous proba-
bility distributions that can handle any range of probability measures.
This method incorporates an auxiliary random variable V, defined on a
bounded interval, into the target distribution. Let X be a random vari-
able with PDF g(x) and CDF G(x). Let V be another continuous random
variable with PDF h(v) and CDF H(v), defined over [a,b]. Using the T-X
method, the new CDF F(x) is expressed as:

T(G(x)
F(x) = h(v)dv =H(T(G(x))), 3

a

where T(G(x)) is a transformation function applied to the baseline CDF
G(x). The T-X approach has been widely employed to develop general-
ized probability distributions that can capture complex features such as
skewness, kurtosis, and heavy tails, making them useful in various ap-
plications, including radiation data analysis (see (Alzaatreh et al., 2013)
for more details). In this study, we utilize the T-X approach, which in-
tegrates an auxiliary random variable with the target distribution via a
transformation function, to develop a new generalized probability dis-
tribution. This approach is recognized for its effectiveness in capturing
complex features such as skewness, kurtosis, and heavy tails, making it
highly useful for modeling radiation data and other applications.

Despite the extensive development of generalized distributions using
transformation techniques such as the T-X method, many existing
models remain limited in their ability to simultaneously capture com-
plex skewness, tail behavior, and diverse hazard rate structures observed
in real-world data, particularly in radiation studies. Most existing gen-
eralizations, including Beta-G (Fugene et al, 2002) and
Kumaraswamy-G (Cordeiro & De Castro, 2011) families, rely on boun-
ded transformations that may restrict flexibility in modeling
heavy-tailed phenomena.

The proposed NBP-G family addresses this limitation by incorpo-
rating the Beta Prime structure within the T-X framework, introducing
an additional exponent parameter that enhances adaptability. This re-
sults in improved capability to model both extreme skewness and
varying hazard rate behaviors. Furthermore, the NBP-Weibull model
provides a flexible five-parameter structure that can accommodate a
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Fig. 1. Flowchart for the development of the BP-G family and the NBP-
Weibull model.

wide range of distributional shapes and reliability patterns. In contrast
to existing models, the proposed approach offers a unified framework
that combines theoretical tractability with practical applicability,
particularly for modeling radiation data characterized by high vari-
ability and complex failure mechanisms.

The motivation for developing a highly flexible model such as the
NBP-Weibull distribution is critically tied to its application in analyzing
complex reliability and exposure data, particularly in the context of
radiation datasets. This study focuses on radiation datasets concerning
the susceptibility index (SI) of organic materials, specifically peppermint
packets, following exposure to gamma or microwave irradiation. The
Susceptibility Index (SI) measures a material's resistance to biological
infestation after treatment, with factors such as dose uniformity, mate-
rial heterogeneity, and complex biological responses introducing sub-
stantial variability into the observed data. This variability often results
in distributions that exhibit extreme skewness, high kurtosis, and com-
plex reliability trends. These complex structures cannot be adequately
captured by the traditional Weibull models. Given these limitations, the
NBP-Weibull distribution, with its five parameters, offers a statistically
improved fit. This enables more reliable risk assessment and treatment
efficacy evaluation in radiation science. Fig. 1 illustrates the flow for the
proposed NBP-G family and NBP-Weibull sub-model, visually repre-
senting the steps involved in deriving, analyzing, and estimating the
parameters of the NBP-G family and NBP-Weibull model.

This paper introduces the NBP-Weibull distribution, making the
following significant theoretical and practical contributions to advanced
radiation research.

i. To develop the NBP-G family of distributions based on the T-X
method, providing a versatile framework for extending any
continuous baseline model.

ii. To pioneer the five-parameter NBP-Weibull model, addressing
the limitations of traditional generalized Weibull models by
significantly enhancing flexibility in modeling complex data
patterns, particularly those found in radiation susceptibility
studies.

iii. To offer a higher degree of flexibility, capable of representing a
wide range of density shapes, including sharply right-skewed,
left-skewed, and near-symmetric forms.

iv. To accommodate various types of increasing hazard rate patterns,
including those that increase rapidly after an initial flat period,
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which is crucial for robust reliability and risk assessment appli-
cations in radiation engineering.

v. To introduce extensive mathematical properties, including
mixture representations, moments, moment-generating function
(MGF), Rényi and Tsallis entropies, stress-strength function, and
order statistics.

vi. To analyze parameter estimation using Maximum Likelihood
Estimation (MLE).

vii. To conduct a Monte Carlo simulation study to demonstrate the
performance of the parameters and evaluate the finite-sample
behavior of the MLEs.

viii. To demonstrate the model's effectiveness through its improved fit
to three distinct real-world radiation susceptibility datasets,
outperforming several established competing models based on
statistical criteria.

The remaining sections of this paper are structured as follows: Sec-
tion 2 details the construction and derivation of the NBP-G family.
Section 3 introduces the NBP-Weibull model and analyzes its distribu-
tion shapes. Section 4 presents the statistical properties of the NBP-G
family. Section 5 discusses parameter estimation via MLE. Section 6
performs the Monte Carlo simulation study. Section 7 provides the
application and analysis using three radiation datasets. Section 8 con-
cludes the study, discussing limitations and future research directions.

2. Formulation of the New Beta Prime-Generalized (NBP-G)
family of distributions

This section introduces the NBP-G family, which employs the T-X
approach developed by Alzaatreh et al. (Alzaatreh et al., 2013). The
proposed methodology involves deriving the CDF of the NBP-G family
by substituting baseline components into (3). The link function

2
T(G(x)) = (15;(6)((;3)?7)) and PDF of the BP distribution from (1) are spe-

cifically utilized to construct the new NBP-G family of distributions as

follows:
A
( G(x;n) )
1-G(x:n)
1 o1
F(a,p,A0)=——- ——dt. 4)
( ’ / }7) B(a,ﬂ) 0/ (1 +t)u+ﬂ (
Let:
t=——> m:L,and dt:ﬂr 5)
1-m 1+¢ (1-m)

Substituting (5) into (4) gives the following expression:

G(x:) ’
1-G(x;n)

1-m

1 me!
0

(1 _ m)“*1+2 <l—m+m
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m)’'dm

1
Bw(x;/l,r,)((l,ﬁ),x e R;

= 5 ) a, B, >0, (6)

i
w(x:d,) (1 Ggr(m ))
s
where By (@, f) = / m* (1 —m)’ tdm, w(x; 4,) = ~——~—

[ Rdd] A
)
0 1+ (170@.,;))

and G(x;n) is the CDF of the parent distribution with the vector
parameter 1, while @ and f represents the shape parameters, and 4 is an
exponent parameter. It can be observed from (6) that the CDF of the
NBP-G family reduces to the Beta-G family of distributions, as proposed
by Eugene et al. (Eugene et al., 2002), when 4 = 1.

Differentiating (6) with respect to x provides the PDF for the NBP-G
family of distributions as follows:

Flc . 2m) = g [P, .27

1 d

“Bap ax Preon(@h),

= g W) (1wl ) xS vl o)

= e (@ - wed )

Bla,p)
-1
ag) (ﬁg;;ﬁ,)
X 3
) )2 G(x:n)
a-ceanfi+ (%) |
) -1
X1
_ Jelxn) (l Gm) w6 2,) (1 = wixi 2,m))
2

B(a,f)(1 - G(x;))?

__2glesn)G T (xn)
B(a, )(1 — Glxm)™"!

x€R,a,p1>0,

)

where a and f$ are the shape parameters, 4 is an exponent parameter,
g(x;n) and G(x; 1) are the PDF and CDF of the parent distribution with
vector parameter 5. Hence, (7) represents the PDF of the proposed NBP-
G family of distributions, where g(x;#) is the PDF of the parent distri-
bution. The random variable X defined with PDF in (7) can now be
expressed as X ~ NBP — G(a,f3,4,1). This denotes the NBP-G family with
parameters q, 5, 4, and 7. For simplicity, the dependence on ,f, 1, and 5
can be omitted by denoting the CDF and PDF as F(x; a, #, A,17) = F(x) and
fOa,p,4,n) = f(x), respectively.

Journal of Radiation Research and Applied Sciences 19 (2026) 102432
2.1. Expansion for the CDF and PDF of the NBP-G family of distributions

In this subsection, the focus is on deriving structured representations
of the CDF and PDF for the NBP-G family. These structured forms aim to
enhance both theoretical understanding and computational efficiency.
Specifically, the CDF and PDF are expressed in linear and series forms
that retain the generality of the NBP-G family while simplifying complex
expressions. The linear representation refers to expressing the functions
in a compact, interpretable format using basic algebraic components.
The CDF of the NBP-G family is expanded as:

G(xn)
(1 G(x; ))
P =22 1, (0, A= wi ) =L ®
B(a, p) 14 ( Glxa) )
1-G(x:n)

Cordeiro and Nadarajah (Cordeiro & Nadarajah, 2011) and Biazatti
et al. (Biazatti et al., 2022) provide a structured expansion for the CDF
described in (8) as:

fj ©

(o f) =

o

where 7; = Eaﬂ 4 and (w); =w(w—1)---(w—i+1) is defined as falling

factorial, forw =1 — 8.
Therefore, (9) can be expressed as:

Ay iHa
()
T-Gx)
o T N ia (10)
= G(x31)
(e () }

The generalized binomial expansions for any real number 9 with
|z] < 1, as discussed in Kreyszig (Kreyszig, 2007), can be expressed as:

fj (] an
Jj=

and
1-2) Z<’9+p_1> . (12)
0

Applying (11) to the denominator of (10) results in:

1 & i(i+ta+j—1 ) G (o, p)
= E (=1Y (. _— 13
Ia (avﬂ) B(aﬂﬁ) iJ:oﬂ( ) (] (1 _ G(X; ”))A(Haﬂ) ( )

Considering (12), then (13) yields the CDF of the NBP-G family of
distributions as:

ala,p)= Z Aijp{Glx; ) e 14

ijp=0

where Ay — ’;E;}»‘T (Jl_+a+] - 1) (;(1+a+]) +p— 1).
The PDF of the NBP-G family of distributions is obtained by applying
the binomial expansion, where 9 is a non-negative number and 9 > 0
with |z| < 1, as outlined in Arfken and Weber (Arfken et al., 2005) and
Stewart et al. (Stewart et al., 2021). It can be expressed as follows:

1-9'=> () (15)
par

The series and binomial expansions used in this study are valid under
standard convergence conditions, particularly when the transformed
variable satisfies |z| < 1. The exponential decay properties of the un-
derlying functions ensure rapid convergence, and in practical compu-
tations, only a finite number of terms are required to achieve accurate
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approximations.
Applying (15) to the last term of (7) becomes:

gl & Fl)k(ii1)G’V“<”k’”’l(& n)
f(x) B(a, p) ; (1 - Gl a1+ 1{1+( XZ;)>4}2+{1+1<71

o (—1) (i -1 ) (a +k +j)Gl+/1(a+k—1)+/lj—l (x:n)

/18 x;1) J
B(a,p) kz:o (1 - G(x; ”))AH (at+k—1)+4+1
=g(n) Y CijpG P (), (16)
kjp=0
1<71>k+f<ﬂ’ 1> (a+k+j> <,1(a+k) +/1j+p)
where Cyjp, = k J Bah) P , aand g

are the shape parameters, 4 is an exponent parameter, g(x;#) and G(x; )
are the PDF and CDF of the parent distribution with a vector parameter
7.

2.2. Validity Check of the NBP-G family of distributions
To verify the validity of the proposed NBP-G family as a legitimate

probability distribution, its PDF, as defined in (7), must satisfy the
condition:

/ F)dx—1. a”

Substituting (7) into (17), we have:

Glax) Glxn)
T=Glxn) 1-Gxn)
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Thus, the condition / f(x)dx = 1is satisfied, confirming that the

NBP-G family's PDF is a valid statistical probability distribution.
The survival and hazard functions of the NBP-G family of distribu-
tions are presented as follows:

s@):p%j%’m; x€R,a,p>0, 1)

and

h(x) = 806G (x; ﬂ)W“’l(X:,:l-,Z)(l —wix;A,m)"! :
(=G {1+ (:525) b {B@h) - Bunsn @)

x€R,a,p>0, (22)

Glox)
T-Glxn)
1+ <1 G

respectively, where w(x; 4,1)

2.3. Quantile function

The quantile function of a probability distribution is a crucial tool for
understanding the distribution of random variable occurrences. It is
widely employed in simulation studies to generate random numbers,
compute the median, and derive other key statistics. For the proposed
NBP-G family, the quantile function can be obtained by inverting the
CDF defined in (6), this process yields the quantile function as:

dx.. (18)

aﬂ

- L { o[ w

i
( G(x:n) )
1-G(x;n)

2
(1—=G(x; ’7))2{1 + (1?&?}7)) }
y=———7%—, this implies, dx =

i-1
1+ <1Gg:(’)ﬂ)> lg(x 7’]) (1 Cf?v]))

Substituting (19) into (18) results in the following expression:

! [ G sn)  (1-Glan) ., _
J50s=sam |5 anr <mm>‘”ﬂ(1 ’
1-G(xm)

19)

)’ tdy

1
__1 S1pq -l
Aj@m!f(lw dy

=1. (20)

A
< G(xn) )
1-G(x;n)
=T wap), 23)
)
1 + (l va))

where u is a uniform random variable on the interval (0,1) and

I"Y(u,a,p) denotes the inverse of the regularized incomplete Beta
function, i.e., the value of A such that I, (@, ) = u is the u — th quantile
of the B(a, ) distribution. To obtain the quantile function of the parent
model, therefore (23) can be reformulated as:

1
Ex I'Y(w,a, B)
G(x;n) = JE= — . (24)
() 1+E% 1-I"Y(ua,p)
This implies,
E:
G(x;n) = T (25)
1+E:

Therefore, the inverse transformation approach in (25) gives the
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quantile function of the NBP-G family expressed as:

1
B 1}. (26)
1+E

The median of the proposed NBP-G family can be calculated by
setting u = 0.5 in the quantile function, resulting in:

1
{ 11(05,a8) }’1
1-I 1(05ap)
%(05)=G1q——— 2>
A
The proposed NBP-G family differs from existing generalized fam-
ilies, such as the Beta-G (Fugene et al., 2002), Kumaraswamy-G
(Cordeiro & De Castro, 2011), Gamma-G (Jones, 2004), and Beta
Prime-G (Suleiman et al., 2023) distributions in several key aspects.
While the Beta-G and Kumaraswamy-G families rely on bounded
transformations, the NBP-G family is constructed using the Beta Prime
structure, which allows for greater flexibility in modeling heavy-tailed
and skewed data. Unlike the standard Beta Prime-G family, the inclu-
sion of an additional exponent parameter enhances the model's adapt-
ability to capture diverse shapes of the PDF and hazard function.
Furthermore, the NBP-G family provides improved control over tail
behavior and hazard rate dynamics, making it particularly suitable for
complex datasets such as radiation data.

X (u)=G™ {

(27)

3. Statistical properties of the NBP-G family of distributions

This section introduces the key statistical properties of the NBP-G
family of distributions, including the derivation of moments, the
moment generating function (MGF), Rényi and Tsallis entropies, the
stress-strength function, and order statistics. These properties are
essential for comprehensive modeling and analysis, providing insights
into the distribution's behavior and applications in various fields.

3.1. Moments

The moments of the NBP-G family are determined using the PDF
defined in (16) as:

= > Gy [ gl . @8)

kjp=0

where r is a positive integer and

i kﬂ(ﬂ 1)(g+k+j) (A(a+k)+/1j+p>
Crip = ] P .

Ba) This sim-

plifies as:

= > Gy [ Xmlxnax, 29)

kjp=0

where 2, (x;7) = g(x; )G/ TP (x; ), G(x; ) and g(x;n) are the
CDF and PDF of the parent distributions, respectively. These moments
provide essential measures for characterizing the NBP-G family.

3.2. Moment generating function

The moment generating function (MGF) of the NBP-G family of
distributions can be derived using the PDF of the NBP-G family
described in Equation (16):

~ Y G / €% )) G (). 30)

kjp=0

—o0
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Expanding the exponential term e™ using its series expansion:

euzz%j €30}

r=0
and substituting this expansion into (33) yields:

Z Ck]p = /XrgX I])G/l (a+k)+4j+p— l(x 11)dx

kjp,r=0

=> ¢ E(X), (32)

where E(X") corresponds to the r* moments of the NBP-G family of
distributions as defined in (29).

3.3. Entropies

The Rényi and Tsallis entropies are significant measures in quanti-
fying the uncertainty or disorder within a probability distribution. These
entropy measures for the NBP-G family of distributions are derived using
the PDF defined in (7).

3.3.1. Rényi entropy
The Rényi entropy of the random variable X with PDF in (7) is
defined as:

—11Tlog[/f’(x)dx},xeR,0<r<oo,r#1, (33)
For computing the Rényi entropy of the NBP-G family, the integrand

in (33) is formulated as:

g ()G (s )

wi@ D (x; 4,m) (1 — wix; 4,m)" Y
{B(a, )} (1 - G(x; )"V '

AN 27
G
U (o) )

Using the expansion defined in (15), the integrand simplifies to:

frx)=

(34

g ()G (x; )

Gl {1 (¢ x;”")y}h
( /;_1)>W,<a71>+k(x;ﬂ,n)}

g ()G ()

frx)=

{B(a.p)}"(1 -
£{
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g ()G (x; )
2
7(A+1) Glx;
Gt {1+ (2525
2

t(a—1)+k
G(x:n)
© ,ﬁ 1) 1-G(x;n)
kzo A~ T(a=1)+k
G(x;

{B(a,p)}"(1 -

L AgnG (xn)
{B(a.p)} (1~ Glx;n)" Y

. A5 t(a=1)+k
i (71)k (T(ﬁ - 1) ) { <17(G(:Z:)n)> }
k AN T(a—1)+k+27
(o))

Based on (11), then we can rewrite (35) as:
g (x;1) & k+j(‘[(ﬂ—1))<T(a—1)+k+2‘[+j—1>
X) =7 -1 .
1~y 25V j
Gr()—l)+l(1((1—l)+k+j (X; ,])
(1 _ G( 77)) 7(A+1)+A(r(a—1)+k+j)

(35)

k=0

=" tripDij(xsm), (36)

kjp=0

where Prjp = Bapy

(r(ﬂJrl)+/1(1(a71)+k+j)+p71
p

F(1)k (i(ﬂ—1)> (;’(a—l) +k+2r4+j— 1)

and Dy;jp(x;17) = g (o) G*A DA DTGP (x; ).
Substituting (36) into (33) yields the Rényi entropy for the NBP-G
family:

log[Zqﬁk”/Dkwxn)dx}; 0O<t<oo,7#1. (37)

k,jp=0 o

3.3.2. Tsallis entropy
Tsallis entropy for the NBP-G family of distributions is derived based
on (37) as follows:

[ Z bijp / Dyjp(x; n)dx} (38)

kj.p=0

Te(X) =

—00

3.4. Stress-strength

The stress-strength model evaluates the probability that a system's
strength exceeds the applied stress under given conditions. In this work,
the stress (X;) and strength (X») are considered two random variables
from the NBP-G family, each with distinct shape parameters, a; and a,
respectively. A key assumption is that both variables share a common
shape parameter f, an exponent parameter A, and along with a parent
distribution parameter 5. By adopting this assumption of shared pa-
rameters, the model's complexity is reduced, enabling a more focused
analysis of the role of the individual shape parameters, a; and a3, in
determining system reliability. Under these conditions, the stress-
strength model of the BP-G family of distributions is defined as:

- / Flocs atz. p, 4. ) / Fars o, .4 m)dxy
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= /f(XZ§az,ﬂ,ﬂ,l’l)F(Xz;(ll,ﬂ,l,f’l)dxj, (39)

where F(x2;a1,p,4,n) and f(x2; a2,p,4,1) are the CDF and PDF of the
NBP-G family. Using (7) and (10), the integrand of (39) gives:

28023 )G (25 1)
B(az, /)B(m, B)(1 — Glxz; 1))

Pl ag+ay +i—1
( G(xp:1) )
1-G(xgm)
N7
) 1+ (fgi;)@)
> m

i=0 G(xa:1) ‘4
()

1 p-1
< G(x231) )
1-G(x23n)
x|1-¢——-4—

A
Xa:1)
1+ (1 Gi:v))

Using the generalized binomial expansion in (15), then (40) sim-
plifies to:

f(xas a2, B, 4,m)F(x2; 01, , 2, 17) =

2

(40)

280023 m)G* (25 1)
B(az, f)B(a1, ) (1 — G(xz;’?))ﬂl

(o +ag+itk—1)

i 7~ 1ty tag+itk
Glxz:m)
{1+ () |

Wandv =m +ay+i+k
Considering (11), the integrand of (41) yields:

f(xasaz, B, 4,m)F(x2; 01, , 2, 17) =

(41)

M1 m

p—1
k

where M) =

Ag(xa;m) > k+j<ﬁ* 1>
=_fenl) -1
B pBla ) 2oV K
(a1 +ay+i+k+j— 1>”'
j 13

f(x2;aZ?ﬂzivﬂ)F(XZ;ahﬂvA»rl)

G/.(al +ag+itk—1)+4j (X ',I)

(1 _ G(XQI’])) (aq +ag+i+k)+Aj+1

— g(x2; ’1) Z Qi.kaGi(al +ag+itk—1)+Aj+p (x2§ 7/)

ikjp=0
= ) QikjpPikjp(X2: 1), (42)
ikjp=0
where
,1)’<+J T ﬁ -1
o _ ‘\k ay +az+i+k+j*1 l((ll +a2+i+k)+/1j+p
kiD= Blaz PBarf) j p
and

Dy jp (Xai) = g(Xo5m) GHO Fo2 TR TP (30 ).
Substituting (42) into (39) yields the expression for the stress-
strength reliability of the NBP-G family:

)

R= )" Qujp / Dy jp (Xo; 7)o (43)

ik,jp=0

—oo
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3.5. Order statistics

Order statistics descry be the statistical properties of ranked obser-
vations in a sample. For the NBP-G family, the probability density
function of the i order statistics is derived as:

nif (oF(x)"™
(= 1)n -1

where F(x) and f(x) are the CDF and PDF of the NBP-G family, respec-
tively.
By applying (15), then (44) gives:

fin(x) = {1 = F(x)}™, (44)

0

fin(¥) =F() > WF (), (45)

k=0

nl(~1)F ( Z -1
=0){(n=D
Substituting (9), then (45) gives:

o k+1-1
fin(x Zwk{ Bap) Z } : (46)

According to Biazatti et al. (Biazatti et al., 2022) and Gradshteyn and
Ryzhik (Gradshteyn & Ryzhik, 1980), the power series expansion for

where ¥, =

(2, mAl)” can be expressed as:
0 v 0

(Z mAl‘) => A, (47)
i=0 i=0

where ¢, = 7,¥ and ¢;V) = % St A +1)m =i} Amci ™, fori > 1.

Using (47), then (46) can be reduced to:
pinso Eonfa) 5
k=0 i=0
2N itav
- {Ce) )
© ¥ i —G(xin
B P (48)

B a ﬁ Ay itav?
ki=! 0{ G(x;n)
{1 + (1—;(;’:;])

where v =k + [ — 1. Substituting (7), then (48) can further be simplified
as:

M

.fl.n (X) =

g(x;m) GA Yo m)
B(a, p)(1 - ) Z

AN Havta—1
" { ( G(xin)
o c:v 1-G(x:n)
Swl

L {B(aﬂ)}v A~ 2+it+av+a—1
i=0 G(x;n)
[+ ()

2 p-1
( G(x:n) )
1-G(x:n)
X[1-|————
G(xi)
1+ <1—G(;’:r/))

Applying (15) into (49) yields:
aglin) O~ (=D)"Wie®
B(a,f) &=, {B(@.5)}"

(l/j -1 ) (Gl ) -G arasp-D)

AN 2+it+av+a+p—1
1—Glx: A+ 14A(I+av+atp-1) 1 G(xn)
{ - (X, 77)} + 1-G(xin)

(49

fin(x) =
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dglan) & (1P
Ba.p) oy (Bap))

(ﬁ - 1) (l +av+a+p Jr]) {G(x:n)}Z(i+rzv+a+p)+Aj—1

p J
{1 o G(X‘ n)}A(i+av+a+p)+/lj+l
Z (Dk.i.pj,qu.i,p.j,q (X§ ’7)7 (50)
k,ipj.q=0
where

_1p9w e (-1 [i+av+ i\ [Ali+av +Aj+
Bpipyq—". nwkcw(/ ><+ a+p+1> (q( +avta+p)+ij q) and

Bap \p j
Axipyq 06 1) =8(x M) { G} e,
4. Parameter estimation using MLE

Parameter estimation for the NBP-G family of distributions is per-
formed using the MLE method. Given a random sample of n independent
and identically distributed (i.i.d.) observations, x1, X2, ..., Xn, from the
NBP-G distribution with parameters @, , 1, and #, the likelihood func-
tion based on the PDF in (7) is given by:

~lawa) B

The corresponding log-likelihood function is expressed as:

(51

L=nlog(s) +nlog( [ - b0) + Z(log(g(xl )

+ (-1 (10g(Glxin))

n n

+a—=1)) (logw(x;4.n) + (f-1)

i=1 i=1

(log(1 —w(x;; 4,1)))

—(A+1)>_ (log(1 - G(x;;

> sttt 23 (s {1+ (;255) 1))

(52)

where

1 _ T(atp) , _
Bag) = gy and wxisd,n) =

NEY

To determine the maximum likelihood estimates (MLEs) of the pa-
rameters, we compute the partial derivatives of the log-likelihood
function with respect to each parameter a,,4, and 7. The partial de-
rivatives with respect to A can be computed as:

=3+ > loa(Gtxin)

G(xi31 i3]
n {1—(6)‘<x3:)v>} 1°g<1 Gxva>>
+(a71)z 3
i=1
! (1 + { "( ”)n)} ) w(x; 4,71)
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Table 1
Behavior of the NBP-Weibull distribution PDF and hazard function.

x a p 0 b 2 PDF Hazard

0.111837 1.1 1.5 2.1 0.5 0.1 0.042707224 0.111056280
0.213673 1.1 1.5 2.1 0.5 0.1 0.014519395 0.039103983
0.315510 1.1 1.5 2.1 0.5 0.1 0.007003435 0.019317383
0.417347 1.1 1.5 2.1 0.5 0.1 0.003960634 0.011131779
0.519184 1.1 1.5 2.1 0.5 0.1 0.002458539 0.007020302
0.621020 1.1 1.5 2.1 0.5 0.1 0.001623710 0.004701274
0.722857 1.1 1.5 2.1 0.5 0.1 0.001121264 0.003287255
0.824694 1.1 1.5 2.1 0.5 0.1 0.000800942 0.002375112
0.926531 1.1 1.5 2.1 0.5 0.1 0.000587598 0.001760993
1.028367 1.1 1.5 2.1 0.5 0.1 0.000440518 0.001333343
1.130204 1.1 1.5 2.1 0.5 0.1 0.000336246 0.001027291
1.232041 1.1 1.5 2.1 0.5 0.1 0.000260591 0.000803243
1.333878 1.1 1.5 2.1 0.5 0.1 0.000204614 0.000636063
1.435714 1.1 1.5 2.1 0.5 0.1 0.000162498 0.000509256
1.537551 1.1 1.5 2.1 0.5 0.1 0.000130348 0.000411698
1.639388 1.1 1.5 2.1 0.5 0.1 0.000105490 0.000335703
1.741224 1.1 1.5 2.1 0.5 0.1 8.60522E-05 0.000275849
1.843061 1.1 1.5 2.1 0.5 0.1 7.07001E-05 0.000228242
1.944898 1.1 1.5 2.1 0.5 0.1 5.84646E-05 0.000190042
2.046735 1.1 1.5 2.1 0.5 0.1 4.86332E-05 0.000159144
2.148571 1.1 1.5 2.1 0.5 0.1 4.06747E-05 0.000133971
2.250408 1.1 1.5 2.1 0.5 0.1 3.41885E-05 0.000113326
2.352245 1.1 1.5 2.1 0.5 0.1 2.88692E-05 9.62911E-05
2.454082 1.1 1.5 2.1 0.5 0.1 2.44819E-05 8.21562E-05
2.555918 1.1 1.5 2.1 0.5 0.1 2.08440E-05 7.03667E-05
2.657755 1.1 1.5 2.1 0.5 0.1 1.78126E-05 6.04861E-05
2.759592 1.1 1.5 2.1 0.5 0.1 1.52751E-05 5.21682E-05
2.861429 1.1 1.5 2.1 0.5 0.1 1.31418E-05 4.51366E-05
2.963265 1.1 1.5 2.1 0.5 0.1 1.13412E-05 3.91690E-05
3.065102 1.1 1.5 2.1 0.5 0.1 9.81560E-06 3.40858E-05

1
G(xih) G(xin)
- {PG(x,;n)} log ({ks(x.-;q)})

2

A
i=1 -
' (1 4 {lfg;x’jf,ﬂ} ) (1 - wixs 4m)

n

— > (log(1 - G(xi;n)))

i=1

A
G(x;; G(x;;
n (1—é<x?:)n>> log (1—(G<x7:,>n))
) Z . (53)

A
(xi51)
1+ (1 Glxis n)>

The partial derivatives with respect to a can be computed as:

= ny(a. ), — ()] + Y (log(wioss1.1) (59
where [y(a)] = i 2{T(@)} =52 and [y(@.f)l, = sty £{T(a +
p)} =Lt

The partial derivatives with respect to $ can be computed as:

o —ly(ap), (@) + Y (og(1 —wixidon), (55)

where [ B)] =% $40(B)} =154 and [y(a,p)),

' (a+h)]
B} = T(a+p) 2,

Finally, the partial derivatives with respect to 5 can be computed as:

2 Caaen) 1002 (G + o 2 (i)

i=1 i=1 i=1

- (- 1)2 (%>

ram (@ +
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= G (x;
ey (5500 -2
. -1
n AG/(xiﬂ]) (13(5?,(7)”)>

= (1 - G(xin)? (1 + ( )?’:)">>A> |

where J {g(xi;1)} = [g/(xi;)], and §{G(xi;n)} = G (xiz ).

Equating (53)-(56) to zero and solving these equations simulta-
neously yields the MLEs for the parameters of the NBP-G family. Since
these equations are generally nonlinear, numerical optimization
methods such as Newton-Raphson are often required to compute the
estimates. Parameter estimation was performed using the Newton-
Raphson algorithm with a convergence tolerance set to 10~°. All com-
putations were implemented in R.

X (56)

5. Development of the New Beta Prime-Weibull distribution

The New Beta Prime-Weibull (NBP-Weibull) distribution is con-
structed by combining the NBP-G family with the Weibull distribution as
the baseline model. The CDF of the NBP-Weibull distribution is obtained
by substituting the Weibull CDF defined in (2) into the CDF of the NBP-G
family in (6):

By(a,
F(x;a,f,1,0,b) = ((“/g) x>0; af,2,6b>0, (57)
1e 0
]
wherey = -a, 3, and 0 are shape parameters, 1 is an exponent

1ot
1+< —0xD >

parameter, and b is a scale parameter.

To derive the PDF for the NBP-Weibull distribution, the PDF in (1)
and the corresponding Weibull CDF in (2) are substituted into the PDF of
the NBP-G family defined in (7):

0bx>1 (1- e’axb)mfl

:B(a,ﬂ)(e’gxb)m {1+<le sz))z}uﬁﬂ%

The survival, hazard, and quantile functions of the NBP-Weibull
distribution are presented as:

B}’(avﬂ),
B(a,p)’

e Ay —(atp)
061 (1 e ) {1 + (1;&‘5’ ) }
h(x) = ;

a,p,2,0,b>0.

x> 0;

(58)

S(x)=1- x>0; ap,1,6b>0, (59)

X

(eig)(b)x {B(a7ﬂ) - By(anﬂ)}

>0; ap,1,0,b>0, (60)
and
1 1
{ I (wap) }/1 b
1 1-I'T(uap)

Xg= —Elog 1-—— (61)

1 IY(uap) i
+ 1-I"H(uap)
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Beta Prime-Weibull PDF Shapes for Various Parameter Sets
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Fig. 2. Potential PDF shapes of the NBP-Weibull distribution.

5.1. Numerical and graphical behavior of the NBP-weibull distribution

This subsection presents the theoretical results of the NBP-Weibull
model derived from the BP-G family. The focus is on the analytical

and graphical properties of the NBP-Weibull distribution, including a
detailed analysis of the PDF, hazard function, and key statistical prop-
erties such as mean, variance, skewness, and kurtosis. Additionally,
numerical tables and visualizations provide further insights into the

Beta Prime-Weibull Hazard Functions for Various Parameter Sets

Hazard Function

HZD (a=8.5, B=2.5, 6=3.5, b=0.5, A=1.5)

HZD (a=1.0, f=1.0, 6=1.0, b=1.5, A=2.0) 1812
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[ =
2 S
e 4] 2 151
2 2
B T 10
5 S
z 2] T
0.5
0 . . T T 0.0 - : ;
1 2 3 4 5 1 2 3
X X
HZD (a=9.5, f=2.5, 6=4.5, b=0.5, A=1.5
HZD (a=1.5, f=1.5, 6=1.0, b=1.5, A=2.0) Ta ma( B i ? i )
— a=15,8=15 i — =0.5,8=2.5
600000 1 =
£ 081
[ —4
400000 1 Z 0.6
¥ =
N 0.4
200000 =
0.2
0 . : r 0.0 - : ; -
1 2 3 1 2 3 4 5
X X

Fig. 3. Potential hazard function shapes of the NBP-Weibull distribution.
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Table 2

Summary of statistical properties for the NBP-Weibull distribution.
a B [4 b A Mean Variance Skewness Kurtosis
1 1 0.5 0.5 0.5 4.67261 15.22941 —0.12486 —1.70755
1 2 0.5 0.5 0.5 3.27781 14.73325 0.52409 —1.49862
1 3 0.5 0.5 0.5 2.02352 11.21444 1.28666 —0.08523
1 4 0.5 0.5 0.5 1.12681 6.938230 2.25267 3.47380
1 5 0.5 0.5 0.5 0.58994 3.716710 3.55698 11.41247
1 6 0.5 0.5 0.5 0.30278 1.826430 5.38970 28.70421
1 7 0.5 0.5 0.5 0.15799 0.856280 8.01329 66.12672
1 8 0.5 0.5 0.5 0.08647 0.392130 11.78015 146.5463
1 9 0.5 0.5 0.5 0.05086 0.177930 17.13642 317.0410
1 10 0.5 0.5 0.5 0.03252 0.080810 24.57925 669.8278
2.5 1 0.5 0.5 0.5 4.62167 15.31869 —0.10166 —1.71866
2.5 2 0.5 0.5 0.5 3.21882 14.67192 0.55409 —1.46839
2.5 3 0.5 0.5 0.5 1.97165 11.03728 1.32712 0.02201
2.5 4 0.5 0.5 0.5 1.09035 6.757000 2.31037 3.74499
2.5 5 0.5 0.5 0.5 0.56780 3.590540 3.64273 12.05305
2.5 6 0.5 0.5 0.5 0.29030 1.754190 5.51989 30.18766
2.5 7 0.5 0.5 0.5 0.15111 0.818940 8.21224 69.52604
2.5 8 0.5 0.5 0.5 0.08261 0.373820 12.08323 154.2492
2.5 9 0.5 0.5 0.5 0.04859 0.169190 17.59328 334.2232
2.5 10 0.5 0.5 0.5 0.03109 0.076680 25.25552 707.2587
5 1 0.5 0.5 0.5 4.03097 15.96899 0.16904 —1.75335
5 2 0.5 0.5 0.5 2.59072 13.58331 0.90253 —0.97588
5 3 0.5 0.5 0.5 1.46485 9.020760 1.80076 1.52931
5 4 0.5 0.5 0.5 0.75860 4.984800 2.99209 7.46509
5 5 0.5 0.5 0.5 0.37677 2.461040 4.66152 20.81574
5 6 0.5 0.5 0.5 0.18681 1.142820 7.07007 50.52965
5 7 0.5 0.5 0.5 0.09570 0.514630 10.58202 116.3192
5 8 0.5 0.5 0.5 0.05221 0.22864 15.69174 260.7357
5 9 0.5 0.5 0.5 0.03103 0.101280 23.02887 572.7685
5 10 0.5 0.5 0.5 0.02024 0.045100 33.29274 1228.887
7.5 1 0.5 0.5 0.5 3.08414 15.41896 0.63292 —1.42441
7.5 2 0.5 0.5 0.5 1.76231 10.85953 1.50689 0.48657
7.5 3 0.5 0.5 0.5 0.90276 6.141000 2.64625 5.36922
7.5 4 0.5 0.5 0.5 0.43588 3.030170 4.23862 16.72881
7.5 5 0.5 0.5 0.5 0.20716 1.389590 6.55198 42.71121
7.5 6 0.5 0.5 0.5 0.10045 0.614650 9.96964 101.8494
7.5 7 0.5 0.5 0.5 0.05136 0.267500 15.03447 235.6878
7.5 8 0.5 0.5 0.5 0.02854 0.115820 22.49092 535.4549
7.5 9 0.5 0.5 0.5 0.01756 0.050250 33.29009 1194.782
7.5 10 0.5 0.5 0.5 0.01197 0.022000 48.47221 2601.381
10 1 0.5 0.5 0.5 2.05573 12.59384 1.27384 —0.21088

behavior and adaptability of the proposed NBP-Weibull model for
diverse applications.

Table 1 presents the behavior of the NBP-Weibull distribution with
varying parameter values of a =1.1,§=1.5,0=21,b=0.5, and 1 =
0.1. The table demonstrates how the PDF and hazard rate evolve as the
value of x increases. For smaller values of @ and g, both the PDF and
hazard rate are initially high, indicating a greater likelihood of an event
(or failure) occurring early. As a and g increase, both the PDF and the
hazard rate decline much more rapidly, suggesting that the probability
of an event diminishes quickly over time. This trend is evident in the
steep decline from high initial values toward nearly zero as x progresses.

Fig. 2 illustrates the potential shapes of the NBP-Weibull distribu-
tion's PDF, highlighting its flexibility. The plots display a variety of
forms depending on parameter combinations. For example, with o =
15,4=05,60=1.0,b=1.5 and 1 = 1.0, the PDF is sharply right-
skewed with a tall peak near zero that decays rapidly, capturing high-
ly skewed data. In contrast, with « = 5.0, =5.0,6 = 1.0,b = 1.5, and
A = 2.0, the distribution is nearly symmetric with a bell-shaped form,
showing that the model can also represent balanced data. When a =
10.0,4=10.0,0 =1.5,b = 1.5, and 4 = 1.5, the PDF is also symmetric
but narrower and more concentrated around the mean. These results
confirm that the NBP-Weibull distribution can flexibly represent both
skewed and symmetric datasets depending on the parameter settings.

Fig. 3 presents the hazard rate functions of the BP-Weibull distri-
bution for different parameter sets. In the top-left panel (¢ = 1.0, = 1.0,
6=1.0,b= 15,1 = 2.0), the hazard function shows an increasing
hazard rate, where the risk of failure rises steadily as x increases. In the

11

top-right panel (@ = 8.5, = 2.5,0 = 3.5,b = 0.5,4 = 1.5), the hazard
rate stays low at first and then increases rapidly for larger values of x. In
the bottom-left panel (¢ = 1.5, =1.5,0 = 1.0,b = 1.5,1 = 2.0), the
hazard function grows very quickly after x = 4, representing a sharply
increasing hazard rate. Finally, in the bottom-right panel (a = 9.5, =
2.5,0 =4.5,b =0.5,4 =1.5), the hazard function is nearly flat at small x
values, but then increases extremely fast as x becomes large. These re-
sults demonstrate that the NBP-Weibull distribution is sufficiently
flexible to represent various types of increasing hazard rates, which is
crucial in reliability, biomedical, and engineering applications.

The parameters a, §, 4, and 5 play distinct roles in shaping the dis-
tribution. The shape parameters @ and f primarily control skewness and
tail behavior, allowing the distribution to transition between left-
skewed, right-skewed, and near-symmetric forms. The exponent
parameter 2 influences the rate of decay and overall curvature of the
distribution, affecting both the density and hazard function. The scale
parameter 5 governs the spread of the distribution and determines the
scale of the data. Together, these parameters provide substantial flexi-
bility in modeling complex real-world data.

The graphical analysis confirms that the NBP-Weibull distribution
can exhibit increasing, rapidly increasing, and near-constant hazard rate
patterns depending on parameter configurations. This flexibility is
essential for modeling radiation exposure and reliability data where
failure mechanisms evolve.

Table 2 provides insights into the mean, variance, skewness, and
kurtosis of the NBP-Weibull distribution. It highlights how these char-
acteristics vary across different parameter combinations. The mean and
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BP-Weibull Moments as Functions of Parameters a and B
(6=0.5, b=0.5, A=0.5)
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Fig. 4. 3D moments plots for the NBP-Weibull distribution.

variance vary significantly with different parameters. This shows the
distribution's ability to capture a wide range of central tendencies and
dispersions. For a fixed a, increasing the value of  leads to a significant
decrease in both the mean and the variance. For instance, with a = 1,
increasing f from 1 to 10 causes the mean to drop from 4.67261 to
0.03252 and the variance to decrease from 15.22941 to 0.08081.
Similarly, as a increases (with a fixed /), a similar decreasing trend is
observed for both the mean and variance. This inverse relationship
demonstrates the model's ability to adapt to data.

The skewness values highlight the model's ability to capture both
right-skewed and left-skewed data distributions. For a fixed value of a,
as f increases, the skewness transitions from a negative to a positive
value. For example, when a = 1, the skewness value is —0.12486 at f =
1 (indicating a slight left skew) but dramatically increases to 24.57925
at # =10 (indicating a strong right skew). This pattern is consistent
across the various a values tested.

Kurtosis, which reflects the distribution's peak and tail behavior, also
varies significantly. For a fixed a, increasing f leads to a noticeable in-
crease in the kurtosis. At lower values of j, the kurtosis is negative (e.g.,
—1.70755 for @ =1, = 1), suggesting a platykurtic distribution with a
flatter peak and lighter tails compared to a normal distribution. How-
ever, as f increases, the kurtosis becomes positive and grows signifi-
cantly (e.g., 669.8278 for a = 1, f = 10), indicating a leptokurtic
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distribution with a much sharper peak and heavier tails. This respon-
siveness to parameter changes allows the NBP-Weibull model to accu-
rately fit data with different tail behaviors. The visual representations of
these moments in Fig. 4 confirm the sensitivity of the distribution's
characteristics to changes in the parameters a and f. This makes the
NBP-Weibull model a valuable choice for analyzing diverse datasets in
practical applications.

The observation that the variance exceeds the mean is indicative of
over-dispersion, a common feature in radiation data due to inherent
variability and uncertainty in exposure processes. Rather than indi-
cating instability, this behavior demonstrates the flexibility of the model
in capturing complex data structures that deviate from classical
assumptions.

6. Monte Carlo simulation study

A Monte Carlo simulation study was conducted to evaluate the per-
formance of the MLE method for the NBP-Weibull distribution. The
simulation study was designed to assess the accuracy and reliability of
the MLE method in estimating the parameters of the NBP-Weibull dis-
tribution. The Monte Carlo simulation study was conducted using 1000
replications for each sample size. Sample sizes of n = 50,100,200, and
500 were considered. Parameter estimation was performed using nu-
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Table 3
Monte Carlo simulation results for the NBP-Weibull distribution for Case 1 and
Case 2.

n Case 1 Case 2a = 2.0, =3.0,6 = 1.5,
a=15p=2560=12b= 081 = b=121=20
1.0
Estimate  Mean Bias MSE Mean Bias MSE
50 a 1.482 -0.018 0.035 1.973 —-0.027  0.051
i 2,492  -0.008 0.056 2984 -0.016 0.073
0 1.184 -0.016 0.031 1.482 -0.018 0.041
b 0.794  —0.006  0.014 1.194  -0.006  0.026
2 1.021 0.021 0.021 2.021 0.021 0.031
100 a 1.493 -0.007 0.019 1.993 —-0.007 0.029
B 2.506 0.006  0.034 2996 —-0.004 0.045
9 1.195 -0.005 0.019 1.494  -0.004 0.045
b 0.802 0.002  0.008 1.201 0.001 0.017
2 1.011 0.011 0.014 2.011 0.011 0.022
200 @ 1.498 —-0.002 0.010 1.998 —0.002  0.020
i 2.504 0.004  0.021 3.003 0.003  0.031
0 1.198  -0.002  0.011 1.498 —-0.002 0.018
b 0.801 0.001 0.005 1.200 0.000 0.012
2 1.006 0.006  0.009 2.006 0.006 0.016
500 @ 1.499 -0.001 0.004 2.000 0.000 0.012
B 2.503 0.003  0.013 3.001 0.001 0.019
0 1.199  -0.001 0.006 1.500 0.000  0.007
b 0.800 0.000 0.003 1.200 0.000  0.007
2 1.003 0.003  0.005 2.003 0.003  0.010

merical optimization via the Newton-Raphson algorithm implemented
in the R software. For each sample size, 1000 random samples were
generated from the NBP-Weibull distribution, and the parameters were
estimated using the MLE method. Two cases were considered:

Casel. a=15,/=2560=12b=0.8 and1 =1.0

Case2. a=20,=3.0,0=15b=12, and 4 = 2.0.

The performance of the MLE method was evaluated using several
criteria, including mean, Bias, and mean squared error (MSE). The
simulation results for Case 1 and Case 2 are presented in Table 3. The
table shows the average estimated values, means, biases, and MSEs for
each parameter and sample size. The results indicate that the MLE
method provides accurate and reliable estimates of the parameters of the
NBP-Weibull distribution.

The results of the simulation study demonstrate the effectiveness of
the MLE method in estimating the parameters of the NBP-Weibull dis-
tribution. The means, biases, and MSEs decrease as the sample size in-
creases. The results also show that the MLE method demonstrates
accurate and reliable estimates of the parameters of the NBP-Weibull
distribution for different parameter values.

7. Application to radiation datasets

This section presents the analysis of real-world datasets using the
proposed NBP-Weibull distribution. The primary objective is to validate
the applicability, robustness, and flexibility of the new model in
capturing complex patterns in diverse radiation datasets. The proposed
NBP-Weibull distribution is applied to real-world data and evaluated for
its performance. The NBP-Weibull model is compared against its well-
established counterparts to assess its relative effectiveness. These com-
parisons are conducted using goodness-of-fit criteria, including the
Akaike information criterion (AIC), Bayesian information criterion
(BIC), Hannan-Quinn information criterion (HQIC), consistent Akaike
information criterion (CAIC), and log-likelihood values. The model that
achieves the lowest AIC, BIC, HQIC, and CAIC values, along with the
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Table 4

Descriptive summaries for Data I-III.
Statistics Data [ Data II Data III
Minimum 1.265 1.395 1.261
First Quartile 1.338 1.527 1.456
Median 1.649 2.029 1.827
Mean 1.757 1.944 1.802
Third Quartile 2.050 2.236 2.085
Maximum 2.349 2.535 2.405
Std. Deviation 0.3741078 0.3729875 0.3655972
Skewness 0.1879781 —0.1852032 0.05051146
kurtosis —1.426588 —1.448772 —1.335588

highest log-likelihood, is considered better in modeling the dataset.

To demonstrate the applicability and performance of the proposed
NBP-Weibull distribution, three distinct radiation real-world datasets
were selected for analysis. The choice of the radiation datasets (Data I-
III) is strategic, as they represent distinct data types with different sta-
tistical characteristics. This approach allows for demonstration of the
proposed models' flexibility in accommodating various distributional
shapes, including varying degrees of skewness and kurtosis.

7.1. Radiation data

The radiation data consists of three datasets, each representing the
susceptibility index (SI) of unirradiated peppermint packets and irradi-
ated with gamma rays or microwave rays to adult infestation of Steg-
obium paniceum L. The SI represents a quantitative measure of the
resistance of materials to biological infestation following radiation
exposure. It reflects the combined effects of radiation dose, exposure
duration, and material properties. These datasets are particularly suit-
able for evaluating the proposed model due to their inherent variability,
skewness, and complex reliability behavior.

7.1.1. Data I: non-choice packet test

The first dataset, Data I, comprises 21 observations of the SI of un-
irradiated peppermint packets irradiated with gamma rays (6, 8, 10
KGy) or microwave rays (1, 2, 3 min) to adult infestation of Stegobium
paniceum L. under a non-choice packet test. The dataset is given as
follows:

2.342985965, 2.349130571, 2.33606346, 2.049882604, 1.9129
52545, 2.158918912, 1.693929873, 1.603470002, 1.611406655, 1.328
521137, 1.264520993, 1.311742231, 2.019587063, 2.08278537, 1.954
249732,1.621876146, 1.647866671, 1.649076005, 1.337911092, 1.33
7911092, 1.290128553.

This dataset was originally analyzed by Abdelfattah and Sayed
(Abdelfattah & Sayed, 2022) to investigate the comparative efficacy of
gamma and microwave radiation in protecting peppermint from infes-
tation by drugstone beetle (Stegobium paniceum) L.

7.1.2. Data II: choice packet test

The second dataset, Data II, consists of 21 observations of the sus-
ceptibility index (SI) of unirradiated peppermint packets irradiated with
gamma rays (6, 8, 10 KGy) or microwave rays (1, 2, 3 min) to adult
infestation of Stegobium paniceum L. under the choice packet test. The
dataset is given as follows:

2.463871049, 2.534601047, 2.342430823, 2.120520465, 2.235
678759, 2.177037749, 1.79120227, 1.865753707, 1.754017205, 1.498
275501, 1.411231151, 1.394837635, 2.287564493, 2.183200002, 2.25
2259207, 2.029383778, 2.096705442, 1.970275512, 1.526788015,
1.426894443, 1.452740448.

This dataset was also analyzed by Abdelfattah and Sayed
(Abdelfattah & Sayed, 2022) to compare the efficacy of gamma and
microwave radiation in protecting peppermint from infestation by
drugstone beetle (Stegobium paniceum) L.
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Fig. 5. Graphical representations of Data I.
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Fig. 6. Graphical representations of Data II.

7.1.3. Data III: choice non-packet test

The third dataset, Data III, comprises 21 observations of the sus-
ceptibility index (SI) of unirradiated peppermint packets irradiated with
gamma rays (6, 8, 10 KGy) or microwave rays (1, 2, 3 min) to adult
infestation of Stegobium paniceum L. under a choice non-packet test. The
dataset is given as follows:

2.322974606,  2.355195374,  2.404551744, 1.963550292,
2.003252618, 1.892611657, 1.84509804, 1.791656596, 1.826829743,
1.279044486, 1.26146456, 1.310229519, 2.0853111, 2.144659472,
2.161135204, 1.705686555, 1.634019052, 1.581664341, 1.399
649181, 1.410499175, 1.455635148.

This dataset was also analyzed by Abdelfattah and Sayed
(Abdelfattah & Sayed, 2022) to investigate the comparative efficacy of
gamma and microwave radiation in protecting peppermint from infes-
tation by drugstone beetle (Stegobium paniceum) L.

These datasets will be used to illustrate the application of the new
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NBP-Weibull model in modeling radiation data. The results will be
compared with other existing models to demonstrate the adequacy of
the proposed model.

7.2. Numerical and graphical representations of data I and data II

An initial analysis of the two datasets was performed to understand
their basic statistical features. This initial assessment, which includes
both numerical summaries and visual graphs, is essential for choosing
the right probability distributions for future modeling. Table 4 presents
the summary statistics for Data I-IIl, representing the susceptibility
index of unirradiated peppermint packets and those irradiated with
gamma rays or microwave rays to adult infestation of Stegobium pan-
iceum L. The datasets exhibit distinct statistical properties.

Data I has a mean susceptibility index of 1.757, with a median of
1.649 and a standard deviation of 0.3741. The minimum and maximum
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Fig. 7. Graphical representations of Data III.
Table 5
MLEs and evaluation metrics of the competitive models for Data 1.
Model Estimate L AIC CAIC BIC HQIC
BP-Weibull 3~ 21036 176.5572 —343.1143 —339.1143 —337.8917 —341.9809
9 = 1.5507
a = 2.0866
5 = 0.3341
7 =1.9047
Weibull b — 0.0550 —9.1749 22.3497 23.0164 24.4388 22.8031
0 = 4.6583
M-Weibull B —1.2325 -9.0121 24.0242 25.4359 27.1577 24.7042
9 =0.5132
7 =1.2451
MO-Weibull B = 1.6036 -18.5878 43.1755 44.5873 46.3091 43.8556
9 = 0.6295
@ = 1.8872
E-Weibull ? = 1.6791 ~16.0610 38.1221 39.5338 41.2556 38.8021
9 =0.6817
= 1.9012
MOD-Weibull B = 0.0467 ~121.8550 49.7109 51.1227 52.8445 50.3910
9 =0.1983
3=1.9919

values are 1.265 and 2.349, respectively, indicating a relatively mod-
erate spread of data points. The skewness of 0.188 suggests a slightly
right-skewed distribution, while the kurtosis of —1.427 indicates a
platykurtic distribution.

Data II exhibits a mean susceptibility index of 1.944, with a median
of 2.029 and a standard deviation of 0.373. The minimum and maximum
values are 1.395 and 2.535, respectively. The skewness of —0.185 sug-
gests a slightly left-skewed distribution, while the kurtosis of —1.449
indicates a platykurtic distribution.

Data III has a mean susceptibility index of 1.802, with a median of
1.827 and a standard deviation of 0.3656. The minimum and maximum
values are 1.261 and 2.405, respectively. The skewness of 0.0505 sug-
gests a nearly symmetric distribution, while the kurtosis of —1.336 in-
dicates a platykurtic distribution.
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Figs. 5-7 present the histograms, kernel density plots, box plots, and
total time on test (TTT) plots for Data I-III, respectively. These plots
provide valuable insights into the distribution shapes and failure rate
behaviors of the datasets. The histograms and kernel density plots reveal
the distribution shapes of the datasets. Data I appears to be slightly right-
skewed, while Data II seems to be slightly left-skewed. Data III's distri-
bution is nearly symmetric. The box plots indicate the presence of out-
liers in the datasets. Data II has a more pronounced interquartile range
(IQR) compared to Data I and Data IIl. The TTT plots indicate an
increasing failure rate for all datasets. This suggests a wear-out failure
mechanism. This observation is consistent with the Weibull distribu-
tion's ability to model increasing failure rates over time.

The datasets exhibit varying degrees of skewness and kurtosis, which
can be modeled using different statistical distributions. The Weibull
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Table 6
MLEs and evaluation metrics of the competitive models for Data 2.

Model Estimate L AIC CAIC BIC HQIC

BP-Weibull — 1.429 251.4624 —492.9249 —488.9249 —487.7023 —491.7914

= 2.6720
= 0.7886
= 0.2741

=2.1638

o) ™) R D) T

Weibull — 0.07239 —11.4757 26.9514 27.6181 29.0404 27.4048

) S

= 3.92467
M-Weibull —1.4539 -8.2119 22.4238 23.8355 25.5573 23.1038

= 0.4533
=1.4132

<) ) T

— 1.6584 ~19.4023 44.8045 46.2163 47.9381 45.4846
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Table 7
MLEs and evaluation metrics of the competitive models for Data 3.

Model Estimate L AIC CAIC BIC HQIC

BP-Weibull b =26154 322.8059 —635.6119 —631.6119 —630.3893 —634.4784
0 =2.1911
a = 0.3157
B =0.1568
71=1.5503

Weibull B — 0.0550 —9.0574 22.1148 22.7815 24.2039 22.5682
9 = 4.6583

M-Weibull b — 0.9884 -8.3232 22.6464 24.0582 25.7800 23.3265
0 = 0.4031
v =1.3836

MO-Weibull B = 1.6036 —18.9040 43.8080 45.2198 46.9416 44.4881
0 = 0.6295
@ = 1.8872

E-Weibull B = 1.4605 —17.6532 41.3064 42,7182 44.4400 41.9865
0 = 0.6235
v =1.8787

MOD-Weibull b — 0.0467 —22.0110 50.0220 51.4337 53.1555 50.7020
6 =0.1983
5 =1.9919
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Fig. 8. Comparison evaluation metrics for candidate models under Data I. Fig. 9. Comparison evaluation metrics for candidate models under Data II.
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distribution is a versatile model that can capture a wide range of failure
rate behaviors. However, the unique characteristics of the radiation
data, such as the platykurtic distributions and increasing failure rates,
may require a more specialized model such as the proposed NBP-Weibull
distribution. This new model can potentially provide a better fit to the
data and offer more accurate predictions.

7.3. Performance evaluation for NBP-weibull and its competing models

This section demonstrates the flexibility and suitability of the pro-
posed NBP-Weibull model in modeling three different radiation data-
sets. The performance of the NBP-Weibull model is benchmarked against
several established models, including the classical Weibull model, the
BP-Weibull distribution, the Maxwell-Weibull (M-Weibull) defined by
Ishaqg and Abiodun (Ishaqg & Abiodun, 2020), the Marshall
Olkin-Weibull (MO-Weibull) proposed by Ghitany et al. (Ghitany et al.,
2007), the exponentiated-Weibull (E-Weibull) proposed by Nassar and
Eissa (Nassar & Eissa, 2003), and the modified-Weibull (MOD-Weibull)
introduced by Lai et al. (Lai et al., 2003). The selected competing models
represent widely used and flexible distributions in reliability and sur-
vival analysis. These models were chosen to provide a balanced com-
parison between classical and generalized distributions.

Tables 5-7 provide the maximum likelihood estimates (MLEs) for the
model parameters and the numerical values of evaluation metrics for all
competing models across the three datasets. These metrics include AIC,
BIC, HQIC, and CAIC, as well as the log-likelihood (L).

The results in Tables 5-7 indicate that the NBP-Weibull model
consistently outperforms the competing models across all three datasets.
It has the lowest values for AIC, HQIC, CAIC, and BIC, and the highest
log-likelihood values, making it the best fit for the data. This indicates
that the additional parameters in the NBP-Weibull model provide a
significant improvement in fit. This demonstrates the NBP-Weibull
model's ability to capture complex patterns, such as skewness and kur-
tosis, commonly observed in radiation data. This suggests that the NBP-
Weibull model is a versatile and reliable model for analyzing radiation
data.

Although the NBP-Weibull model includes multiple parameters,
potential overfitting is mitigated through the use of penalized infor-
mation criteria such as AIC, BIC, and CAIC. These criteria balance model
fit with complexity, which ensures that additional parameters are only
retained when they provide significant improvement in performance.

The plots in Figs. 8-10 show performance evaluation metrics (AIC,
BIC, CAIC, and HQIC) for candidate models under Data I-II. Lower
values across the criteria indicate better model performance, with the
marked bar showing the best-fitting model.

Hence, the results demonstrate the adequacy of the NBP-Weibull
model for modeling radiation data and its potential for accurate
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predictions and insights in this field. The improved performance of the
NBP-Weibull model is attributed to its ability to capture both skewness
and varying hazard rate behaviors simultaneously. This provides a more
accurate representation of radiation-induced variability compared to
traditional models.

8. Conclusion

This paper introduces the New Beta Prime-Generalized (NBP-G)
family of distributions. A member of this family, the New Beta Prime-
Weibull (NBP-Weibull) distribution, is proposed. The NBP-Weibull dis-
tribution is very flexible. It can model various shapes, from sharply
right-skewed to near-symmetric forms. Additionally, the NBP-Weibull
model accommodates various types of increasing hazard rate patterns.
This makes it crucial for robust reliability and risk assessment applica-
tions in radiation engineering. Key statistical properties of the NBP-G
family are derived, including moments, moment-generating function,
Rényi and Tsallis entropies, stress-strength function, and order statistics.
The parameters of the NBP-Weibull are derived based on the maximum
likelihood method. A Monte Carlo simulation study is conducted to
evaluate the performance of the MLE method. To evaluate the potential
and usefulness of the NPB-Weibull model in real-world situations, we
demonstrated its applicability in modeling three different radiation
datasets. The results indicate that the proposed model provides an
improved fit under the selected evaluation criteria when compared to
the competing models. This makes it useful for reliability and risk
assessment in radiation engineering. Future research can focus on
developing novel regression models, exploring Bayesian parameter
estimation techniques, and extending the model to accommodate more
complex data structures.
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